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Abstract. If (W, S) is a Coxeter system, then an element of W is a reflection if it is conjugate
to some element of S. To each Coxeter system there is an associated Coxeter diagram. A
Coxeter system is called reflection preserving if every automorphism of W preserves reflections
in this Coxeter system. As a direct application of our main theorem, we classify all reflection
preserving even Coxeter systems. More generally, if (W, .S) is an even Coxeter system, we give
a combinatorial condition on the diagram for (W, S) that determines whether or not two even
systems for W have the same set of reflections. If (W, S) is even and (W, .S) is not even, then
these systems do not have the same set of reflections. A Coxeter group is said to be reflection
independent if any two Coxeter systems (W, S) and (W, S’) have the same set of reflections.
We classify all reflection independent even Coxeter groups.
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1. Introduction

A Coxeter system is a pair (W, S) where W is a group with Coxeter presentation
(S|(st)"Vs,t € S) where for all s,z € S, my, € {1,2,...,00}, my = m,; and my = 1 if
and only if s = ¢. (The relator (s¢)* means that sz has infinite order in W.)

The Coxeter diagram of the system (W, S) is the labeled graph V(W, S) with vertex
set S, and an edge labeled my, between distinct vertices s and ¢ if and only if my, # co.

If (W, S) is a Coxeter system, then the conjugates in W of elements of S are called
the reflections of (W, S). An elementary quotient argument (see Lemma 2.4) shows
that if (W, S) and (W, S’) are Coxeter systems and S is a subset of the reflections of
(W, S") then (W,S) and (W,S’) have the same set of reflections. If « is an auto-
morphism of W then (W, «(S)) is another Coxeter system for W. These two systems
have isomorphic diagrams but may not have the same set of reflections. If for any
two Coxeter systems (W, .S) and (W, S") the reflections of (W, S) and (W, ') are the
same, then W is called reflection independent. A Coxeter system (W,S) is called
reflection preserving if every automorphism of W preserves reflections in the system
(W, S). Note that if W is reflection independent, then every Coxeter system (W, S) is
reflection preserving.

A Coxeter group W is said to be rigid if given any two systems (W, S) and (W, S'),
there is a (labeled) diagram isomorphism between the corresponding Coxeter dia-
grams. This is equivalent to the existence of an automorphism o: W — W which
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satisfies a(S) = S'. Hence, a rigid Coxeter group W is reflection independent iff some
Coxeter system for W is reflection preserving. Radcliffe proves in his dissertation [1]
that all right-angled Coxeter groups (those for which my € {2, 00} for all s # 1) are
rigid. He goes on to prove that if a Coxeter diagram V for the Coxeter system (W, S)
has all of its edges labeled by integers divisible by 4, then W is rigid. In [2] Bahls
classifies the reflection independent Coxeter groups with all diagram labels divisible
by 4. In [3], he proves that to any given Coxeter group there is at most one even system
corresponding to that group. Other rigidity results can be found in [4] and [5].

A result of Tits (Lemma 3.1) implies that a finitely generated Coxeter group has
only finitely many conjugacy classes of involutions. This can be used to show that for
any Coxeter system, (W, S) there is an integer n such that for any automorphism o of
W, o« maps each element of S to a conjugate of itself (see [6] for this and other results
along these lines).

In Theorem 5.1 below, we exhibit a combinatorial condition which (when com-
bined with results from [3] and [7]) determines whether or not two even Coxeter
systems have the same set of reflections. As a direct application, we will indicate how
these results allow characterization of all even reflection preserving Coxeter systems,
even reflection independent Coxeter groups, and even rigid Coxeter groups.

2. Basic Concepts

The notion of a Coxeter system (W, S) and its corresponding diagram were given in
Section 1. There is a notion of a Coxeter graph (used, for example, in [8]) which
differs from that of a Coxeter diagram. We will call a Coxeter group W even if there
is a system (W, .S) such that for all s # ¢, my, is not odd.

Basic examples of Coxeter groups are furnished by the dihedral groups
D, = {a,bla*,b?, (ab)"). Such a group is the symmetry group of a regular n-gon.

The dihedral groups also show us that an even Coxeter group may have a Coxeter
presentation for which not every my;; is even: the dihedral group

D¢ = <a7 b|a27 bza (ab)6>
is isomorphic to the group
(c,d 8|, &, &, (cd)’, (cg)’, (dg)’)
as can be easily verified by setting g = (ab)3, d = aba and ¢ = b.
A word w in the letters of the generating set S is called a geodesic (or is said to be
geodesic) if w is of minimal length among all words representing the same element

of the group as w. The following result is usually called the Deletion Condition.
It follows from an elementary van Kampen diagram argument or see, for example, [8].

PROPOSITION 2.1 (The Deletion Condition). If (W, S) is a Coxeter system and the
product a=ay---a, is not a geodesic in S, then for some 1<i<j<n,
a=a-- ai_10ir1 - - A_1041 - - Ay, Le. a; and a; may be deleted.
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If (W, S) is a Coxeter system and T C S, then the subgroup W of W generated by
T is a Coxeter group. The pair (Wr, T) is a Coxeter system and the Coxeter diagram
for (Wr, T) is a full subdiagram of the diagram for (W, S) (see, for example, Chapter
5 of [8]). Hence, a Coxeter presentation for (Wr, T) can be read from the Coxeter
presentation of (W, S).

If G is a group and H <G is a subgroup, we say that a homomorphism ¢: G — H
is a retraction if ¢(h) = h for all h € H; thus the inclusion of H into G is a right
inverse to ¢. The primary advantage to working in an even Coxeter group is the
following.

