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Abstract

The manuscript presents a novel model reduction approach for periodic heterogeneous media, which combines the multiple scale
asymptotic (MSA) expansion method with the transformation field analysis (TFA) to reduce the computational cost of a direct homog-
enization approach without significantly compromising on solution accuracy. The evolution of failure in micro-phases and interfaces is
modeled using eigendeformation. Adaptive model improvement strategy incorporating a hierarchical sequence of computational homog-
enization models is employed to control the accuracy of the model. We present the model formulation and the computational details
along with verification (with respect to direct homogenization) and validation (with respect to physical experiments) studies.
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1. Introduction

The importance of composite materials for high-perfor-
mance applications that require high specific strength
and/or stiffness, low electrical conductivity, transparency
to radio emissions, and resistance to corrosion has been rec-
ognized more than half a century ago. Yet the supporting
modeling and simulation tools used in practice are often
ranging from the rule of mixtures dating back to the Renais-
sance era to various effective medium models of Eshelby [1],
Hashin [2], Mori and Tanaka [3], self-consistent approaches
of Hill [4] and Christensen [5] among many others. The
emerging computational homogenization methods based
on the mathematical homogenization theory pioneered by
Babuska [6], Bensoussan [7], Suquet [8], Sanchez-Palencia
[9], Guedes and Kikuchi [10] and Terada and Kikuchi [11]
had so far very little or no impact on practitioners. This
can be attributed to the following reasons:
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1. material characterization and calibration to experimen-
tal data are often available on the macro-scale only;

2. lack of accuracy in the vicinity of high gradient regions;
and

3. computational cost.

The first barrier is concerned with scale-specific mea-
surements of in situ properties, uncertainty quantification
and indirect calibration by inverse methods [12]. The sec-
ond barrier is concerned with the principal limitations of
the homogenization approach: periodicity and uniformity
of macro-scale fields. Various hierarchical techniques
[13,14] and higher order homogenization techniques [15]
have been developed to extend the range of validity of
O(1) computational homogenization approaches. The pres-
ent manuscript does not address the first two barriers, but
rather focuses on the last one.

The third barrier is purely computational. The computa-
tional complexity of solving a two-scale nonlinear problem
is tremendous. To illustrate the computational complexity
involved, consider a macro-problem with Ny, Gauss
points, n load increments in the macro-scale, and I yarse
and Iy, average iterations in the macro- and micro-scales,
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respectively. The total number of linear solves of a micro-
problem is Neeps 7 Ieoarse” Inne — @ formidable computa-
tional cost if the number of unit cells and degrees-of-free-
dom in a unit cell is substantial. This tyranny of scales
can be effectively addressed by a combination of parallel
methods and by introducing an intermediate mesomechan-
ical model as shown in Fig. 1. While parallelization in
space is very natural since unit cell problems are fully par-
allelizable in space (see for instance [16]), parallelization in
time remains an outstanding issue. Some promising results
on parallelization in time have been obtained by utilizing
waveform relaxation scheme [17] and space-time varia-
tional multigrid method [18].

Development of mesomechanical models for periodic
heterogeneous continua has been an active research arca
in the past decade. Perhaps, one of the oldest mesomechan-
ical approaches is based on purely kinematical Taylor’s
hypothesis (closely related to Cauchy—Born rule) which
assumes a uniform deformation in the fine scale; it satisfies
compatibility but fails to account for equilibrium across
micro-constituents boundaries. A major progress in meso-
mechanical modeling (obviously at the expense of compu-
tational cost) has been made by utilizing boundary
element method [19], the Voronoi cell method [20], the
spectral method [21], the transformation field analysis
[22,23], the Fast Fourier Transforms [24,25], the network
approximation method [26] and the mathematical homo-
genization with eigenstrains [27-31] based on the Trans-
formation Field Analysis (TFA) [32]. Despite significant
progress, the need for flexible low-cost mesomechanical
approach, which can be easily adapted to meet accuracy
needs, still remains.

