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What are spin glasses?
@ In the 1960s, physicists observed a low temperature state of certain

magnetic alloys, such as CuMn, which is distinct from conventional
ferromagnetic materials. This new state is called spin glass.
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What are spin glasses?

Figure: Wikipedia
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What are spin glasses?

Figure: Wikipedia

@ Models: RKKY = Edward—Anderson = Sherrington—Kirkpatrick, etc.
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What are spin glasses?

Figure: Wikipedia

@ Models: RKKY = Edward—Anderson = Sherrington—Kirkpatrick, etc.

@ Application to combinatorial optimization problems
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Dean’s Problem

@ A dean wants to divide IV people into two groups with smallest
number of conflicts. ¢; € {-1,1},i=1,...,N
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Dean’s Problem

@ A dean wants to divide IV people into two groups with smallest
number of conflicts. ¢; € {-1,1},i=1,..., N.
@ g;; represents the relationship between ¢ and j:

> like each other: g;; > 0;
» don't like each other: g;; < 0.
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Dean’s Problem

@ A dean wants to divide IV people into two groups with smallest
number of conflicts. ¢; € {-1,1},i=1,..., N.
@ g;; represents the relationship between ¢ and j:

> like each other: g;; > 0;
» don't like each other: g;; < 0.

@ Goal: maximize the “happiness” function!

N

Maximize Z 9ij0i0j, 0 = (0’1, ...,O'N) S {—1, 1}N.
ij=1
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Dean’s Problem

@ A dean wants to divide IV people into two groups with smallest
number of conflicts. ¢; € {-1,1},i=1,..., N.
@ g;; represents the relationship between ¢ and j:

> like each other: g;; > 0;
» don't like each other: g;; < 0.

@ Goal: maximize the “happiness” function!

N

Maximize Z 9ij0i0j, 0 = (0’1, ...,O'N) S {—1, 1}N.
ij=1

@ Frustration:
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The Sherrington—Kirkpatrick (SK) model (1975)

e Spins o = (01, ...,0n) € {£1}¥; Hamiltonian (or energy)
1
HN(O') = — Z gijaiaj.
\/N 1<i,j<N

@ g;;: independent normal (=Gaussian) N(0,1): Eg;; = 0, Eg?j =1.
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The Sherrington—Kirkpatrick (SK) model (1975)

@ Spins 0 = (01,...,0N) € {:I:l}N; Hamiltonian (or energy)

Hy Z 9ij0i0;.

1<1,3<N

@ g;;: independent normal (=Gaussian) N(0,1): Eg;; = 0, ngj =

@ Covariance:
EHy (o) Hy (7 ( Zam) .

Given by inner product (thus distance) of two spins!
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The Sherrington—Kirkpatrick (SK) model (1975)

e Spins 0 = (01,...,0N) € {:I:l}N; Hamiltonian (or energy)

Hy Z 9ij0i0;.

1<1,]<N

@ g;;: independent normal (=Gaussian) N(0,1): Eg;; = 0, ngj =
e Covariance:

EHy (o) Hy (7 ( Zam) .

Given by inner product (thus distance) of two spins!
o Define the overlap for o1, 02 € {£1}¥,

Rip=R

= |
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Fundamental problem and quantities

@ The problem: compute the ground state energy

H .
ael?fl}ilv N(U)

@ Statistical mechanics: smooth approximation through the partition
function

Ing= Y, MO, p=yr,
oce{£1}V
and the free energy

1
FN”/J’ = ﬂ_N log ZN”B.
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Fundamental problem and quantities

@ The problem: compute the ground state energy

H .
ael?fl}ilv N(U)

@ Statistical mechanics: smooth approximation through the partition
function

Zno= Y MO, 5oy
oce{£1}V
and the free energy

1
FN”/J’ = ﬂ_N log ZN”/J’.

@ High temperature: T large and § small;
low temperature: T small and (3 large;
zero temperature: T'=0 and = oo.
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Fundamental problem and quantities

