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Lecture on Adversarial Search in Games 

This lecture covers material in optional reading from section 11.3 
of  ArtInt 
  
ArtInt: Poole and Mackworth, Artificial Intelligence 2E  
            at http://artint.info/2e/html/ArtInt2e.html 
to include slides at http://artint.info/2e/slides/ch04/lect1.pdf   
 

Douglas H. Fisher 



In game of  Othello black moves first, 
but where? 

Search ahead 
Douglas H. Fisher 



Douglas H. Fisher 

Black to move 

Game ends when no player has a move 



Douglas H. Fisher 

Black to move 

White to move 

Black to move 

Three move (or ply) lookahead 

5-2 = 3 tile advantage 
to black 

5-2=3 5-2=3 5-2=3 

Using simple difference utility function doesn’t discriminate at shallow levels 



Some squares are more important than others 

Use a difference of  weighted sums 

Douglas H. Fisher 

Due to Peter Norvig in “Artificial Intelligence Programming” 1992, Morgan Kaufmann Publishers 



Douglas H. Fisher 

Black to move 

White to move 

Black to move 

Use weighted utility function 

3+3+3 
  +3-3+3 
          -15 
= -3 

-3+3 
+3+3+3 
     +3-15 
=-3 

-3+3 
+3-3+3 
        +15 
        -5 
= 13 

-15+3 
     -3+3 
      +3+3+3 
=-3 



Douglas H. Fisher 

Black to move 

White to move 

Black to move 

So is this the best path? 
Does it dictate the best move? 

-3 -3 13 -3 

Probably not! Opponent won’t cooperate  



Original board position 

Moves available to first player 
(the player to move next) 

New board situations 

Responses available to second player 

New board situations 

………………….. 

…………….. 

………... 

……… 

…... 

1 ply 

2 ply 

-2 4 16 5 -6 -2 1 
Resulting scores of  boards N ply deep 
obtained by utility function 

Douglas H. Fisher 



Maximizing level 

Moves available to first player 

Minimizing level 

Responses available to second player 

Maximizing level 

………………….. 

…………….. 

………... 

……… 

…... 

1 ply 

2 ply 

2 7 1 9 

Assumptions: larger scores better for player (Max). 
                           smaller scores better for opponent (Min) 
                           utility function is rational 

Douglas H. Fisher 



Maximizing level 

Moves available to first player 

Minimizing level 

Responses available to second player 

Maximizing level 

………………….. 

…………….. 

………... 

……… 

…... 

1 ply 

2 ply 

2 7 1 9 

Minimax search with no pruning 

Douglas H. Fisher 



Maximizing level 

Moves available to first player 

Minimizing level 

Responses available to second player 

Maximizing level 

………………….. 

…………….. 

………... 

……… 

…... 

1 ply 

2 ply 

2 7 1 9 

(2) <= 2 
(4) = 2 

(1) (3) 

(5) >=2 

Minimax search with no pruning 

Douglas H. Fisher 



Maximizing level 

Moves available to first player 

Minimizing level 

Responses available to second player 

Maximizing level 

………………….. 

…………….. 

………... 

……… 

…... 
2 7 1 9 

(2) <= 2 
(4) = 2 

(1) (3) 

(5) >=2 

(6) 

(7) <= 1 

(8) 

(9) = 1 

(10) = 2 

Minimax search with no pruning 

Douglas H. Fisher 

All this reasoning is going on in “mind” of  AI about to move 



Maximizing level 

Moves available to first player 

Minimizing level 

Responses available to second player 

Maximizing level 

………………….. 

…………….. 

………... 

……… 

…... 

1 ply 

2 ply 

2 7 1 9 

Douglas H. Fisher 

Take this move 
(because 2>1) 



Maximizing level 

Moves available to first player 

Minimizing level 

Responses available to second player 

Maximizing level 

………………….. 

…………….. 

………... 

……… 

…... 
2 7 1 9 

(2) <= 2 
(4) = 2 

(1) (3) 

(5) >=2 

(6) 

(7) <= 1 

(8) 

(9) = 1 

(10) = 2 

Douglas H. Fisher 

Is there any need to examine this node (i.e., game board)? 
 