The Transformation Field Analysis synonymous with
the pioneering work of Dvorak and Benveniste [32], has
its roots in early works of Laws [33], Willis [34] and
Dvorak [35]. It is based on a brilliant idea that allows pre-
computing certain information (localization operators,
concentration tensors, transformation influence functions)
in the preprocessing phase prior to nonlinear analysis,
which consequently can be carried out with a small subset
of unknowns. By this approach the effect of eigenstrains,
representing inelastic strains, thermal strains or phase
transformation strains, is accounted for by solving a linear
elasticity problem and is linearly superimposed with the
deformation induced by uniform overall strain. The salient

feature of TFA based approaches is that unit cell equilib-
rium equations, which have to be satisfied Neeps 7 Ieoarse”
I, times in the direct homogenization approach (see earlier
discussion) are satisfied a priori, in the preprocessing stage.

In this manuscript we develop an adaptive mesomechan-
ical approach which is based on the generalization of the
mathematical homogenization theory with eigenstrains
[25-27,31] in the following two respects:

(i) It accounts for interface failure in addition to failure
of micro-constituents; interface failure is modeled
using so-called eigendisplacements — a concept similar
to eigenstrains used for modeling of inelastic defor-
mation of phases; eigenstrains and eigendisplace-
ments are collectively called eigendeformation.

(i1) It is equipped with an adaptive model improvement
capability; it incorporates a hierarchical sequence of
computational homogenization models where the
most inexpensive member of the sequence represents
simultaneous failure of each micro-phase (inclusion,
matrix and interface), whereas the most comprehen-
sive model of the hierarchical sequence coincides with
a direct homogenization approach (see for instance

[11).

The paper is organized as follows: The fundamental
properties of the response fields and definitions of the spa-
tial scales along with the governing equations are provided
in Section 2. Section 3 outlines the formulation of the gen-
eralized mathematical homogenization with eigendeforma-
tion that decomposes the original boundary value problem
into micro- and macro-scale problems. Derivation of
reduced order model, nonlocal damage evolution law,
and model improvement strategies are discussed in Section
4. Section 5 focuses on the implementation details of the
reduced order model including stress update, consistent
tangent operator and extension to large macroscopic defor-
mation. Verification and validation studies are given in
Section 6. A summary and a glimpse on future work con-
clude the manuscript.

2. Problem setting and governing equations

Consider a heterogeneous body formed by the repetition
of a locally periodic micro-structure occupying an open,

Meso-problem

Micro-problem

Macro-problem

Fig. 1. Linking micro-mechanical and macro-mechanical problems through a mesomechanical model.
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Fig. 2. Macro- and microscopic structures.

bounded domain, Q C R™, with ny being the number of
space dimensions, as shown in Fig. 2. The micro-structure
(unit cell) is composed of two or more different materials
and is denoted by @ C R™!. The size of the unit cell is taken
to be small compared to the dimensions of the macroscopic
domain Q. The ratio between the size of the unit cell and
the macroscopic domain is denoted by a small positive con-
stant, {. Under loads, the response of the heterogeneous
body rapidly oscillates in space due to the fluctuations in
the material properties within the unit cell. In other words,
response fields are functions of the macro-scale coordinate
system, x, as well as the micro-scale coordinate system,
y = x/{, which may be regarded as a stretched position
vector within the micro-structure. Schematically, this is
denoted by

(%) = f(x,¥(x)), (2.1)
where f denotes response fields; and superscript { indicates
the dependence of the response field on the micro-struc-
tural heterogeneities. The macroscopic spatial derivative
of /£ may be calculated by the chain rule

. 1
f;, (X) Zf:y, (X7 y)7

where a comma followed by a subscript variable x; or y;
denotes a partial derivative with respect to the components
of the macroscopic and microscopic position vectors,
respectively.

All response fields are assumed to be locally periodic
throughout the deformation process

f(xy) =f(x,y +ky),

where y denotes the periods of the micro-structure; and k is
a ngg X ngq diagonal matrix with integer components.