@ The problem: compute the ground state energy

H .
ael?fl}ilv N(U)

@ Statistical mechanics: smooth approximation through the partition
function

Zno= Y MO, 5oy
oce{£1}V
and the free energy

1
FN”/J’ = == log ZN”/J’.

BN
@ Free energy vs. ground state energy
1 1 log2 1
— max Hpy(o) < ——=logZng < 4+ — max Hy(o).
N oef{1}V N )_ﬁN BANG =TT TN pepiny n(o)
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Parisi predictions (1979-1983) about the SK model
The problem:
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Parisi predictions (1979-1983) about the SK model

The problem:
1

BNIOg Z ePHN() a5 N = .

oce{£1}V
Q limy oo ﬁ log Zn g = inf{Ps(p) : o € Prob[0,1]}.
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Parisi predictions (1979-1983) about the SK model

The problem:
1

BNIOg Z ePHN() a5 N = .

oce{£1}V
@ limy o0 gy log Zy5 = inf{Ps() : u € Prob|0, 1]}
Q@ EGy 5%%(|Ri2| € B) — p15(B) as N — oo. Here
> Gnp(o) = ﬁﬁeﬁHN(") is the Gibbs measure,

> g = argmin?ﬁg(u) is the Parisi measure or functional order
parameter.
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Parisi predictions (1979-1983) about the SK model

The problem:
1

BNIOg Z ePHN() a5 N = .

oce{£1}V
@ limy o0 gy log Zy5 = inf{Ps() : u € Prob|0, 1]}
Q@ EGy 5%%(|Ri2| € B) — p15(B) as N — oo. Here
> Gnp(o) = ﬁﬁeﬁHN(") is the Gibbs measure,

> g = argmin?ﬁg(u) is the Parisi measure or functional order
parameter.

© G p are asymptotically ultrametric:

d(o!, %) < max{d(c',o?),d(c?, o%)}.
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Parisi predictions (1979-1983) about the SK model

The problem:
BLNlOg Z ePHN(T) a5 N = oo,
oe{£1}V
© limy o gy log Zy s = inf{Pp(1) : 1 € Probl0,1]}.
Q@ EGy 5%%(|Ri2| € B) — p15(B) as N — oo. Here
» Gyplo) = ﬁﬁeﬂHN(") is the Gibbs measure,

> g = argmin?%(u) is the Parisi measure or functional order
parameter.

© G p are asymptotically ultrametric:
d(o!, %) < max{d(c',o?),d(c?, o%)}.

@ The Parisi Full-step Replica Symmetry Breaking (FRSB) prediction:
at low temperature, the symmetry of replicas is broken infinitely many
times.
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Remarks about the Parisi predictions

@ The Parisi functional: for ;1 € Probl0, 1]

log 2

Ps(p) = / B0, s|sds + ¥, 5(0,0),

where W, 5(t, ) is the solution to

for (t,x) € [0,1) x R with boundary condition ¥, 3(1,z) = w
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Remarks about the Parisi predictions

@ The Parisi functional: for ;1 € Probl0, 1]

log 2

Ps(p) = / B0, s|sds + ¥, 5(0,0),

where W, 5(t, ) is the solution to
8,5\11#’5(75,3:) = _amqlu,ﬁ(t7$) - ﬁu[o,t](axlllu,g(t,x))Q

for (t,x) € [0,1) x R with boundary condition ¥, 3(1,z) = w

@ The Gibbs measures:

GNB( o) = eBHN (o)

ZN g

Typically, low temperature problems are harder!
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The pure p-spin model (Derrida, 1981)

o Forp>3,0=(0,..,on5) € {£1}V

1
HN(0) = 5o 20 Gnin¥in s O
1<iy,..ip<N

Gi1,...i, independent N(0,1).