No – the maximizing player will not move in that 
direction anyways 



Max 

Min 

Max 

8  7  3  9  1  6   2  4  1           1  3  5   3  9  2  6  5  2         1  2  3   9  7  2  16 6 4 

Douglas H. Fisher 

Minimax search with (apha beta) pruning 



Douglas H. Fisher 

Max 

Min 

Max 

8  7  3  9  1  6  2  4  1           1  3  5  3  9  2  6  5  2         1  2  3  9  7  2  16 6 4 
(1) 

(2) >=8 

(3) (4) 

(5) = 8 

(6) <= 8 



Douglas H. Fisher 

Max 

Min 

Max 

8  7  3  9  1  6  2  4  1           1  3  5  3  9  2  6  5  2         1  2  3  9  7  2  16 6 4 
(1) 

(2) >=8 

(3) (4) 

(5) = 8 

(6) <= 8 

(7) 

(8) >=9 



Douglas H. Fisher 

Max 

Min 

Max 

8  7  3  9  1  6  2  4  1           1  3  5  3  9  2  6  5  2         1  2  3  9  7  2  16 6 4 
(1) 

(2) >=8 

(3) (4) 

(5) = 8 

(6) <= 8 

(7) 

(8) >=9 

(9) 

(10) >=2 

(11) 

(12) >= 4 

(13) 

(14) =4 

(15) =4 

(16) >=4 



Douglas H. Fisher 

Max 

Min 

Max 

8  7  3  9  1  6  2  4  1           1  3  5  3  9  2  6  5  2         1  2  3  9  7  2  16 6 4 
(1) 

(2) >=8 

(3) (4) 

(5) = 8 

(6) <= 8 

(7) 

(8) >=9 

(9) 

(10) >=2 

(11) 

(12) >= 4 

(13) 

(14) =4 

(15) =4 

(16) >=4 

(17) 

(18) >=1 

(19) 

(20) >=3 

(21) 

(22) =5 

(23) <=5 



Douglas H. Fisher 

Max 

Min 

Max 

8  7  3  9  1  6  2  4  1           1  3  5  3  9  2  6  5  2         1  2  3  9  7  2  16 6 4 
(1) 

(2) >=8 

(3) (4) 

(5) = 8 

(6) <= 8 

(7) 

(8) >=9 

(9) 

(10) >=2 

(11) 

(12) >= 4 

(13) 

(14) =4 

(15) =4 

(16) >=4 

(17) 

(18) >=1 

(19) 

(20) >=3 

(21) 

(22) =5 

(23) <=5 

(24) 

(25) >=3 

(26) 

(27) >=9 



Max 

Min 

Max 

8  7  3  9  1  6  2  4  1           1  3  5  3  9  2  6  5  2         1  2  3  9  7  2  16 6 4 
(1) 

(2) >=8 

(3) (4) 

(5) = 8 

(6) <= 8 

(7) 

(8) >=9 

(9) 

(10) >=2 

(11) 

(12) >= 4 

(13) 

(14) =4 

(15) =4 

(16) >=4 

(17) 

(18) >=1 

(19) 

(20) >=3 

(21) 

(22) =5 

(23) <=5 

(24) 

(25) >=3 

(26) 

(27) >=9 

(28) 

(29) >=6 

(30) =5 

(31) >=5 

Douglas H. Fisher 



Max 

Min 

Max 

8  7  3  9  1  6  2  4  1           1  3  5  3  9  2  6  5  2         1  2  3  9  7  2  16 6 4 
(1) 

(2) >=8 

(3) (4) 

(5) = 8 

(6) <= 8 

(7) 

(8) >=9 

(9) 

(10) >=2 

(11) 

(12) >= 4 

(13) 

(14) =4 

(15) =4 

(16) >=4 

(17) 

(18) >=1 

(19) 

(20) >=3 

(21) 

(22) =5 

(23) <=5 

(24) 

(25) >=3 

(26) 

(27) >=9 

(28) 

(29) >=6 

(30) =5 

(31) >=5 

(32) 

(33) >=1 

(34) 

(35) >=2 

(36) 

(37) =3 

(38) <=3 

(39) =5 

Take middle move 

Douglas H. Fisher 



minmax 

minchoice 

1  2  3  9  7  2  16 6 4 

(31) >=5 

(32) (34) (36) 

(38) <=3 

(39) =5 

maxchoice 
maxchoice 

maxchoice ASIDE: In sample Othello code, minmax corresponds 
to the top-level call, and minchoice and maxchoice are 
mutually recursive. Implementing alpha-beta pruning 
requires, in part, that the lower bound established in minmax (e.g., 5) 
be compared with the upperbound established in minchoice (e.g. 3). 