PROPOSITION 2.2. If (W, S) is an even Coxeter system and V C S then there is a
retraction W — Wy whose kernel is the normal closure of S — V.

Proof. Define N(S — V) to be the normal closure of S — V in W. An elementary
examination of presentations shows that the presentation for W/N(S — V), obtained
from the Coxeter presentation for W by adding the relations t =1 forallt € S— 7,
reduces to the obvious Coxeter presentation for Wy. O

If (st)z”“ is a relation in a Coxeter presentation, then s and ¢ are conjugate,
s = (1s)"1(s1)". Hence, in a general Coxeter diagram, vertices s and 7 are conjugate if
there is an odd path between them. It is worth noting that in an even system, no two
distinct generators s # ¢ € S are conjugate to one another.

PROPOSITION 2.3. If (W, S) is a Coxeter system and V C S then W/N(V) is iso-
morphic to the subgroup of W generated by the set of all s € S such that in the Coxeter
diagram for (W,S), s is not connected to an element of V by an odd path.

This fact allows us to prove the following, which will be key to the proof of the
main theorem.

LEMMA 2.4. If (W,S) and (W,S') are Coxeter systems and S is a subset of the
reflections of (W, S') then the reflections of (W,S) and (W, S') are the same.

Proof. 1t suffices to show each element of S’ is conjugate to an element of S. Let 4’
be the subset of S’ consisting of elements of S" which are reflections of (W, S). If
s’ € 8" — A’ then, there is no odd path in the diagram for (W, S’) from s to an
element in 4A’. Hence by Proposition 2.3, 5" is not in the kernel of the quotient map
from Wto W/N(A'). But, W/N(A') = W/N(S) = {1}, the desired contradiction. ]

We assume knowledge of van Kampen diagrams for the following proof.

LEMMA 2.5. Suppose (W, S) is a Coxeter system, u = sy - - - 8, is geodesic in S and u
is a vreflection in (W,S). Then n=2m+1 for some integer m and
Sp o Sm = (SerZ v '52m+l)71' (le uisa conjugate O.fsi71+l-)
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al 1

Figure 1. Lemma 2.5.

Proof. The Deletion Condition clearly implies that » is odd when u is a reflection.
As u is a reflection, we can write u as a; - - - agtay - - -a; for t and all @; in S. By the
Deletion Condition we may assume that @ - - - axt (and so tay - - - ay) is geodesic. In a
van Kampen diagram (Figure 1) for the trivial word a; - - - axtay - - - a1Sam+1 - - - 51, the
string of 2-cells sharing opposite edges and beginning with the edge z must end at an
edge labeled s;. As s;---si1=ay - af = Suns1---51 and u is  geodesic,
i=m+ 1. Ul

Given a Coxeter diagram V, we call a collection of vertices ¢ a simplex of V if the
vertices in ¢ generate a complete subdiagram &, of V. The dimension dim(o) of the
simplex ¢ is defined to be |o| — 1. Clearly & is simply the 1-skeleton of an abstract
dim(o)-simplex generated by ¢ in the usual topological sense.

A simplex ¢ CV is said to be maximal if there is no simplex ¢’ CV such that
o C o', where the inclusion is strict. We say that o is spherical if the subgroup W,
generated by ¢ is finite, and in this case we say that W, is spherical with respect to S
(or with respect to V). We typically say simply that W, is spherical when the Coxeter
presentation (or diagram) is clear.

A maximal spherical simplex is a spherical simplex that is not properly contained in
another spherical simplex.

Consider a subgroup of W generated by C, a collection of vertices in V which is not
a simplex. Then W¢ is not finite, as there will be distinct elements s, 7 € C such that
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my, = 00; thus every spherical subgroup is generated by a simplex. However, it need
not be the case that every simplex is spherical; this we shall see later.

Throughout the remainder of this paper, ‘diagram’ will be taken to mean ‘Coxeter
diagram’.

3. Preliminary Lemmas

In this section we prove a result (Lemma 3.2) which will be of prime importance in
proving our classification. This lemma will provide a way of relating the spherical
simplices of one Coxeter diagram for a group W with the spherical simplices of
another diagram for the same group.

The first piece in the puzzle is furnished by the following result of Tits, which is
given as an exercise in [9].

LEMMA 3.1. Let (W, S) be a Coxeter system. Then every finite subgroup of W is a
subgroup of a conjugate of a spherical (with respect to S) subgroup.

Consider two Coxeter systems (W,S) and (W,S') for W, and their respective
diagrams V and V'. The above lemma tells us that for any spherical simplex ¢ in V
there is a spherical simplex ¢’ in V' and a group element w such that W, C wi,w™!.
In case this containment is actually equality, we can say more.

LEMMA 3.2. Suppose (W,S) and (W,S') are even Coxeter systems with corre-
sponding diagrams V and V'. Let o; (for i € {1,2,...,n}) be simplices in V such that
o = Na; # 0. Suppose that for each i, ¢’ is a simplex in V' such that for some w; € W,
W, = wiWgw;'. Let ¢’ = Na}. Then there exists w € W such that Wy = wWew™ .
Proof. We prove the lemma for the case kK = 2, and an obvious induction proves
the result in general.
From Theorem 2.7.4. in [10] (due to Kilmoyer) we have

We = (w W wfl) N (wy Wg;wf) = wWew !l = vy,
where w,v € W, 6 C ¢}, and 6 C o). Hence, 6 = ¢ C ¢’ because (W, 5') is even.
Similarly,
Wy = (Wi Wowi) 0 (wy ' Wowa) = uWsu™
for some ¢ C o.
We have
W, C wW(wa’l - quGu’lw’l.
The restriction of the retraction W — W, (with kernel N(S — o)), applied to

wuW,u~'w™! is an injection and so an isomorphism to W,. Therefore,
W, = wuWu'w™! and so, W, = wWuw L. O
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4. The Structure of Even Diagrams for the Same Coxeter Group

Suppose we are given two even Coxeter presentations for a Coxeter group W and the
diagrams corresponding to those presentations. We now know from the previous
section how it is that intersections of simplices from one diagram relate to inter-
sections of those in the other. We now expand upon these ideas.