@ Covariance
EHy(c')Hy(0%) = NRY .
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The mixed p-spin model

o 0= (01,..,0n) € {1}V,
_ p e
HN(U) = Z m . Z Git,e.nipTin Oips
p>2 1<iy,...,ip<N
Gir,...i, independent N(0,1).
@ Covariance
EHy(0")Hy(0®) = N§(R1 ),
where {(z) =37, coab.
@ The SK model: &(z) = 2.
@ The pure p-spin model: &(x) = zP,p > 3.
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The mixed p-spin model

Q0= (0'1, ...,O'N) S {:l:l}N.

C
Hy(o) = Z N(Tpl)/z Z Git i Tin

p>2 1<i1enip <N
Gir,...i, independent N(0,1).

@ Covariance
EHy(o')Hy(0?) = NE(Ry2),

where {(z) =37, coab.
@ The SK model: &(z) = 2.
@ The pure p-spin model: &(x) = zP,p > 3.

o ¢ is generic if

span{1l,z, 2" : ¢, # 0} is dense in C[—1,

SK and pure p-spin are not generic!
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Parisi predictions for mixed p-spin model: progress

The Parisi predictions have driven the field for the last 40 years.
@ The Parisi formula: limpy_,c0 ,BLN log Zn g = inf ,eprobjo,1] Pa()-
Talagrand (Ann. Math. 2006): true for convex &.

Q |R1’2| = Ug as N —
Talagrand (JFA 2006): true for generic .

© The Parisi ultrametricity conjecture
Panchenko (Ann. Math. 2013): true for generic &.

@ The Parisi FRSB prediction
Auffinger—Chen-Z. (2017): true at "= 0 for any &.
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Parisi FRSB prediction: significance

@ FRSB is indispensable in Parisi’s original deduction of his formula.
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Parisi FRSB prediction: significance

@ FRSB is indispensable in Parisi's original deduction of his formula.

@ It indicates phase transition: for the SK model 5, = \/Li
pT e Beg,
1
i
‘
|
1 ) q, 1 .
Replica Symmetric Full-step Replica Symmetry Breaking
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Parisi FRSB prediction: significance

@ FRSB is indispensable in Parisi's original deduction of his formula.

@ It indicates phase transition: for the SK model 5. =

M [0x]

Replica Symmetric

B< B

1
\/51

9y 1
Full-step Replica Symmetry Breaking

e For pure p-spin model (i.e. {(x) = aP): Gardner transition (1985)

M [ox] R <B,

Felodd g <Bef, Folox F>E.

Replica Symmetric (RS]1
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Full-step Replica Symhetry Breaking

q 1
One-step Replica Symmetry Breaking
(1-RSB) (FRSB)
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Replica Symmetry Breaking: meaning in physics

L
N1

Z
log Zn = }1_1}1(1)
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Replica Symmetry Breaking: meaning in physics

zt 1
log Zy = lim =~7—.

@ Replica Symmetric (RS): all the ¢ replicas are the same (symmetric).

Pa 0] Pplox] Faloxl
O 1 — F) S —
P LY S o =
' — H
' ' i mp—
1 i 4 i
| | L
a 1 [T 1

1 k 1
Replica Symmetric (Rs) 1-RSB, 2RsB FRSB

‘overlap=0

Figure: The first row is the functional order parameter. The second row is
the corresponding geometric picture in the large N limit.
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Replica Symmetry Breaking: meaning in physics

zt 1
log Zy = lim =~7—.

@ 1-RSB: 7 replicas should be divided into two distinct groups (Break
Replica Symmetry).

P o] Fp10x]

1
Replica Symmetric (Rs) 1-RSB,

Figure: The first row is the functional order parameter. The second row is
the corresponding geometric picture in the large N limit.
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Replica Symmetry Breaking: meaning in physics

zt 1
log Zy = lim =~7—.

@ 2-RSB: each group should be divided into two distinct subgroups.

P o] Fp10x]

1
Replica Symmetric (Rs) 1-RSB,

Figure: The first row is the functional order parameter. The second row is
the corresponding geometric picture in the large N limit.
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Replica Symmetry Breaking: meaning in physics

zt 1
log Zy = lim =~7—.

