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BRIEF. A 2D computational model of an idealized ice sheet was created and validated to understand the relations between ice sheet-ice shelf
geometry and mechanical stress.

ABSTRACT. Physical characteristics of ice sheets and ice shelves,
such as the location of the grounding line and ice thickness, play
an important role in ice sheet dynamics. These characteristics influence the mechanical stress within the ice shelf that drives fracture propagation and iceberg calving, which is a concern for future
sea level rise. This study created a two-dimensional computational
model of an idealized floating ice shelf and verified it with an established analytical model based on the Euler-Bernoulli beam theory. This model incorporates generalized boundary conditions for
grounded and floating ice regions and was used to study the link
between ice shelf geometry (length of the floating ice shelf and ice
thickness) and stress, and the potential fracture location based on
the maximum normal stress criterion. Our simulations indicate that
the point of maximum stress varies greatly depending on the ice
shelf length and thickness, with the behavior of short ice tongues
following different trends from the behavior of the longer shelves.
This preliminary model provides a first-step towards understanding ice sheet dynamics at the grounding line and creating more accurate projections of future sea level rise.
INTRODUCTION.
Floating ice shelves in the Antarctic and Greenland are fracturing and
melting at unprecedented rates due to warmer surface air and ocean
waters. This has led to an increase of ice sheet mass loss in the recent
two decades and estimates of sea level rise ranging from 20 to 200
centimeters within the next century [1-2]]. This increase in such a short
period of time holds grave socio economic and physical consequences
for the highly populated coastal cities and deltas found around the
world [3]. Understanding the dynamic changes and the hydrological
feedbacks between the ice sheets and the oceans in relation to increasing global temperatures could allow us to take better preparations and
precautions to minimize the impacts of temperature increase and sea
level rise.
To have a better understanding of the ice sheet changes, it is important
to study the mechanics of ice shelves in relation to physical characteristics, such as the grounding line and ice thickness. The grounding line
is the point on the ice body where the sheet, which is grounded onto
the bedrock, becomes a floating ice shelf and is a factor in determining
the stress state in the entire ice sheet body [4-5].Understanding the
stress state along the ice sheet-ice shelf system is necessary for estimating crevasse (fracture) locations, and for estimating the mass loss
from ice sheets (from iceberg calving) and its contribution to future
sea level rise.
Ice sheets are massive and slowly evolving bodies, so it is difficult to
monitor and track their flow changes with very high resolution. Additionally, a glacier cannot be brought into a laboratory setting, and the
time spent monitoring changes over a number of years simply cannot
be afforded. Moreover, ice fracture is related to the mechanical stress,
which cannot be monitored or measured directly but can only be estimated using theory. Studying the stresses and grounding line are thus
most practically and effectively done through computer simulations
and models, which can provide a clearer depiction of the ice sheet and

environment by enabling the study of specific ice sheet characteristics.
Computational simulations utilize equations that describe the physics
(Newtonian mechanics) of the ice sheets. Some ice sheet simulations
are done using simple 1D models that describe the changes in icesheet/shelf length and geometry [6]. To capture greater accuracy, other
simulations take into account the conditions surrounding the ice sheet
and use 2D models based on ice material behavior [7]. The 2D simulations are capable of capturing complexities in the ice sheets (e.g.
boundary conditions and geometries) and allow for the ice sheet mechanics to be well understood. These models, however, need to first
be calibrated and validated with experimental/observational data or
numerically verified against benchmark solutions. This ensures their
accuracy and establishes their predictive capability.
The mechanisms of ice shelf fracture and iceberg calving, and their
relation to surface temperatures and melt water are still poorly understood, so the sea level rise projections for the next century have great
uncertainty [8-9].Because fracture is governed by the stress in the ice,
the goal of this preliminary study was to examine the stress distribution in an ice sheet – ice shelf system using a 2D finite element model
in relation to its geometry (i.e., height and length) and boundary conditions (i.e., floating or grounded). We currently do not consider hydraulic fracture mechanics that can major influence ice shelf fracture
[4]. The computer model was validated with an analytical model and
then used for parametric studies to understand the relation between
physical attributes and behavior.
METHODS.
Mathematical Model for an Ice Sheet and Ice Shelf.
We developed a mathematical model for an ice shelf-ice sheet system
assuming that the behavior of the ice is linear elastic. Ice behavior is
observed to be viscoelastic, but considering a short time scale, we can
make this assumption and model the ice sheet using linear elastic theory [10].
Geometry and Boundary Conditions.
This simulation considered the domain to be of two regions: one being
the floating region, the part of the domain which was floating in sea
water, and other being the grounded region, the part which we assumed to be resting on bedrock with zero slip condition (Figure 1).
The point separating the two regions was the grounding line. From the
grounding line to the grounded edge (far-left edge), the bottom boundary was fixed vertically to simulate the ice sheet being grounded to the
bedrock. From the grounding line to the terminus (far-right edge), the
bottom boundary had the buoyancy force, and the terminal edge had
the water pressure.
Governing Equations for the Deformations.
The stress values from the mathematical model and geometries of the
ice sheets were input into COMSOL [11] and run using a triangular
mesh with a maximum element size of 100m and a minimum element
size of 0.625m to see the deformations and stress profile of the ice
sheet. This showed the point of maximum stress and hence probable
fracturing region. COMSOL was used to model the sheet in 2D using