The first fact of which we shall make use is the following:

LEMMA 4.1. Suppose that V and V' are two even diagrams corresponding to the same
Coxeter group W. If ¢ is a maximal spherical simplex inV, then there exists a unique
maximal spherical simplex ¢ in V' such that W, = wWaw™!.

Proof. This follows from Lemma 3.1 and an elementary quotient argument.
Namely, Lemma 3.1 implies that W, is contained in wWw~! for some ¢’ in V' and
then that W, is contained in wW,»w~! for some ¢” in V. Because (W, S) is even, we
may show that ¢ = ¢’ by using the quotient map which identifies every element of o
to 1. Then the finiteness of W, implies that W, = wWyw™!. O

The spherical simplices of an even Coxeter diagram have an elementary decom-
position structure. The following two results are classical, and elementary proofs can
be found in the PhD qualifying paper [2], of the first author.

LEMMA 4.2. Let V be an even Coxeter diagram. Then the subgroup generated by a
spherical simplex o is isomorphic to one of the following direct products:

m

m
T
12w or [[Pwx2
i=1 i=1
where each n; is even.

What can we say about two decompositions for the same such subgroup? The
decompositions are almost as ‘fine’ as they can be, in that the factors are very nearly
indecomposable. In fact, we have the following result (see [2]):

LEMMA 4.3. Suppose the dihedral group D, decomposes nontrivially as a direct
product D, =2 H x K. Then n = 2k where k is odd, H = Dy, and K = Z.

This lemma allows us to consider any decomposition of the form [ [ D,, and create
a ‘finest” decomposition merely by splitting those D,, where n; = 2k; for k; odd, into
the direct product of two groups: D,, = Dy, X Z,.

Now consider two such ‘finest’ decompositions of a given group. These decompo-
sitions will be very similar to one another, by the Krull-Schmidt Theorem (see [11]).

THEOREM 4.4 (Krull-Schmidt). Suppose that a group G satisfies both the ascending
and descending chain conditions for normal subgroups (in particular, finite groups
clearly satisfy both of these properties). Given any two decompositions of G,
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G=2H xH,x---xHp,
and
G2 Ky x Ky x---xK,

into indecomposable groups H; and K;, then m = n and there is a permutation ¢ such
that H; = K¢(,~).

So suppose we are given two even spherical simplices o, and o, which generate
isomorphic groups G; and G,. Decomposing both groups into indecomposable
factors according to the structure of the corresponding simplices, we have two iso-
morphic decompositions

1100 x I[P, < (22)

and

HD/@ X HD// x (Z,)",

where all of the n; and k; are divisible by 4, and all of the m; and /; are odd. Because
all of the factors are indecomposable and because the groups G; are finite, the Krull-
Schmidt Theorem states that there must be a bijection between the factors in these
decompositions as given above. Thus the even dihedral groups in each decomposi-
tion match up with one another, as do the odd ones, and since by hypothesis both of
the simplices that we began with are even, we see that each of the factors of the
original decompositions of the form D, for b; odd match up as well. The result is
that both simplices g; and ¢, must have the same edge labels, and are therefore
isomorphic as graphs.

This gives us the following result. (Recall that a simplex ¢ is a set of vertices in a
diagram V, whereas ¢ is the full subdiagram of V generated by ¢.)

LEMMA 4.5. If ¢ and &' are even spherical simplices and W, = W, then 6 and &' are
isomorphic as labeled diagrams.

Now suppose that we are given two even diagrams V and V' for the same Coxeter
group, and consider maximal spherical simplices o; in V and ¢} in V' such that for
each i there is an element w; € W so that W, =w; Wa;wi‘l. We know now that for
every i, 6; and ¢} are isomorphic as labeled diagrams. If C; (C}) is the commutator
subgroup of W (Wy) then in W, N(C;) = N(C}). A Coxeter diagram for the
Coxeter group W/N(C;) = W/N(C)) is obtained from V ()') by changing all edge
labels in 6; (6%) to 2. Doing the same for all C; (C}) produces diagrams for isomorphic
right-angled Coxeter groups with the same unlabeled underlying graphs as V and V'
As right-angled groups are rigid, we conclude that V and V' have isomorphic
unlabeled graphs.
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LEMMA 4.6. If V and V' are even diagrams corresponding to the same Coxeter group
W, then V and V' are isomorphic as unlabeled graphs.

There is one more fact of which we take note. It will be necessary in the proof of
the classification theorem given below. Note that this result holds for right-angled
groups as well.

LEMMA 4.7. Let V and V' be even diagrams for the same Coxeter group W. Then for
any even integer n, the number of edges labeled n in'V is the number of edges labeled n
inV.

Proof. Suppose that this result were not true, so that there exists a Coxeter group
W with even diagrams V and V' for which there is an integer k > 2 and there are a
different number of edges labeled k in )V than there are in V'. Let us furthermore
assume that we have picked W, V, V', and k so that the number of edges labeled k
appearing in V is minimum over such witnesses to the falsity of the result.