In this manuscript, a damage process within the micro-
constituents and interfaces is modeled using continuous
damage mechanics (CDM) although the methodology
developed is applicable to other inelastic models. A his-
tory-dependent damage parameter, coph, is introduced to
represent the state of damage in the micro-phases (inclu-
sion and matrix). Similarly, the adhesion between the
micro-constituents is modeled using CDM, in which the
interface damage parameter, w;,, represents the state of
adhesion. A simple Coulomb type friction model is consid-
ered to account for tractions introduced due to surface

= fu(Xy) + (2:2)

(2.3)

roughness along the debonded surfaces. Unilateral contact
conditions are imposed along the interfaces to prevent
interpenetration of micro-constituents upon compressive
loading. A similar interface model has been previously
employed by Raous et al. [36] to characterize the behavior
of fibrous ceramic composites.

In Sections 2-5 we derive the formulation for small
deformation problems. Extension to large macro-defor-
mation is given in Section 5.3. We consider the following
governing equations on x € Q and ¢ € [0, 7]

05, (%, 1)+ B (%, 1) = p° (X, i (%, ), (24)
o5, 1) = [1 = b (1) Ly (X)¢f, (x,1), (2.5)
. . 1 auf ou'

o =00 =} (3431, 26
co: WX, 1) = wf)h(a;yj, ef].,séh), (2.7)

where u} denotes dlsplacements o the Cauchy stress; e
the strain; wy, € [0,1] with oy, = 0 corresponding to the
state of no damage and wph = 1 denoting a complete loss
of load carrying capacity; bj the body force; p*(x,7) the
density; ¢ the temporal coordinate; 2 and [0, #y] the spatial
and temporal problem domains, respectively; superposed
single and double dot correspond to material time deriva-
tive of orders one and two, respectively; and L; - the tensor
of elastic moduli obeying the conditions of symmetry

L ?jlk thlzj (2.8)

_7¢
ijkl — L;

jikl =L

and positivity
3¢, > 0; Lf,-szlj/'ékz = Cofi;sza sz/ = éji'

The evolution equation of wéh is given in a functional form
(Eq. (2.7)) as a function of strain, stress and additional
state variables s?h (see [37] for various damage evolution
equations). A

The initial and boundary conditions are assumed to be a
function of the macro-scale coordinates only

(2.9)

i (x,1) = i(x), x€Q, 1=0; (2.10)
i (x,1) = 0i(x), x€Q, 1=0; (2.11)
i (x,1) = w(x,1), X €T, t€0,n]; (2.12)
o %, 0m = T(x,0), X €T, 1€ (0,1 (2.13)

in which #; and o; are the initial displacement and velocity
fields, respectively; #; and ¢; are the prescribed displace-
ments and tractions on the boundaries I', and I';, respec-
tively, where ' =T, UTI, and I',NT,=0, and; n; is the
unit normal to I',.

Let S° denote the interface between the micro-constitu-
ents which is the union of the interfaces in the unit cells

allcells

St = L:Jl S,.

The momentum balance along the interface is given by

(2.14)



C. Oskay, J. Fish | Comput. Methods Appl. Mech. Engrg. 196 (2007) 1216—1243 1219

=1(x,1)|¢

+f (x,0)]g =0, (2.15)

otn;|  +atn

T st T g
where £ is the traction along the interface; and S° and S°
denote the two sides of the interface. Damage progression
may lead to a discontinuity of the displacements along the
interface due to decohesion denoted as

5?("7 1) = [”f(xv ] = ”ﬂsg - uﬂsi ) (2.16)

where 6? is the displacement jump along the micro-constit-
uent interfaces; and [] is the jump operator. The unilateral
contact conditions with adhesion on S* are then given as

N (x,0) = [1 = o (%, )k (x)0™ (x,1) <0,

MN(x,1) = 0; (2.17)
{MN(x, 1) — [1 — o, (x, )] ki (x)0™ (x, £) 6™

(x,) =0 (2.18)

in which /N¢ and 6™¢ are normal components of traction
and displacement jump at the interface, respectively;
wi, € [0,1] is the interface damage variable indicating the
state of debonding along the interface, with undamaged
state being w’, =0 and ki being the interface stiffness
along the normal direction. In the tangential directions, a
Coulomb type friction model is considered in addition to

adhesion
05X, 1) = 6 (x, 1) + 1, (x, 1),

(%, 1) — [1 = oy (x, )]k (x)87 (x,1) = 0,

(2.19)
(2.20)

