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Holland’s embedding theorem Every /-group can be embedded in
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Fact It is enough to decide equations of the form 1 < g1 V---V g,,
or g1 AN---ANgn <1, where g1,...,7, are group terms.
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A gk <1
DI = (SIMP)

s A\ghh ™k <1
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GV M rou
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sANgh<1l sAh k<1 (cuT) s <1 @) monoid
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Note that (MIX) is an instance of (CUT).
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The system G/ consists of the axioms and rules:
g gp. valid (@v) (EM)
sNg<1 sNhARTL <1
sNgh<1 s/\h—lkgl(CUT) s <1
sNA\gk <1 s/\tﬁl(EW)

Note that (MIX) is an instance of (CUT). Also the other three rules
follow from G¢.
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Derivable rules

— (GV)
zrx x  ANyy <1
- - (SPLIT) — (Gv)
zrx - Nyy ANz - <1 zr ANyyy “y - <1
- (SPLIT) - - (SPLIT)
zr Nyy ANz - <1 zr Nyyy - Ny - <1
o Ao T < 1 (stmP) TSR (SPLIT)
TT T Tx
yy Yy Yy YynNy = (cuT)

zr Ayy Az ty=l <1

For (SPLIT), (SIMP) and (COM) we have:

s A\ gh
sANghANh

(B sANh™YAh
sANgAh
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axiomatization for /-groups. Also, the following “resolution” rule is

admissible.
sNg 1 <1

s <1
where g is not group valid.

sNg<1

(RES)

When exploring (upward) the possible proofs of a given inequality,
the choices of the subterms in (CUT) and in (RES) can be restricted
to a finite set given by the inequality (inspired by the diagrams in
Holland's proof).
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When exploring (upward) the possible proofs of a given inequality,
the choices of the subterms in (CUT) and in (RES) can be restricted
to a finite set given by the inequality (inspired by the diagrams in
Holland's proof).

This yields decidability and actually the complexity of the resulting
algorithm is co-NP complete.
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the choices of the subterms in (CUT) and in (RES) can be restricted
to a finite set given by the inequality (inspired by the diagrams in
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This yields decidability and actually the complexity of the resulting
algorithm is co-NP complete.

If the equation is true the derivation can be transformed into an
equaltional-logic proof.
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where g is not group valid.
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When exploring (upward) the possible proofs of a given inequality,
the choices of the subterms in (CUT) and in (RES) can be restricted
to a finite set given by the inequality (inspired by the diagrams in
Holland's proof).

This yields decidability and actually the complexity of the resulting
algorithm is co-NP complete.

If the equation is true the derivation can be transformed into an
equaltional-logic proof.

As a by-product, this provides an alternative proof of Holland's
generation theorem without using Holland’s embedding theorem.
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Shortcoming Neither system allows for a good duality theory, as
provided by residuated frames (G. - Jipsen).
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Shortcoming Neither system allows for a good duality theory, as
provided by residuated frames (G. - Jipsen). This is because the

(-group axioms are high in the substructural hierarchy (G. -
Ciabbatoni - Terui).
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be the finite subchain of C containing all the points involved in the

evaluation of the failure and f!'s the partial maps that are the
restrictions of the f;’s.
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In the distributive lattice-ordered case this is equivalent to
zx Nwy < 2y V wx.

(The theorem also has versions for residuated lattices and for
0s: Holland's embeddding theorem.
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In this case the quotient M /I is also a (lattice-ordered)
semilattice-monoid.

Nick Galatos, OAL, Nashville, March 2020 Inverse-free subreducts of ¢-groups — 12 / 24



Semilinear tdl-monoids

Lattice-ordered groups
Subvarieties and
decidability

Systems

Lemma (cf. G. - Hor¢ik) The quotient M/I is a chain iff Derfsalie il

A decidable system

A cut-free system

z1x29 € I and wiyws € I implies z1yzo € I or wizws € 1. Inverse-free reducts
Inverse-free reducts
Inverse-free reducts of
representable

Semilinear tdl-monoids
Semilinear tdl-monoids
FL

Basic substructural
logics

DFL

Residuated frames
Equations

Structural rules
Derivation systems
Removing inverses
(Pre)orders on the free
group

(Pre)orders on the free
group

Free group and free
monoid

Nick Galatos, OAL, Nashville, March 2020 Inverse-free subreducts of ¢-groups — 13 / 24