Mutually-exclusive bounds, so prune 

prune 

In class, I talked about generating all successor boards of a board, 
then examining one successor after another. The code that you were 
given,  actually gets a queue of moves, then generates and examines 
the boards that result from these moves, one after the other. 

Douglas H. Fisher 

This slide is specific to sample Othello code – you won’ be examined on it! 
This is a C implementation of a variation on a Lisp version by Peter Norvig in “Artificial  
Intelligence Programming” 1992, Morgan Kaufmann Publishers 



minmax 

minchoice 

6  5  2         1  2  3  9  7  2  16 6 4 

(16) >=4 

(29) >=6 maxchoice 

(23) <=5 

Similarly, the upperbound established in minchoice must be  
compared to the lowerbound established in maxchoice in  
order to do alphabeta pruning. 

prune 

Douglas H. Fisher 

This slide is specific to sample Othello code – you won’ be examined on it! 



minmax 

minchoice 

maxchoice 

Finally, remember that in Othello, player i may not have any legal moves, so the other player, k, continues to 
move until player i can once again move. As a result, minchoice will sometimes call minchoice and maxchoice will 
sometimes call maxchoice. 

minchoice 

minchoice 

minchoice 

maxchoice 

maxchoice 

maxchoice 
maxchoice 

maxchoice minchoice 

Douglas H. Fisher 

This slide is specific to sample Othello code – you won’ be examined on it! 



Th
is

 sl
id

e 
is

 sp
ec

ifi
c 

to
 sa

m
pl

e 
O

th
el

lo
 c

od
e 

– 
yo

u 
w

on
’ b

e 
ex

am
in

ed
 o

n 
it!

 

Douglas H. Fisher 
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Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

Exercise: understand the book’s algorithm on examples  

From ArtInt (Poole and Mackworth) Section 11.3 
Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

// n is a MIN node 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

// n is a MIN node 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2 ) 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2 ) 

7 < -∞ 
7 < 2  

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

// n is a MIN node 

2 

2 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2  ,   

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2  ,   

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2  ,   

2  ,   

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2  ,   

2  ,   

1 < 2 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2  ,   

2  ,   

1 

Effectively prune 

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 
1 > ∞ 
1 > 2  

Douglas H. Fisher 



Max 

Min 

Max 

2 7 1 9 

2 

2 

Douglas H. Fisher 



Given the following game tree, compute the utility value of  the root (which is at a maximizing level) as computed 
by minimax search, and write the utility value by the root 

MAX 

MIN 

MAX 

MIN 

4          7                    2              1     6                7        8               3 

4           3      1          2            5        9           9           1 

Value of Root: _______ 

Game Tree Search Problems 
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Put an ‘X’ through an arc if it and its entire subtree would be pruned when using alpha beta pruning. 

MAX 

MIN 

MAX 

MIN 

4          7                    2              1     6                7        8               3 

4           3      1          2            5        9           9           1 

Value of Root: _______ 

Game Tree Search Problems 

3 

D
ou

gl
as

 H
. F

is
he

r 



MAX 

MIN 

MAX 

MIN 
4          7                    2              1     6                7        8               3 

4           3      1          2            5        9           9           1 

=3 

>=3 

<=1 

D
ou
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as

 H
. F
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r 



MAX 

MIN 

MAX 

MIN 
4          7                    2              1     6                7        8               3 

4           3      1          2            5        9           9           1 

=3 

>=3 

<=1 

=1 

D
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. F
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Consider the game tree below. The numbers at leaves are scores obtained by an evaluation function. 
Show the value of  the root obtained through minimax search. Additionally, put an ‘X’ through an arc if  
it and its entire subtree would be pruned when using alpha beta pruning. 

MAX 

MIN 

MAX 

MIN 

MAX 

MIN 

MAX 

3 

4 

7 

2 

1 6 9 

8 

6 8 6 3

5 

4 

7 

3 2 

1 4 

1 2 

2 

3 

8 

9 

1 

3

Value of Root: _______ 

Douglas H. Fisher 



Consider the game tree below. The numbers at leaves are scores obtained by an evaluation function. 
Show the value of  the root obtained through minimax search. Additionally, put an ‘X’ through an arc if  
it and its entire subtree would be pruned when using alpha beta pruning. 

MAX 

MIN 

MAX 

MIN 

MAX 

MIN 

MAX 

3 

4 

7 

2 

1 6 9 

8 

6 8 6 3

5 

4 

7 

3 2 

1 4 

1 2 

2 

3 

8 

9 

1 

3

Value of Root: _______ 4 

Douglas H. Fisher 