Htm X, )H < #F|t (x,1) — [1 mt(x t)]k(( )5Nl(x,t)|7
(2.21)

) < el - (- o] = BE0, (22)

0 =l (1= h ] = B = (223)

where tlT,“- and 5} are the tangential components of traction
and displacement jump at the interface, respectively; bold-
face symbols indicate the vector form; 7] and 7]'"* are tan-
gential traction due to adhesion and Coulomb friction,
respectively; kr is the interface stiffness along the tangential
direction; ur the friction coefficient; and x > 0. The sub-
script p is used for three-dimensional problems only where
it ranges from 1 to 2. The evolution of the interface dam-

age, ;. is given in the functional form as
QNS
ml (X t) lnl(tl b 5[ ) 1nt) (2'24)
in which st . denote the interface state variables. Additional

int
details are provided in Section 4.1.

The interface model with unilateral contact, adhesion
and friction conditions can be summarized as follows: In
case of pure tensile loading along the interface, the normal
direction behavior is governed by the adhesion conditions.
When compressive normal forces are present, displacement
jump in the normal direction vanish (i.e., closure) and uni-
lateral contact conditions are employed. In the presence of
tangential and tensile forces along the interface, tangential
behavior is governed by the adhesion condition given by

Eq. (2.20). For compressive loads, friction conditions are
in effect (Egs. (2.21)—(2.23)) in addition to adhesion.

3. Generalized mathematical homogenization with
eigendeformation

The governing equations (Egs. (2.4)—(2.24)) are solved
approximately using two-scale mathematical homogeniza-
tion with eigendeformation. The eigendeformation includes
both the phase damage (modeled by eigenstrains) and
interface damage (modeled by eigendisplacements). We
extend the original formulation developed in [25-27],
which accounted for damage at the micro-phases only.
The 2-scale asymptotic expansions of the displacement
field, u°, phase damage, oy, and interface damage, o
onx € Q;ye @ and ¢ €[0,1] are given as

int>

wi(X,y,1) ~ °(X 1)+ Cuj (x,y,1), (3.1)
wph(xa y, ) ph (X y, ) + Cw;h(x, y, t)v
wint(xa y, ) ~ wmt(x y, ) + C(Uilm(xy Yy, t)'

The strain field is obtained by substituting Eq. (3.1)
into Eq. (2.6) and exploiting the chain rule given by Eq.
(2.2)

ei(X,¥,1) & (X, y, 1) + (el (x,y, 1) (3.4)
in which the first and second order strain components are
in the form

0 —
ij(X7Y7t) =u

(X, y,1) = u

0

LXj

i) (XY, 0).

€ (%, 1) + uéi‘m(x, Y, 1), (3.5)

(i
é (3.6)
The average strains are defined by integrating Eq. (3.4)
over the unit cell domain

1
0 = g /@ (%, y,0d0 =, () +0(0), (37)

where |©| denotes the volume of 6.

The first and second order stress components are evalu-
ated by substituting the asymptotic strain field decomposi-
tion given by Eq. (3.4) into the constitutive equation (Eq.
(2.5)) and using the asymptotic expansion of the phase
damage variable (Eq. (3.2))

0 (X,y,1) = a?j(x,y,t) + Ca;/.(x, y,1). (3.8)
Further assuming ijk, = Liu(y) gives
a?j(x, y,t) = {1 - wgh(x,y,t)}Lw(y)ein (3.9)
oh(x.¥.0) = [ 1= 0y (x.%,0)|Liu(¥)ely

- wll,h(xa Y l)ijk/(Y)fgz' (3.10)

The average stress field is obtained by integrating Eq. (3.8)
over the unit cell
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N 1
7% = g1 / 0y(x,y,1)d@
1

~ o1 | Axvnde + 0

o (3.11)

The first and second order equilibrium equations are
obtained by substituting Eq. (3.8) into Eq. (2.4), making
use of the chain rule (Eq. (2.2)) and applying Eq. (2.1) to
the body force (b; = bi(x,y,1))

O(™) oy, (x,y,0) =0 (3.12)
O(1) : o7y, (X, ¥, 1) + 0, (X,¥,0) + bi(X,¥,1)
= pii; (X, 1). (3.13)