Semilinear tdl-monoids

Lattice-ordered groups
Subvarieties and
decidability

Systems

Lemma (cf. G. - Hor¢ik) The quotient M/I is a chain iff Derfsalie il

A decidable system

A cut-free system

z1x29 € I and wiyws € I implies z1yzo € I or wizws € 1. Inverse-free reducts

Inverse-free reducts
Inverse-free reducts of
representable

Lemma A semilattice monoid is semilinear iff it satisfies the Semilinear tdl-monoids

Semilinear tdl-monoids

implication (Sl>
FL
Basic substructural

u<hVzizzg & u< hVwyws = u < hV z1yz9 V waxrws ol
DFL
Residuated frames
Equations
Structural rules
Derivation systems
Removing inverses
(Pre)orders on the free
group
(Pre)orders on the free
group
Free group and free
monoid

Nick Galatos, OAL, Nashville, March 2020 Inverse-free subreducts of ¢-groups — 13 / 24



Semilinear tdl-monoids

Lattice-ordered groups
Subvarieties and
decidability

Systems

Lemma (cf. G. - Hor¢ik) The quotient M/I is a chain iff Derfsalie il

A decidable system

A cut-free system

z1x29 € I and wiyws € I implies z1yzo € I or wizws € 1. Inverse-free reducts

Inverse-free reducts
Inverse-free reducts of
representable

Lemma A semilattice monoid is semilinear iff it satisfies the Semilinear tdl-monoids

Semilinear tdl-monoids

implication (Sl>
FL
Basic substructural

u<hVzizzg & u< hVwyws = u < hV z1yz9 V waxrws ol
DFL

Residuated frames

PI’OOf idea Equations
. . . . : .
1. relatively maximal ideals produce linear quotients (and are ouctural res
rivation systems
A-prime in the lattice case) and that Removing inverses

. . . (Pre)orders on the free
2. we have enough relatively maximal to separate points. group
(Pre)orders on the free
group
Free group and free
monoid

Nick Galatos, OAL, Nashville, March 2020 Inverse-free subreducts of ¢-groups — 13 / 24



Semilinear tdl-monoids

Lattice-ordered groups
Subvarieties and
decidability

Systems

Lemma (cf. G. - Hor¢ik) The quotient M/I is a chain iff Derfsalie il

A decidable system

A cut-free system

z1x29 € I and wiyws € I implies z1yzo € I or wizws € 1. Inverse-free reducts

Inverse-free reducts
Inverse-free reducts of
representable

Lemma A semilattice monoid is semilinear iff it satisfies the Semilinear tdl-monoids

Semilinear tdl-monoids

implication (Sl>
FL
Basic substructural

u<hVzizzg & u< hVwyws = u < hV z1yz9 V waxrws ol
DFL

Residuated frames

PI’OOf idea Equations
. . . . : .
1. relatively maximal ideals produce linear quotients (and are ouctural res
rivation systems
A-prime in the lattice case) and that Removing inverses

. . . (Pre)orders on the free
2. we have enough relatively maximal to separate points. group
(Pre)orders on the free
group
Free group and free
monoid

Lemma If a lattice-ordered semlilattice-monoid is distributive, then
(sl) is equivalent to the equation (esl):
2129 N\ W1yws < 21Yz9 V W1 TWs.
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u<hVzizzg & u< hVwyws = u < hV z1yz9 V waxrws ol
DFL
. Residuated frames
PI’OOf ldea Equations
. . . . c Structural rul
1. relatively maximal ideals produce linear quotients (and are Derivation stems
A-prime in the lattice case) and that removg Inerss
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(Pre)orders on the free
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Free group and free
monoid

Lemma If a lattice-ordered semlilattice-monoid is distributive, then
(sl) is equivalent to the equation (esl):
2129 N\ W1yws < 21Yz9 V W1 TWs.

Note that (esl) implies ee(yx) A yxe < ex(yx) V yee, namely
yr < xyx V y, the equation that axiomatizes representable /-groups.
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(Pre)orders on the free

(lw) group
o (Pre)orders on the free
(left weakening) <1 group
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ul] = ¢
ulr] = ¢

If the sequent s is provable in FL from the set of sequents S, we
write S Fgr, s.

We want to add:
aN(bVe) = (aAb)Ve (distributivity) xA(yVz)=(xAy)V(xAz).
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The left-hand side = of a sequent is now an element of
(FmY,0,e,), the free bi-groupoid over F'm.
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The left-hand side = of a sequent is now an element of
(FmY,0,e,), the free bi-groupoid over F'm.