Then consider an edge labeled k in V with end points in the maximal spherical
simplex ¢. There is a maximal spherical simplex ¢/ C V' such that W, = wWw~! for
some w € W. Hence, ¢ and ¢’ contain the same number of edges labeled k.

Let C (C') be the commutator subgroup of W, (Wy). In W, N(C) = N(C').
Diagrams for W/N(C) = W/N(C') are obtained from V ()') by changing the labels
of all edges in 6 (¢”) to 2. Since we have eliminated the same number of edges labeled
k from both diagrams, the two new diagrams also have a different number of edges
labeled k. But because we chose ¢ so that it contained an edge labeled k, we have
eliminated at least one such edge, and have obtained a ‘smaller’ counterexample,
whereas we assumed that we had a minimal counterexample. Thus the result is
proved. O

Remark. Lemmas 4.5, 4.6, and 4.7 are used by Bahls in [3] to show that in fact two
even diagrams for a Coxeter group are isomorphic as labeled graphs (See Theorem
5.2).

5. The Main Theorem

In this section we state our main theorem and indicate some of its consequences.
For a vertex x in a Coxeter diagram V), let s7(x) denote the set containing x and all
vertices adjacent to x by some edge. This is called the star of x. The 2-star of x,
written st,(x), is defined to be the set containing x and all vertices in V which are
adjacent to x via an edge labeled 2. (Thus if s € sf2(x), s and x commute.) Define the
link Ik(x) of the vertex x to be st(x) — {x} and the 2-link Ik,(x) of the vertex x to be
sty(x) — {x}. For a given vertex x € V (or V'), denote by t, the (spherical) simplex
which is formed by taking the intersection of all of the maximal spherical simplices
containing x. Note that, in particular, t, satisfies the hypotheses of Lemma 3.2.
Our main theorem is:
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THEOREM 5.1. Suppose that V is an even Coxeter diagram corresponding to the
system (W, S).

(1) If there are distinct vertices x and y in'V such that st(x) C st2(y), then there is an
automorphism o of W taking x to xy (which is not a reflection in (W,S)). (i.e.
(W,S) and (W, a(S)) have a different set of reflections.)

(2) If there are distinct vertices x,y,z € V and an edge [yz] in V with label n > 2 such
that y,z € 1, then there is an automorphism o of W taking x to x(yz)% (which is not
a reflection in (W, S)).

(3) If no pair or triple of vertices, as described in (1) and (2), exists in V then the
reflections of (W, S) and (W, S') are the same for any other even system (W,S').

This result characterizes all reflection preserving even Coxeter systems. If an even
Coxeter group W is rigid, then our result determines if W is reflection independent.

For an even Coxeter system (W, S) and corresponding diagram V, a simplex o is
spherical iff there are no consecutive edges [xy] and [yz] in &, both with labels > 2 (see
Lemma 5.6 below). If one were interested in a more ‘algorithmic’ condition than that
given in (2) of Theorem 5.1, then the following may suffice.

Remark. If x,y and z are distinct vertices in V, and [yz] has label n > 2, then
¥,z € 1y iff edges [xy] and [xz] exist and have label 2 and there is no vertex w € /k(x)
such that one of the groups Wy, \ 3, Wiy x -y and Wy, -y is infinite (equivalently one
of the subdiagrams of V generated by {w,x,y},{w,x,z} and {w,y,z} is not a
{2,2, m} triangle).

Remark. Following the results in [3] and [7], we can prove a great deal more
concerning the uniqueness of representations of even Coxeter groups.
In [3], Bahls proves the following theorem:

THEOREM 5.2. Any two even diagrams V and V' for the same Coxeter group W are
isomorphic by a diagram isomorphism \y which satisfies the following two conditions:

(D) If 6 CVandd CV are simplices generating conjugate spherical subgroups, then
takes the collection of vertices of o to the collection of vertices of ¢’.
(2) If [xy] CV and [X'y] CV' are edges will labels greater than 2 such that the groups

((x)?) and ((X'y')*) are conjugate, then {(x),y(y)} = {x',»'}.

As a consequence, there is at most one even diagram (up to isomorphism) for any
given Coxeter group. Mihalik proves in [7] that there is a simple combinatorial
condition which may be used to check whether or not an even Coxeter group is rigid.
In particular, he proves the following result:

THEOREM 5.3. Suppose that (W, S) is a finitely generated even Coxeter system with
diagram V. Then W has a noneven system if and only if there is an edge [ab] of V with
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label 2(2k + 1) for k > 0 such that with the exception of [ab] each edge containing a has
label 2, and for each such edge |ac] there is also an edge [bc] with label 2.

As a consequence of the proof of our result, it can be shown that if an even
Coxeter group has a noneven presentation, then it is not reflection independent.
Thus we have

THEOREM 5.4. Suppose that (W, S) is an even Coxeter system. If (W, S) is reflection
independent, then W is rigid.

We can use this fact to determine whether or not a given even Coxeter system
(W, S) represents a reflection independent group W. First we check to see if W is
rigid, using Mihalik’s criterion given above. If it is not rigid, it cannot be reflection
independent. If W is rigid, then we may use the main theorem from this paper to
determine whether or not the given system is reflection preserving. If (W,S) is
reflection preserving, the fact that it is rigid ensures that it is also reflection inde-
pendent. If (W, S) is not reflection preserving, it cannot be reflection independent
either.