@ FRSB: the procedure should proceed infinitely many times.

Pa 0] Pplox] Faloxl
O e — F) S——— —
S Y =
I —— .
' " A mf—
I 1 .
| | L
a 1 [T 1

1 k 1
Replica Symmetric (Rs) 1-RSB, 2RsB FRSB

‘overlap=0

Figure: The first row is the functional order parameter. The second row is
the corresponding geometric picture in the large N limit.
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Main result I: FRSB at zero temperature

Recall pg := argmin Pg(p) is the functional order parameter.
A model £ is

» Replica Symmetric (RS) if # supp ug = 1,
> k-step Replica Symmetry Breaking (k-RSB) if # supp ug =k + 1,
» Full-step Replica Symmetry Breaking (FRSB) if # supp pg = 0.

Qiang Zeng (CUNY Queens College) RSB for spin glasses

14 / 29



Main result I: FRSB at zero temperature

@ Parisi formula for ground state energy (Auffinger—Chen, AoP 2017): for any &,
lim max HNT@ = inf{P(v) : v € Meas[0,1)}.

N—ooge{+1}N

Here P () is the Parisi functional at zero temperature:

PO) =W, (0.) - 5 [ e a0t
000 (t.2) = =0 (0,0, (,2) + (0. (0. (1.2))?).
v,(1,z) = |z|.
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Main result I: FRSB at zero temperature

@ Parisi formula for ground state energy (Auffinger—Chen, AoP 2017): for any &,
lim  max HNT@) = inf{P(v) : v € Meas[0,1)}.

N—ooge{+1}N

Here P () is the Parisi functional at zero temperature:

Theorem (Auffinger—Chen—Z. arXiv:1703.06872)

Let v* = argmin P(vy) be the functional order parameter (or the Parisi
measure) at zero temperature. Then for any &,

#suppy” = oo.

In other words, FRSB holds at zero temperature for any mixed p-spin
model.
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Consequences

Theorem

For any &, # supp pg — 00 as f — oo.
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Consequences

Theorem

For any &, # supp pg — 00 as f — oo.

It follows from the fact Bug = v*.
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Consequences

Theorem
For any &, # supp pg — 00 as f — oo. J

It follows from the fact Bug = v*.

Corollary

For the pure p-spin model {(x) = xP, the Gardner 1-RSB phase cannot
exist for arbitrarily low temperature.
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FRSB: progress and history

@ The SK model is RS in the high temperature regime 8 < \/Li
(Aizenman—Lebowitz—Ruelle, CMP 1987).

@ The SK model is not RS in the low temperature regime 8 > %
(Toninelli, Europhys. Lett. 2002).

@ For sufficiently low temperature the mixed p-spin model is at least
2-RSB (Auffinger-Chen, PTRF 2015).
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FRSB: open problems

@ Parisi prediction for mixed p-spin modeI at low but positive
temperature: for any {(z) = > 2, 22P, 3B, > 0 such that the
model is FRSB for 5 > ..

P
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FRSB: open problems

@ Parisi prediction for mixed p-spin modeI at low but positive
temperature: for any {(z) = > 2, c2zP, 38, > 0 such that the
model is FRSB for 5 > ..

@ Gardner transition for pure p-spin model.
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FRSB: open problems

@ Parisi prediction for mixed p-spin modeI at low but positive
temperature: for any {(z) = > 2, c2zP, 38, > 0 such that the
model is FRSB for 5 > ..

@ Gardner transition for pure p-spin model.

e Conjecture: in the FRSB phase, 115 has an absolutely continuous part.
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FRSB: open problems

@ Parisi prediction for mixed p-spin modeI at low but positive
temperature: for any {(z) = > 2, c2zP, 38, > 0 such that the
model is FRSB for 5 > ..