Also, u is a polynomial over this signature.
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Inverse-free reducts

(FmY,0,e,), the free bi-groupoid over F'm.

Inverse-free reducts
Inverse-free reducts of
Also, u is a polynomial over this signature. representable

Semilinear tdl-monoids
Semilinear tdl-monoids

We add the rUIeS: Semilinear tdl-monoids
FL
Basic substructural

U[Qf@(y@Z)] = C u[gj@y] = c is
u[(x @ y) @ Z] = C (® a) @ (® 6) Residuated frames

Equations

Structural rules

Derivation systems
U[x] = C u[x @ x] = c Removing inverses

’[: C (Pre)orders on the free
ulzr @yl =c (@) (®c¢)

(Pre)orders on the free
group

Free group and free
monoid

And replace (AL) by:
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Residuated frames
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Subvarieties and
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Systems
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Systems

A distributive residuated frame is a structure Derivable rules

A decidable system

W = (W, W', N,0,1,®) where W and W' are sets N C W x W', e spen
((W,0,1) is a monoid) and for all x,y € W, w € W’ and e € {o, ()}  |nerereerecues

Inverse-free reducts

there exist subsets x \ w,w / y C W' such that Inverse-free reducts of

representable

Semilinear tdl-monoids
(zoy) Nw < yN (z\w) & zN (w/y) S

FL
Basic substructural
logics

€ @(y > w)NZ r YNz sduated e
@09 0uN: OY @ OF

Equations

Structural rules
Derivation systems
Removing inverses
(Pre)orders on the free

x @ xNz
X @ yNZ (@ Z) CC (® C) ?;’c::)porders on the free

group
Free group and free
monoid
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Structural rules
Derivation systems

Removing inverses

T @ Z‘NZ (Pre)orders on the free

= @) T @9

(Pre)orders on the free
group

Free group and free
monoid

Corollary. (G-Jipsen) If W is a distributive residuated frame then
the Galois algebra W of closed elements of P(W,0,1) is a
distributive residuated lattice.
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Corollary. (G-Jipsen) If W is a distributive residuated frame then
the Galois algebra W of closed elements of P(W,0,1) is a
distributive residuated lattice. Also, )y Is intersection.
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Equations

ldea: Express equations over {A,V, -, 1} at the frame level.
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Theorem. (G. - Jipsen) Every system obtained from DFL by
adding simple rules has the cut elimination property.
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Derivation systems

Starting from the system DRL used for distributive residuated
lattices in (G. - Jipsen), which does not contain transitivity/cut and
is decidable, we can obtain a good derivation system TDLM for
totally-distributive semilattice-monoids:
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Hybrid system: Given an /-group equation we apply (upward)
instances of the density rule until we obtain an inverse-free equation.
Then we continue in the system TDLM.
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(Pre)orders on the free

Therefore to decide (inverse-including) equations in ¢-groups, we only = &°*

(Pre)orders on the free

need to be able to decide (inverse-free) equations in TDL-monoids. group

Free group and free
monoid

Hybrid system: Given an /-group equation we apply (upward)
instances of the density rule until we obtain an inverse-free equation.
Then we continue in the system TDLM.

We can use residuated frames for totally distributive /-monoids.
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Removing inverses

Lattice-ordered groups
Subvarieties and

decidability
Systems
Fact In abelian /-groups every equation is equivalent to an Derivable ules
. .. . . . ecidable system
inverse-free one. So, it is enough to decide inverse-free equations. Ao
Inverse-free reducts
Question Is it enough to decide inverse-free equations in ¢-groups? R
. representabl
Theorem (Colacito - G. - Metcalfe) For /-group terms ¢, d, g, h o onaide
and fresh Variabe T, Sem?l?near tdI—monoids
Semilinear tdl-monoids
FL
LGEhAcg ' d<u & LG | grh A grex Ad < gru. Basic substructural
logics
DFL
There is a lose analogy with the density rule in proof-theory. Residuated frames
Equations
Corollary. Every equation in /-groups is equivalent to one of the rructural rules
, . erivation systems
form ry A--- Ar, < 19, where the r;'s monoid terms.

(Pre)orders on the free

Therefore to decide (inverse-including) equations in ¢-groups, we only = &°*

(Pre)orders on the free

need to be able to decide (inverse-free) equations in TDL-monoids. group

Free group and free
monoid

Hybrid system: Given an /-group equation we apply (upward)
instances of the density rule until we obtain an inverse-free equation.
Then we continue in the system TDLM.