Therefore the results of this paper, in conjunction with those from [3] and [7], may
be used to completely characterize those even Coxeter systems which are rigid,
reflection preserving, or reflection independent.

Finally, in order to highlight the distinction between reflection independence and
reflection preservation, we indicate an example of a Coxeter group which is not
reflection independent, but for which every Coxeter system is reflection preserving.
Consider the group presented by

(a, %, 3,21, 5%, 7%, 2, (o), (v2)°, (@), (az)).

It can be shown using elementary techniques that this group is isomorphic to that
presented by
<x,7y,7 t,|x/27y/27 1/27 (x/y/)47 (ylll)6>
and that these are the only two means of presenting this group. The second of these
presentations is seen to be reflection preserving by Theorem 5.1, and Lemma 3.1 may
be utilized to show that the first presentation is also reflection preserving. How-

ever, as the group is not rigid, it cannot be reflection independent, by Theorem 5.4
above.

6. Structure Lemmas

In this section we prove part of the main theorem. We also use results from Section 4
to prove a collection of structural lemmas which are used in Section 7 to finish the
proof of the main theorem.

By the Deletion Condition, all reflections have odd length. Hence the following
Lemma verifies part (1) of our theorem.
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LEMMA 6.1. Suppose V is an even diagram corresponding to the Coxeter system
(W, S). If there are vertices x #y in V such that st(x) C st,(y), then there is an
automorphism of W taking x to xy.

Proof. Tt is easy to check that the map o: W — W extending the map a(x) = xy
and o(s) = s for all s € S — {x} is a homomorphism. Since this map is clearly an
involution, it is an automorphism. O

We will frequently need to determine whether or not a two-dimensional simplex is
spherical. The following result can be found in [9], for example.

LEMMA 6.2. Let 6 be a two-dimensional simplex in a Coxeter diagram V. Then o is
spherical if and only if the sum of the reciprocals of the edge labels of 6 exceeds 1. In
particular, the only even spherical two-dimensional simplices are those with labels
{2,2,n} for n even.

LEMMA 6.3. Suppose V is an even diagram corresponding to the Coxeter system
(W, S). If x,y,z are distinct vertices of V, [yz] is an edge of V with label n > 2 and
¥,z € Ty then there is an automorphism of W taking x to x(yz)%.

Proof. By Lemma 6.2, x commutes with both y and z. Suppose « is a vertex of
V — {x,, z} such that xa has finite order. Then « commutes with both y and z, as the
edge [xa] lies in a maximal spherical simplex (which must contain 7). Consider the
map o of S into W which takes x to x(yz)? and each s € § — {x} to itself. To see that
o extends to a homomorphism of W, it suffices to show that if « € S and (xa)" is a
Coxeter relation of (W, S) (with m # oo) then (x(yz)2a)™ is the trivial element of W.
The relation x2 becomes (x(yz)?)*. As x has order 2 and commutes with the order 2
element (yz)?, (x(yz)?)> = 1 in W. The relation (xy)* becomes (x(yz)iy)®. This ele-
ment is trivial in W as the order 2 element x commutes with y and z and (yz)gy isa
conjugate of y or z and hence has order 2. Similarly for the relation (xz)2. If
a€S—{x,y,z} and (ax)" is a Coxeter relation with m # oo, then as a and x
commute with y and z in W, (ax(yz)?)" = (ax)"(yz)"% = 1 in W. Hence, o extends to
a homomorphism of W. Clearly, a is an involution and hence an automorphism

of W. O

n

By Lemma 2.5, x(yz)? is not a reflection of (W, S) and we have finished part (2) of
our theorem.

If u is a word in the letters of a generating set for a group, then let & be the
corresponding element of the group. The following result is of prime importance in
finishing the proof of the main theorem.

LEMMA 6.4. Suppose that we are given maximal spherical simplices o; and o of the
even Coxeter systems (W,S) and (W,S'), respectively, for i=1,... k such that
W, = w; ng_wl-’l. Define 0 = No; and o' = Na}; and say W, = w Waw=L. Suppose that
W, (and therefore Wy) is right-angled. Let x be an element of o. If
X = alﬁlal’l = azﬁzaz’l for geodesics u; in the letters of ¢’ and a; € W, then i) = ity.
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Ifwe additionally assume that x is central in W, then every letter of u; is central in W

Proof. As W, is right-angled and finite, and therefore Abelian, each letter of u;
occurs exactly once. Note that x is an element of the normal closure in I of the set
of letters of uy, and so each letter of u; must be a letter of #;. (This may be shown by
considering the quotient map which identifies to 1 all letters occurring in u;.) Sim-
ilarly each letter of u; appears in uy. Thus w1 = .

Now assume that x is central in W;,. Then #; is central in W,. We show that each
letter of #; commutes with every letter in o}. Consider a letter s € 7). If s € ¢’, we see s
commutes with every letter of u; simply because W, is Abelian. If s € ¢} — ¢’ and ¢ is
any letter in u;, then by the fact that si; = uys, taking the retraction which maps
from W onto Wi, ,, shows that s and # must also commute. O

7. The Proof of the Main Theorem

Proof of Theorem 5.1. Suppose (W, S) and (W, S’) are even with diagrams V and
V', respectively. Then, by Lemma 2.4 and the results of the previous section, we need
only prove that if there are no two (resp. three) distinct vertices x, y (resp. x,y,z) in
such that these vertices satisfy condition (1) (resp. (2)) of Theorem 5.1, then each
element of S is conjugate to an element of S'.