Considering the O({™") equilibrium equation and combin-
ing it with Egs. (3.5), (3.7) and (3.9) yields

{sz/k/(Y) [Ekl(& 1) + “;k,y,)(xy Y, 1) = (X, Y, f)} } =0,

by

(3.14)

where y; is the inelastic strain defined as

:uij(xa Y, Z) = wgh (Xa Y, t) Ei/(xv t) + u(li,}y‘)(xv Y, t)] . (315)
The evolution equation of the phase damage variable, wgh,
is expressed in terms of the asymptotic terms of strain,
stress and state variables as
(X, ¥, 1) = @)y (a7, €, 80,)- (3.16)
Integrating the O({~") equilibrium equation (Eq. (3.13))
and exploiting periodicity of stresses yields momentum bal-
ance of the macroscopic problem

6','1*7)(/ (X7 t) + Bi(x, t) = f)u?(x, Z), (317)

where b; and p are the unit cell average body force and den-
sity, respectively.

Next, we consider asymptotic expansions of interface
conditions. Substituting asymptotic expansion of stress
(Eq. (3.8)) into Eq. (2.15) leads to the expressions for the
first and second order interface tractions on x € Q; y € S;
t €[0,1]

(%Y, 1) = (X, ¥, 1) + {4 (x,,1), (3.18)
2(x,y,t) = ag(x,y, Hn;, (3.19)
t(x,y,t) = ofj(x,y, Hn;. (3.20)

The resulting momentum balance equations at the interface
are given as

O soym|  +olm| =R Y.l +Hx¥y.0]; =0,
(3.21)

o) : ogjn(,- ot ain .= t) (x,y,t)|s+ +1(x,y, 1), =0.
(3.22)

Since the leading order displacement field, »?, is a function
of the macroscopic spatial coordinate system, x, only, it is

continuous within a unit cell. Thus, the leading order dis-
placement discontinuity is of the order O({)

0i(x,y,t) ~ Cé} (X,y,1). (3.23)

In order to ensure traction continuity along the interface,
normal and tangential interface stiffness coefficients should
be of the order O(C*I), ie.,

1 1

k?\l(x) = ZkN(Y)§ ki (x) = ZkT(Y)§
where kn(y) and k(y) are of order O(1). The interface con-
ditions along the normal and tangential directions may be
obtained by substituting the traction and displacement
jump decompositions into Egs. (2.17)-(2.24). In what fol-
lows, superscripts denoting the leading order terms of the
interface tractions, interface displacement jumps and dam-
age variables are omitted for conciseness of presentation.

The O((™") equilibrium equation given by Eq. (3.14),
contact conditions at the interface, along with the periodic-
ity assumption of local fields and evolution equations for
damage variables define the so-called wunit cell problem.
The unit cell problem is summarized in Box 1. Eq. (3.17)
along with macroscopic domain boundary and initial con-
ditions given by Egs. (2.10)—(2.13) and constitutive relation
given by Eq. (3.9) define the so-called macro-scale problem.
The macro-scale problem is summarized in Box 2. Note
that inertia effects appear in the macro-scale problem only;
the unit cell problem is quasi-static with time correspond-
ing to history dependence.

(3.24)

Box 1 Unit cell problem based on classical mathematical
homogenization

Given: material properties, L, kn, kr, pp and
macroscopic strains, ;.

Find: microscopic deformations u! € Q x @x
[0,2)) — R which satisfy on x € Q and ¢ € [0, ;]

e Equilibrium:

{L"f“(” {E’d(x’ ) F ) (% ¥:1) = (XY, t)} } =0;

N
yeo.

¢ Kinematics:
:uij(x7y7t) = wph(X7y7t) Eij(th) +u21,yj)(xvyat):| 5 y € @

e Unilateral contact and adhesion conditions in the
normal direction (y € S):

tN(vavt) - [1 - wint(xvyvt)}kN(y)éN(xa Y, t) < O;
5N(X7y7 t) = 0?