We can use residuated frames for totally distributive /-monoids.

This links well to the cut-free system of (G.-Metcalfe).
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(Pre)orders on the free group

Fact The lattice order of any /-group is the intersection of all of its
total-order extensions that are right orders (orders compatible with
right multiplication).
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(Pre)orders on the free group

Fact The lattice order of any /-group is the intersection of all of its
total-order extensions that are right orders (orders compatible with
right multiplication).

Fact Every total right order on a group is determined by its positive
(and/or negative) cone.

Fact Total orders on the free abelian group on two generators are in
bijective correspondence with lines through the origin with irrational
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rational slope.
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(Pre)orders on the free group
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Theorem (Colacito - Metcalfe) The following are equivalent Derivable ules.

eclaable system

1. {t1,...,,tn} does not extend to the positive cone of a right A cut-free system

Inverse-free reducts
order on the free group over X. Inverse-free reducts

| -fi d f
2. FrglstiVv.Vit, L
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(Pre)orders on the free group

Lattice-ordered groups
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decidability

Systems
Theorem (Colacito - Metcalfe) The following are equivalent Derivable ules.

eclaable system

1. {t1,...,,tn} does not extend to the positive cone of a right A cut-free system

Inverse-free reducts
order on the free group over X. Inverse-free reducts

| -fi d f
2. FrglstiVv.Vit, L

Semilinear tdl-monoids
Semilinear tdl-monoids

We extend the above theorem to: Semilinear tdl-monoids
Theorem (Colacito - G. - Metcalfe) Let X U{t1,...,,t,} be a set Fs;ic substructural
of group terms over the set X. The following are equivalent oFL

1. There is no total right preorder of the free group over X that Ethotd e
makes the normal closure of ¥ positive and {t1,...,,t,} strictly e
negative. Removing inverses

2. E ‘:Aut((@) e S tl \/ L. \/ tn g’(:ﬁi)orders on the free

(Pre)orders on the free
group

Proof idea: we look at cyclic group actions on chains and at pointed Feegroup and free
c monoid
valuations. one
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(Pre)orders on the free group

Lattice-ordered groups
Subvarieties and

decidability

Systems
Theorem (Colacito - Metcalfe) The following are equivalent Derivable rules

A decidable system
1. {t1,...,,tn} does not extend to the positive cone of a right A cut-free system

Inverse-free reducts
order on the free group over X. Inverse-free reducts

| -fi ducts of
2. FrglstiVv.Vit, L

Semilinear tdl-monoids
Semilinear tdl-monoids

We extend the above theorem to: Semilinear tdl-monoids
Theorem (Colacito - G. - Metcalfe) Let X U{t1,...,,t,} be a set Fs;ic substructural
of group terms over the set X. The following are equivalent oFL

1. There is no total right preorder of the free group over X that Ethotd e
makes the normal closure of ¥ positive and {t1,...,,t,} strictly e
negative. Removing inverses

2. E ‘:Aut((@) e S tl \/ L. \/ tn g’(:ﬁi)orders on the free

(Pre)orders on the free
group

Proof idea: we look at cyclic group actions on chains and at pointed Feegroup and free
c monoid
valuations. one

Q: Is there an analogue for the free monoid?
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Free group and free monoid
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. Inverse-free reducts
m0n0|d over X Inverse-free reducts

Inverse-free reducts of

2. {s1 <ty,...,sn, <tn} extends to a right order on the free group representable

Semilinear tdl-monoids
over X 1 1 Semilinear tdl-monoids
3. I_G I# & S 81 tl VeV Sn tn Semilinear tdl-monoids
4- \#LG y131 /\ e /\ y’)’LS’rL S yltl \/ e \/ yntn II;;ic substructural
5. PrDLM Y151 A - AYnSn S Y1t V-V ypty. oeics

DFL

. . c . y Residuated frames
The variables y1,vs,...,vy, are not contained in the s;'s and ¢;'s. S
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Free group and free monoid

Lattice-ordered groups
Subvarieties and
decidability

Systems

Theorem (Colacito - G. - Metcalfe) The following are equivalent ~ Derivable rules
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1 Structural rules
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For the other direction we have

Derivation systems
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(Pre)orders on the free
group

(Pre)orders on the free

1 < (Y151 A AYnsn) (yit1 V- -V Yntn), ey

Free group and free
monoid

which is equivalent to

1<sy'ti Ve Vst v\ sy it
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