Assume some s € S is not a reflection in (W, S'). By Lemma 3.2, 7, # {s}. We
proceed with a least criminal argument based on the following:

Minimality condition: Choose x € S such that x is not a reflection of (W, S’) and so
that if y € S such that |7,| < |t,|, then y is a reflection of (W, S').

The argument splits naturally into two cases: When W is Abelian and when it is
not. We first consider the case W, Abelian, as the validity of this case will be used to
establish the second case.

For the remainder of the proof we let {c;} be the collection of maximal spherical
simplices which contain x, and we let a} denote the maximal spherical simplex of V'
conjugate to oy, for each j. We also note that if y € 7, then 7, C 7,. This fact will be
used without mention in the proofs that follow.

Case 1. W, is Abelian.

Let 7 be the (right-angled) simplex in V' such that W, = wW.w~! for some
wew.

Consider the product z' =z} - - - zj with z} € 7’ such that x = wz/w~!. Note that this
product must have length at least 2 (or x would be a reflection in V).

CLAIM 7.1. There is some i € {1,...,1} such that t, = 7'.

Proof. Suppose this were not the case. Then 7 is a proper subset of ', and there is
a proper subset 7; of 7, such that W, is conjugate to W., (by Lemma 3.2). The
definition of 7, implies that x ¢ 7;. By our minimality condition, some element of 1; is
conjugate to z.. That is, for every z; appearing in Z/, there is a generator z; € 7, such
that z; = wiZiw;! for some element w; € W. Since W, =wWuw!, we have
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z; = wulw~! for some «; € Wy. By Lemma 6.4 u} = z} and so z; = wzlw~! for each
appearing in z’.
Thus we have

1

x=wZwl =w T =ww Tz e =2y

which cannot be. Thus it must be that some z; appearing in z’ satisfies 7, = 7. [

Without loss we may assume that z} satisfies the conclusion of Claim 7.1.

CLAIM 7.2. A Coxeter diagram for W/N(x) = W/N(Z') is obtained from V' by
removing the vertex 2 (and all incident edges) and changing all edge labels greater than
2 between a vertex of lk(z}) and a point of {z5,...,z]} to the label 2.

Proof. Consider the presentation of W/N(x) = W/N(Z') obtained by adding the
relation 2} = 2} - - - 2} to the relations of P’ (= the presentation defined by V). Let P’ be
the equivalent presentation for W/N(z') obtained by removing the generator z} and the
relation zj =z} - - - z; and replacing each occurrence of z| in a relation by the word
z5 -+ - zj. Let R’ be the set of relations of P’ that do not contain the letter z}. The relation
(2})* of P is changed to (2} - --z})*, which is easily seen to be a consequence of the
relations of R’ (as the z; commute and have order 2). If z; € ©" — {2} } then the relation
(2,2))? of P’ becomes () - - - 2/z))* in P, which s also a consequence of the relations of R'.

Suppose a € §' — 7', and (z}a)" is a relation of P'. As T = 7/, a maximal spherical
simplex of V' containing the edge [z}«| also contains 7’. Hence, if n > 2, then
(az))> € R' for all ie{2,...,1}. This implies that (z,---za)® (and therefore
(z---zja)") is a consequence of R

If instead, n = 2, then again (z/a)™ € R for alli € {2,...,/} and at most one m; is
larger than 2. If all m; = 2, then as above (z’la)2 is a consequence of R'. If some
m; # 2 (say for simplicity m, > 2) then (z’za)2 is a consequence of R’ U {(z} - -- z;a)z}.
As (25 - -z;a)2 is a consequence of R U {(za)’} we are finished. O

The following is clear.

CLAIM 7.3. A diagram for W/N(x) is obtained fromV by removing x (and all incident
edges).

Now for each element or subset 4 of W, let A be the image of 4 under the quotient
map of W to W/N(x). Claim 7.2 implies that {z), ..., Z}} is central in W5 for all i. As
Z, is conjugate to some product of Z; in W/N(x) (where the elements z; are defined as
in Claim 7.1), each of these Z; is central in W7, for all i, by Lemma 6.4. If Z; is central
in W5, then by Claim 7.3, z; is central in W, but no z; is central in all W, as
st(x) ¢ str(z;). This is the desired contradiction and Case 1 is finished.

Case 2. W, _ is not Abelian.

The only case to consider is when 7, contains an edge [xy] with label n > 2. By our
hypotheses all other labels on edges with both vertices in 7, are 2.

Say V-simplex W, is conjugate to W for 7’ a)'-simplex. Then by Lemma 4.5, 7, and

7' are isomorphic as labeled diagrams. Let [x')y'] be the edge of 7/ with label n. Let
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Z=1,—{x,y} and Z' =1 — {¥,)'}. Then Z and Z’ are central in W, and W,
respectively. As 7, C 1, forall z € Z and since by hypothesis, not both x and y are in 7.
forany z € Z, 1. is Abelian for all z € Z. Assume Z = {zy, ..., z;}. By Case |, we may
assume that each z; € Zis conjugate to z; € Z'. Because x does not commute with y, x
must be conjugate to an element of order 2 in W, which is not central in W,.. Thus x is
one of the elements wg'z'w~!, where z’ is a (possibly trivial) element of W, and ¢ is
in the set

Q = {xlvylvx,ylx/7y/x/yl7 R (X/)//)’1/271X/, (y/x/)”/271y }

Note that the element (x'y')"”? = (y'x')"/? is central in W, and so x cannot be
conjugate to an element of the form (x’y’)"/zz’.