@ Gardner transition for pure p-spin model.
e Conjecture: in the FRSB phase, 115 has an absolutely continuous part.

@ Conjecture (Oppermann—Sherrington, Phys. Rev. Lett. 2005): for the
SK model at zero temperature, the inverse function of v*(q) is

N

1) = “32 erf(%)

for some constant = ~ 1.13 and erf(z) = \/lE foz ot dt.
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Proof idea for # suppy* = o0

Assume the SK model is 1-RSB. Numerical calculation yields
my ~ 0.817264. Plot for mg = 1,2,3,4, g2 € [0.8,0.99).

AAy)
0.772
0771
0.770 — mp=1
— my=2
oulftoj= 0.769 2
— my=3
0.768 — my=4
0.767
0.766
92
085 0.90 095 1.00
Yiox Y10,x]
mel - - - —_—
I
mip—— — !
: m, :
i '
! | '
- 5 :
1
i da; q, *
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Proof idea for # suppy* = o0

Assume the SK model is 1-RSB. Numerical calculation yields
my ~ 0.817264. Plot for mg = 1,2,3,4, g2 € [0.8,0.99).

AAy)
0772

0.771

0.770 — mp=1
oufl10= 0.769 =2
— mp=3
0.768 — my=4
0.767
0.766
92
085 0.90 0.95 1.00
Yiox Y10,x]
myf - - - -~ —
I
mp—m——— !
: : mb—_
1 5 !
i
! | i
S .
1

9

@ Proof by contradiction: assume « has n atoms, then show that the
Parisi functional P(v) is lowered if we add one more jump in a small

neighborhood of 1.
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Proof Sketch |

@ Assume yp = <y has n atoms and work with SK model
(&(s) = 32/2 '(s) =5,8"(s) =1).
o Y(t)=>1", mll[qz,qmﬂ)( ) +mulyg, 1)(t) where

GO=0<q<@p<-<g <1,
mog=0<m; <mo <---<my < o0.

o Perturb y(t): ¢ = gn+1,1 = gn+2,

Z mil [‘I'quJrl )+ Mnlig,.q) (t) + m"+11[q71)(t)‘

e Compute 9;P(vq) as g — 1—.
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Proof Sketch Il

® 20,...,2p+1 i.i.d. N(0,1) r.v.’s. Define
n+1

Yoo =D ziv/a1—q
=0

)

and iteratively for 1 <i <n+1,

1
Y, = —_ log Ezi eXp miYVi—i-lv

(3

and Y, = E., V1.

@ Using Cole—Hopf representation,
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Proof Sketch Il

@ It turns out

q—1—

@ After some hard work, one can show

lim sup 92, P(74) < 0.

q—1—
@ Main tool: Gaussian integration by parts

E[zf(2)] =E[f'(2)], 2~ N(0,1).
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The spherical mixed p-spin model

o 0= (01,..,0n5) €Sy ={(01,...,0n) ERN: Zf;l o2 =N},

C

p>2 1<in,...ip<N
Gir,...i, independent N(0,1).

@ Covariance
EHy(o")Hy(0?) = NE(Ry2),

where {(z) =377, coab.

@ The spherical SK model (Kosterlitz—Thouless—Jones, 1976):
£(x) = 2%
@ The spherical pure p-spin model for p > 3:

&(x) = aP.
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Limiting free energy and ground state energy
Partition function:

ZNﬁ:/ BN\ (do).
SN
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Limiting free energy and ground state energy

Partition function:
ZNﬂ:/ PN )\ (do).
SN

@ The Parisi formula holds (Talagrand, PTRF 2006)

A}gnoo 5—Nlog Znp = inf{Qp(u) : p € Prob0,1]}.
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Limiting free energy and ground state energy

Partition function:
ZNﬂ:/ PN )\ (do).
SN

@ The Parisi formula holds (Talagrand, PTRF 2006)
1\}1—13100 ﬁ_N log Zn g = inf{Qg(n) : u € Probl0, 1]}.
@ For T'=0 (Chen-Sen, CMP 2017; Jagannath—Tobasco, CMP 2017)

lim 1 max Hy (o) =inf{O(v) : v € Meas|0,1)}.