Figure 1. Schematic of a partially grounded ice sheet and floating ice shelf displaying the boundary (the different forces and pressures) and the stress-strain
relation in linear elastic theory (shown in the middle of the sheet). In the boundary conditions, 𝜌𝜌𝑠𝑠𝑠𝑠 was the density of the sea water with a value of 1028 kg/m3,
𝑔𝑔 was the acceleration from gravity with a value of 9.81 m/s2, 𝐻𝐻 was the height of the ice sheet with a value of 100 m, 𝑑𝑑𝑖𝑖 was the ratio of the density of ice to the
density of seawater with a value of 0.9, and 𝑢𝑢𝑦𝑦 was the deflection of the sheet in the y-direction. In the linear elastic equation, 𝜎𝜎 was the Cauchy stress tensor, 𝜀𝜀
was the linearized strain, and 𝐼𝐼 was the identity tensor. For ice, the Young’s modulus 𝐸𝐸 and the Poisson’s ratio 𝜈𝜈 were 9.50 GPa and 0.35 respectively.
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where 𝜎𝜎𝑥𝑥𝑥𝑥 , 𝜎𝜎𝑦𝑦𝑦𝑦 , 𝜎𝜎𝑥𝑥𝑥𝑥 arethe components of Cauchy stress tensor, 𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖 is
the density of ice with a value of 917 kg/m3 and 𝑔𝑔 is the acceleration
due to gravity [7].The full form of the governing equation (equations
(1) and (2) rewritten in terms of the displacement) is not reported here.
Validation Studies.
This partially grounded model was validated with a previously developed analytical model proposed by Sayag and Worster [6]. The analytical model was based on the assumption that the response of the ice
sheet/ice shelf was one dimensional, so only confined to the horizontal
direction. The Euler-Bernoulli beam theory was used to formulate a
governing equation for deflection and thus the stresses. Deflection profiles for an ice sheet with a length of 5000m and a grounding line at
2500m from the terminus were obtained from both the analytical
model and the 2-D model created in COMSOL to be used for comparison.
Physical Characteristic Analysis.
To compare the physical characteristics of the ice sheet, the dimensions of the partially grounded simulation were manipulated to analyze
the relationship between the ice thickness (height), the ice shelf length
(floating length), and the size of the calved iceberg. The analysis was
done with ice tongue (short ice shelf) lengths of 250m to 500m in increments of 50m and long ice shelf lengths of 1500, 2500, and 3000m.
Each of these ice sheets with a different ice shelf length was simulated
with heights ranging from 100m to 500m in increments of 100m. For
each pair of ice shelf length and height, the x-coordinate along the
length where the maximum normal stress occurred and the value of
that maximum stress was recorded and then plotted for comparison.

Comparison to Analytical 1D Model based on Deflection Profiles.
This analysis is conducted to validate the partially grounded computational model. The analytical solution used in this study had already
been validated with analogue experimental data in [6], and was thus
used to verify our 2D model. The deflection profiles of both the analytical solution and the computational simulation correspond quite
closely with a correlation coefficient of r2=0.999 (found using the correlation function in Excel) (Figure 2). The agreement supported the
accuracy of the 2D simulation and allowed for further investigation of
ice sheet characteristics.
Relation between Ice Sheet Height and the Shelf Length.
The geometry of the ice sheet was found to influence the point of maximum stress and probable fracture. Knowing the relations could aid in
creating reliable sea level rise and fracture predictions. The calving
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RESULTS.
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the coefficient form of the partial differential equations module. It was
assumed that the ice sheet/ ice shelf was infinitely long in the z-direction and could thus be modeled as a two dimensional plane strain problem. This means that we assumed no strain was experienced in the
perpendicular direction to the plane under consideration (Figure 1) and
that the displacement in the z-direction was zero. For a plane strain
assumption, the linear momentum balance was given through:
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Figure 2. Difference between the deflections profiles of the partially
grounded computational model created in this research (shown in the embedded figure of a 2D ice sheet model displaying the deflection and stress
profile) and a previously experimentally validated analytical model.