If 7/ is trivial, we are done, since each of the elements in Q is a reflection. Suppose
that this is not the case. If x is wg'z’w™! where ¢’ is of the form (x’y’)kx’, then because

each of the elements z; commutes with both x" and )’, we may write x as
w(x’y’)kx’z’w_] _ W(x/y/)k/Z(x/Z/)(y/x/)k/zw—l
when k is even and

1 ey ’ el

w(xy ) X 2wl = w(xy) T ()N () T

when k is odd. A completely analogous argument shows that y is conjugate to x'z” or
y'Z" for some z” € Wz. An examination of the quotient of W, = wW,w™! by its
center shows that x and y are not conjugate to x'z’ and x'z”, respectively or )’z’ and
V'Z", respectively. Hence, we may assume that x is conjugate to X’z and y to y'z". In
particular N(x) = N(x'Z').

On one hand, a diagram for the group W/N(x) is found by merely removing the
vertex x and all incident edges from the diagram for (W, S). On the other hand, we
will produce a diagram for the isomorphic group W/N(x'z') by considering the effect
of adding the relation x' = z/~! =2/ =z} ... Z/ to the presentation P’ for the system
(W,S") and by Tietze transformations changing this presentation to a Coxeter
presentation. (Recall that a Tietze transformation is an operation on a group pre-
sentation which results in a second presentation, for an isomorphic group. Precisely,
if one is given the presentation (S|R), one may add a generator s while simulta-
neously adding the relation s = w(S) expressing s as a word in the original genera-
tors, or one may add a relation r = 1 which follows as a consequence of the original
relations R. Corresponding to each of these transformations is an ‘inverse’ trans-
formation, removing a generator or removing a relation.)

First alter this presentation for W/N(x'z') by removing the generator x’ and the
relation X’ =z} - -z, and replace every occurrence of X’ in the remaining relations
with the product /. Call the resulting presentation 7.

Let R’ be the set of relations of P’ that do not contain the letter x’. The relation
(x')* has been changed to (z')?, which is a consequence of R’ (since all of the z/ have
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order 2 and commute with one another in W). The relation (x’zj’-)2 is changed to
(z’z]’.)2 in P, which is also a consequence of R'.

Next consider the relation (x'y')". As every z} commutes with )" in W, the relation
(Z/y')" is a consequence of R (in fact, z'y)* follows).

If there is a relation of the form (x'd’)’ (for & not in 7’) in P, a different approach
must be used. We will show that p = 2, and the corresponding relator (a')* in P,
can be removed from P as a consequence of other relators, but in doing so a Coxeter

relation of the form (zj.a’)k (for k£ > 2) must also be changed to (zga’)z.

CLAIM 74.If d € S' — 7' and X'd has order p, then p = 2.

Proof. If p > 2, then a maximal spherical simplex ' containing & and x’ does not
contain ', and ¥’ € ' N7 C {x'} UZ'. Let B be a maximal simplex in V), conjugate
to B. Now f does not contain x, for otherwise, f would equal some o; and W,
contains more elements than Wy, contrary to Lemma 3.2. So fnt, C {y} U Z.

Now foreach t € f N1y, W, is Abelian and so by Case 1, ¢is conjugate to an element
of f'N1'. As no two elements of N1, are conjugate and | N1, = [ N7'| some
element of N1, is conjugate to x’ (i.e. X’ is conjugate to y or some z;). If x' were
conjugatetoz; € Z, thenas z;is conjugate to z, x’ is conjugate to z;, which is impossible.

Hence, we must have x’ conjugate to y. But this is also impossible as y is conjugate
to y'z” and clearly x’ is not conjugate to y'z”, as if this were the case, the quotient
map which identifies y and all z} with 1 would also identify x’ to 1, a contradic-
tion. [l

CLAIM 7.5. If d € (S' =) Nst(X') then d'y' has order 2.

Proof. If not, there is a maximal spherical simplex ' containing ¢’ and x’ (but not
y). Now x’ € f'n 1’ and f' is conjugate to a maximal simplex f3 in V which does not
contain x. Since Wy, is Abelian and conjugate to Wy, X' is conjugate to an
element of t, — {x} = {y} U Z. If X’ were conjugate to z; € Z, then X’ is conjugate to
z; which is impossible. If X’ were conjugate to y, then x’ would be conjugate to y'z”
which it is clearly not, as in the proof of Claim 7.4. This completes the proof of our
claim. O

CLAIM 7.6. A diagram for W/N(x'Z') is obtained from V' by removing the vertex x'
(and all incident edges) and changing some labels > 2 on edges between vertices of
(8" =7)Nst(x) and Z' to the label 2.

Proof. If &' € (§' — v') Nst(x’) then by Claims 7.4 and 7.5, there exists a maximal
spherical simplex ' in V', containing &, x" and y'. Now, W} is conjugate to Wj for f a
maximal spherical simplex in V. Observe that f must contain x (otherwise
x¢éN(BU Z) = N(B' UZ'), but x = x'Z') and therefore t,. This implies ' contains 7’.
As Wy is finite, at most one edge [a'z]] has label > 2. Our relation (Z/d')* is a con-
sequence of R’ if zla' has order 2 for all i. Otherwise we assume (d'z] )" is a relation
with k > 2. The relations ('d)%, (d'2})", (z;z;)2 for all i # j, (z})* for all i, and (a'z))*
for i > 1 are equivalent to (i.e. have the same normal closure in the free group on S’
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as) the relations (zz) for all i # j, (z))* for all i, and (a'z})* for all i. Making the
corresponding replacements in our presentation for W/N(z'x") gives a Coxeter pre-
sentation of W/N(z'x’) with diagram as described in the statement of our claim. []

If vis a vertex of a diagram V then we define the spoke of v in V (written sp(v, V)) to
be the subdiagram of V consisting of all labeled edges containing v.