N—ooco N ceSN
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Limiting free energy and ground state energy

Partition function:
ZNﬂ:/ PN )\ (do).
SN

@ The Parisi formula holds (Talagrand, PTRF 2006)

A}gnoo ﬁ_NIOg Znp = inf{Qp(u) : p € Prob0,1]}.

@ For T'=0 (Chen-Sen, CMP 2017; Jagannath—Tobasco, CMP 2017)

lim 1 max Hy (o) =inf{O(v) : v € Meas|0,1)}.

N—ooco N ceSN

o Let 15 = argmin Qs (),
~* := argmin Q(7).
@ The level of RSB is classified by # supp 11z and # supp y*.
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Replica Symmetry Breaking for spherical models

@ Panchenko—Talagrand (AoP 2007): at positive temperature,

» the spherical SK model is RS;
» the spherical pure p-spin model is RS for 8 < ., and 1-RSB for

B> Be-
o Auffinger—Chen (PTRF 2015): at positive temperature, some 2 + p
spin models (i.e. £(z) = (1 — \)a? + AzP) are FRSB.
@ Chen-Sen (CMP 2017): the zero temperature 3 = oo case is the
same as the low temperature case.
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RSB for spherical models: conjecture and prediction

@ Bolthausen (Survey 2007): for spin glass models, K = 1,2, 00 (RS,
1-RSB, FRSB) seem to be the only ones coming up “naturally”.
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RSB for spherical models: conjecture and prediction

@ Bolthausen (Survey 2007): for spin glass models, K = 1,2, 00 (RS,
1-RSB, FRSB) seem to be the only ones coming up “naturally”.

o Crisanti-Leuzzi (Phys. Rev. B 2007) predicted 2-RSB model exists at
certain positive temperature for some 3 + 16 model
(£(x) = (1 — Nz + \z16).
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RSB for spherical models: conjecture and prediction

@ Bolthausen (Survey 2007): for spin glass models, K = 1,2, 00 (RS,
1-RSB, FRSB) seem to be the only ones coming up “naturally”.

o Crisanti-Leuzzi (Phys. Rev. B 2007) predicted 2-RSB model exists at
certain positive temperature for some 3 + 16 model
(£(x) = (1 — Nz + \z16).

o Auffinger-Ben Arous (AoP 2013) conjectured at zero temperature
excluding SK, there is a classification of spherical mixed p-spin
models: either 1-RSB (pure-like) or FRSB (full mixture).
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Main result II: 2-RSB exists for spherical models
Theorem (Auffinger-Z. CMP 2019+)

At zero temperature, there exist 2-RSB spherical s + p models
(&(x) = (1 = N)x® + AzP) in both pure-like and full mixture regimes

Figure: Auffinger—Ben Arous (AoP 2013@)
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Consequence for energy landscape of Hy (o)

Corollary

If £ is a 2-RSB model (with some mild extra properties), we have for any
g > 0 there exist n, K > 0 such that for all N > 1,

PN(”?[_l—i_Ea_q_E]U[_Q+57_E]U[€7q_€]U[Q+571_€])
§K6_N/K,

where for any Borel set A C [—1,1],
Py (n, A) :=P(3a',0% € L(n), with R4 € A).
and

L(n) :={o € Sy : Hy(o) > N(max Hy(c') —n)}.

o’eSN

V.

In words, with overwhelming probability, near maxima have distance within
V2e, or \/2(1 — g £e¢) apart, or \/2(1 £ ¢) apart (orthogonal).
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Some open questions

o Easy criterion for 2-RSB at zero temperature?
e k-RSB (2 < k < o) for positive temperature?
@ In general, classify the RSB phase diagram?
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Thank you very much
for your attention!

Qiang Zeng (CUNY Queens College)
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