length (the distance from the point of maximum stress to the end of
the sheet) has been observed to be related to the height [7]. If height
were H [7]:
𝐻𝐻
≤ 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝐻𝐻
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The long ice shelves (longer than 500m) resulted in iceberg sizes that
fell within this range. These shelves had displayed a consistent positive, linear trend showing the increase in calving length with increasing height (Figure 3A), which was expected as increasing height leads
to increasing weight. The long ice shelves had consistent calving
lengths no matter the specific ice shelf length. The ice tongues (ice
shelves with a length of 500m or less) broke from this expected, observed range. For most heights, the sheets with the ice tongues followed a parallel trend, though not linear and not always positive. Additionally, unlike the long shelves, the specific calving length varied
with each tongue length. The trends occurred starting from a height of
200m, but before then, they were inconsistent. Understanding the
cause of the differences in an otherwise regular pattern will require
further investigation.
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The long ice shelves had consistent values of maximum stress, no matter the shelf length that were seen to increase linearly with the increasing height (Figure 3B). The maximum stress values for the ice tongues
were also fairly consistent and though not linearly, increased with
height. Overall, the long shelves were consistent in calving length and
maximum stress values, while the ice tongues had discrepancies for
the calving length, but were consistent for the stress values. Although
these idealized cases are far from reality, they still describe an interesting behavior with respect to the ice shelves and calving with small
floating ice tongues.
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The variation in location of maximum stress was seen in the stress
profile of the ice sheet with a shelf length of 500m. The sheet experienced two peaks of stress. At a height of 100m, the higher peak was
closest to the terminus (Figure 3C). With the increase of height to
200m, the maximum peak shifted to that which was closer to the
grounding line (Figure 3D). These shifts are seen as the floating length
of the ice sheet decreases and could also be attributed to a change in
force.
DISCUSSION.
This research presented the process of creating a verified computational model to analyze fracture behavior of ice sheets. The presented
model was shown to have deflection profiles similar to that of an established analytical model [6]. This similarity allows for the model to
be used in further studies relating the geometry of the ice sheet to the
stress profile and fracture behavior.
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The differences in trends between the long ice shelves and the short
ice shelves could be caused by the dominant force inducing the bending of the ice sheet. As mentioned in the modeling methods, there were
the two main forces from the sea water: the buoyancy force against the
bottom and the water pressure against the terminal edge. At longer
lengths, the bending that leads to the fracture is largely a result of the
ice sheet’s gravitational force [12]. This pushes the ice sheet downwards, eventually increasing the stress to failure of the ice sheet. For
the smaller ice sheets, the primary force causing the bending could be
the water pressure delivering a compressive force. The different forces
could result in different stress values and different locations for the
stress to occur.
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Figure 3. Behavior of a 5000m long ice sheet with thicknesses ranging from
100 to 500m. (A)The length of the calved iceberg for long ice shelves
(lengths above 500m, shown in blue) and ice tongues (lengths of 500mand
smaller, shown in red). The long ice shelves show a linear positive trend
while the ice tongues show inconsistencies up to a height of 200m, but then
follow parallel trends. (B)The values of maximum stress for long ice shelves
and ice tongues. The two categories of ice shelves display positively increasing trends, with the long shelves increasing linearly and the ice tongues
increasing at a rate of change dependent on height. The stress profile is
shown of the sheet with a shelf length of 500m and a thickness of (C) 100m
or (D) 200m. The ice sheet experiences two peaks in stress, and the maximum peak shifts with increasing height.
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The simulation created was based on a linear elastic model and made
the assumption that the ice was perfectly homogenous. Natural ice
tends to have some viscous properties that could result in some deviation from the predicted values given here [5]. Additionally, natural ice
can potentially contain imperfections and crevices that could alter the
stress profile of the ice sheet. Some ice sheets have been shown to
possess multiple points of grounding as the bedrock is not plain and
flat [13]. When this occurs, the length of the ice shelf is varied and
there can be inconsistencies between the simulated values for the fracture point and the observed values [13]. Computational simulations
need to be created to predict the existence of the multiple grounding
lines and better understand the fracture behavior and the point of maximum stress when such a circumstance occurs. This simulation involved predicting the fracture point and estimating where the fracture
was likely to occur, but the stress profiles produced in the model could
be expanded to study the damage mechanics and the initiation and
propagation of the fracture.
Having a validated simulation of an ice sheet allows for a better understanding of the mechanics based on the physical characteristics.
Simply knowing dimensions of an ice sheet is not very telling, but with
a computational simulation, the stresses and the probable point of fracture can be found. From this point, the volume of ice sheet lost can be
estimated to show the impact on sea level rise. With this knowledge,
people can be better prepared for the potential changes to the environment, some of which are unavoidable at this stage, and encourage the
prevention of further temperature increase and sea level rise.
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