CLAIM 7.7. The diagrams sp(x,V) and sp(x',V') are isomorphic as labeled diagrams.

Proof. By Claim 7.4, all edges in sp(x’,)’) have label 2 except [x'y/]. If
a € lk(x) — {y}, then any maximal spherical simplex containing [ax] contains y and
so the edge label of [ax] is 2. So, all edges of sp(x,V) have label 2 except [xy]. It
suffices to show sp(x, V) and sp(x’,)’) have the same number of edges. Let V and V
be the subdiagrams of V and V', respectively for W/N(Z) = W/N(Z') obtained by
removing the vertices of Z and Z’ from V and V', respectively. By Lemma 4.6, V and
V' have the same number of edges. Under the quotient map from W to W/N(Z), the
image of x is conjugate to the image of x’ and so diagrams for
W/N(Z U {x}) = W/N(Z' U {x'}) can be obtained by removing sp(x, V) from ) and
sp(x’ ,V) from V. As the resultlng diagrams have the same numbers of edges (by
Lemma 4.6), sp(x,V) and sp(x’, V) have the same number of edges. As the number
of edges in sp(x, V) (and sp(x’, V")) is |Z| plus the number of edges in sp(x,V) (and
|Z'| plus the number of edges in sp(x/, V) respectively), we are finished. O

If a € s¢(x) then there is a maximal spherical simplex containing [ax] and therefore
7. Hence az; has finite order for all i. As st(x) ¢ sty(z;) there exists a € st(x) such
that [az;] has label k£ > 2. Choose a maximal spherical simplex f containing [ax] (and
therefore 7). If B’ is the maximal spherical simplex of V' such that W} is conjugate to
Wy then v C f'. As [az]] C B, z; is not central in Wp.

CLAIM 7.8. The element z} is not central in W

Proof. Recall, if d is a geodesic in a Coxeter system (W, S), then d is the corre-
sponding element in W. Say wzw™! =z, for we W. If vWpr~! = WB’ then say
vzl =g € Wﬁ« for some geodesic ¢’ in (Wy, B). Now, wlzw=v"1g'v and so
wlZwy ! = 7. By Lemma 2.5, we may assume the geodesic ¢ is written as
¢ t’(q’])fl, where 7/ € f and ¢ is geodesic in f'. As (W, S') is even, ¢ = Z, and if Z/ is
central in Wy, then Zl = g = vz;y~!. But this implies z; is central in Wy, the desired
contradiction. O

By Claim 7.8 there is a spherical triangle [x'Z}¢/] in V' with label k¥ > 2 on [z¢/] and
the other two labels equal to 2. As sp(x) has one edge labeled n and the rest labeled
by 2, the Coxeter diagram for W/ N(x) obtained from V by removing the vertex x has
one fewer edge with label > 2 than V. Now consider the effect on V' when the
relation x'z’ is added to the Coxeter presentation with generating set S’ and a
Coxeter presentation is formed as in Claim 7.6. Certainly the vertex x’ is removed
and so the resulting diagram for W/N(x) = W/N(x'z’) has at least one fewer edge

with label > 2 than V'. But by Claim 7.6, the edge [¢/z]] of V' with label k > 2 is
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replaced in the diagram of W/N(x'z') by an edge labeled 2. Hence, the diagram for
W/N(x'Z') has at least two fewer edges with label > 2 than V'. Now comparing the
number of edges with label > 2 in the two diagrams for W/N(x) = W/N(x'Z)
contradicts Lemma 4.7.

This completes the non-Abelian case and our proof of Theorem 5.1.

As an immediate corollary we have O

COROLLARY 7.9. If the Coxeter system (W, S) is right-angled, then W is reflection
independent if and only if every vertex in V(W,S) is the intersection of the maximal
simplices containing it.

Proof. Note that maximal simplices of V are maximal spherical simplices, since in a
right-angled Coxeter group every simplex is spherical.

By Lemma 3.2, if 7, = {x} for every x then our group is reflection independent.

If for some vertex x there is some other vertex y in t, then st(x) C sty(y), since
every edge has label 2. Thus our group is not reflection independent. O

Two vertices of a Coxeter diagram are in the same odd component iff there is an
edge path with odd labels between them.

PROPOSITION 7.10. Suppose (W, S) and (W, S") are Coxeter systems with diagrams
Vand V. If (W,S) and (W, S') have the same set of reflections, then there is a bijection
W, from the set of odd components of V to the set of odd components of V' such that for
any odd component C of V, W is isomorphic to Wy, c).

Proof. As noted in Section 2, distinct elements x and y of S are conjugate iff they are
in the same odd component of V. Suppose Cis an odd component of V, x € C and x is
conjugate to x’ an element of the odd component C’" of V'. Then each element of C is
conjugate to each element of C’' and so N(C) = N(C’) (in W). This defines a bijection
between the odd components of V and V'. Observe that there are retractions of W to
Ws_c and Wg_o with kernel N(C) = N(C'). L.e. Ws_ is isomorphic to Wg_¢. In
fact, if D is a union of odd components of V and D' is the corresponding union of odd
components of V', Then W_p is isomorphic to Wy _py. If we take D = § — Cfor Can
odd component of W, then we have W isomorphic to We. O

This proposition implies that if (W, S) is an even Coxeter system and (W, .5") is not
even, then (W, S) and (W, S’) do not have the same set of reflections.
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