{N(x,y,0) = [1 = ow(x, ¥, )ln(9)8™ (%, ¥, 1)}
MN(x,y, 1) =0.

e Friction and adhesion conditions in the tangential
direction (y € S):
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T __ JTa Tf .
t,(X,y, 1) =1, (X, y,0) + 1, (X,¥,1);

tTa(X yvt) - [1 - wint(xvyvt)]kT(Y)éz(Xa Y, t) = 0;
(€71 (%, ¥, 0) < terie(X, ¥, 0);
HtTtH Xv Y7t < tcrit(xv Y, ) :> (X Y, ) =0;

1)

[€7]](x. ¥, 1) = taru(x. ¥,
= S(x,y,0) =k(X,y,0), x>0
teie(X, ¥, 1) = pg| N (X,¥,8) = [1 = 0 (X, Y, 1)]
x kn(y)o™ (x,,1)|.
e O-periodic boundaries on y € I'g.
e Evolution equations for wpn(x,y, ) and win(X,y, ?).

Box 2 Macro-scale problem

Given: average body force, b;, average density, p,
initial and boundary conditions, i, ?;, #;, ¢;, and the
solution of the unit cell problem summarized in Box
1 at time ¢ € [0, ).

Find: macroscopic deformations u’ € Q x [0, %] —
R

e Momentum balance (x € Q; t € [0, t5]):
Gijn, (X, 1) + bi(X, 1) = piif (X, ).

e Kinematics (x € Q; 1 € [0, 1y)):
€(x,1) = u( ) (X,1).

e Constitutive relation (x € Q; ¢ € [0, #y)):

_ 1 _
yx0) = g0 /@ L) [, 1) -l (5,v.1)
- ,lel(X, y, [)]d@

e Initial and boundary conditions:

w(x,t) = i(x), x€Q, t=0;
W(x,t) = (x), x€Q, t=0;
u(x,t) = u(x,t), x€T,, tcl0t);
af(x, ) =5(x,1), x €Ty, te[0,1).

The two-scale nonlinear boundary value problems sum-
marized in Box 1 and Box 2 can be solved using direct com-
putational homogenization procedures (see for instance
[11,16]). Instead, we proceed by formulating a mesome-
chanical approach based on the generalization of the math-
ematical homogenization theory with eigendeformation.
We start by introducing the decomposition of the micro-
scale displacement field [25-27]

uzl (Xv Y, t) = Hikl(y)gkl(x7t) + Zli(X, Y, t)v (325)

where Hj; is a @-periodic function, and u; is the displace-
ment field induced by damage process within the micro-
constituents and interfaces. The micro-scale displacement
field decomposition given by Eq. (3.25) is valid for arbi-
trary damage state. We first consider the state in which
micro-constituents are free of damage with perfect bonding
along the interfaces (i.e., wpy, =0, J; = 0). In this case, the
damage induced displacement field vanishes and the equi-
librium of the unit cell reduces to

Elastic influence function (EIF) problem
Given Lj,,(y), find Hy(y) : © — R such that

{Lijmn(Y)Amnkl(y>}’yV/ =0, yeo;

Aijkl(y) =Lju+ Gljkl(y)a Gijkl(Y) = H(i,yj)kl()');
O-periodic boundary conditions on y € I'g;

where I, is the fourth order identity tensor. The elastic
influence function (EIF) problem is solved for Hj,. For a
comprehensive treatment of the linear unit cell problem,
see [10,38].

Next, consider the case when €; = 0 and arbitrary dam-
age variables wp, and wiy. Eq. (3.14) then reduces to
{Liu(¥)] — (X, Y, t)]}v =0. (3.26)

Ek/(x7 y, t) )

Eq. (3.26) constitutes an elasticity problem with eigen-
strains, p;, within the micro-constituents and eigendis-
placements, J; along the interface. The solution may be
expressed by means of damage influence functions as

ﬁi(&)’J) :/hgct}(yvy):ukl(xaya t)dj/

lnt
/ hlm

in which A%} and 4™ are the influence functions for damage
within the micro- constituents and along the interfaces,
respectively. Expressions similar to the first term in Eq.
(3.27) can be found in [31,32,39,40]. The phase influence
function, hﬁ:}, is computed by solving the so-called
phase damage influence function (PDIF) problem defined
below:

Om(X,¥,1)dy (3.27)

Phase damage influence function (PDIF) problem
Given Ly,,(y), find A)(y,¥) : @ x © — R such that

{L,-,-nm<y><g1::;k,<y,y>+zmmd<y—y>>}

g (y,3) ="t} Gy (Y>¥)3

©-periodic boundary conditions ony € I'g;
[R5 (y.9)

=0, y,y€0;

=0 ony,y€0;
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where gf.}},:, is the polarization function for phase damage;
and d the Dirac delta function. The interface influence
function, h:;‘, satisfies the so-called interface damage influ-
ence function (IDIF) problem defined below:

Interface damage influence functjon (IDIF) problem
Given L,y ), find h‘m( y): @ x S — R such that

{Lijmn(y)g:;np(yay)}y = 07 y S @7 5’ S S7

int

__ zint AN
(¥, ¥) = Ay (¥, ¥);
®-periodic boundary conditions on y € I'p;

[A2](y,5) = 0, d(y—¥) whenyeS oryes

in which gi*! is the polarization function for the interface
damage; and Q,, denotes transformation from the local
interface to the global Cartesian coordinate system.

We now proceed to constructing a unit cell problem that
incorporates the influence functions. Based on Eq. (3.25),
the O({™") equilibrium equation takes the form

{Lijnn (¥) [A i (V) &0 (X, 1) + € (X, ¥, 1) — (X, , f)}},y, =0,

(3.28)
where the damage induced strain, €;, is given as
€5 (X, ¥, 1) = Uiy (X, ¥,1)
/g,,k, YY)t (X, 1) dy
+ [ 9o 5] (.29

Premultiplying Eq. (3.28) by the interface damage influ-
ence function, hgj‘, integrating by parts over the unit cell O,
using Green’s theorem and considering the periodicity as
well as the symmetry conditions on Ly, the relation
between the interface tractions and phase stresses are
obtained:

tp(Xv yv t) / gi;][t;(y y)Lijmn (Y) [Amnkl (y)Ekl (X7 t)
+ Gm,, (X7 yv ) - :umn (Xﬂ y7 t)] dy (330)
Egs. (3.15), (3.29) and (3.30) along with the interface

conditions summarized in Box 1 and damage evolution
equations constitute a series of integral equations with
inequality constraints. This system is summarized in
Box 3.

Box 3 Unit cell problem based on the generalized mathe-
matical homogenization with eigenstrains

Given: material properties, L;y, kn, kT, pip; influence

h
functions, H, h}’u, hi;t, and macroscopic strains, €;;.

Find: p,; € Qx 0 x[0,4) - R and & € Qx Sx
[0,5] — R which satisfy on x € Q and ¢ € [0, ¢y]

¢ Kinetics (y € 5)
(%, 3,1) = /%%WﬂmMMWﬁMﬁ

+ € (X, ¥, 1) — Wy, (X, Y, 1) dy.

¢ Kinematics (y € O)
fyxyt) = [ D504
= [ e 9six 5045
:uij(xa Y, l) = Wph (Xa Y, ) [Al]/fl (y)gkl(xa t)—FE,'j(X, Y, t)} .

e Unilateral contact and adhesion conditions in the
normal direction (y € S)

tN(vav t) - [1 - wi"t(xvyv Z)]kN (y)éN(Xa ya t) g 07
N(x,y,2) = 0;

{tN(Xa Yy, t) - [1 - COim(X, Y, t)}kN(y)éN(Xv Y, t)}
x oN(x,y,1) = 0.

e Friction and adhesion conditions in the tangential

direction (y € S)
£ (%,,0) = (%, ¥, 1) + 1 (X,¥,1);
(%, y,0) = [1 = 0w (X, ¥, )lkr(y)0, (x,¥,7) = 0;
(7] (%, ¥, 8) < tere(X, ¥, 0);
HtTfH(x,y,t) < tait(X,¥,1)

= Sg(x,y,t) = 0;
(7] (x, ¥, 8) = tern(X, ¥, 1)

= 5g(x,y,t) = KtlT,f(x, y,t); K =0
teie(X, ¥,1) = e |6 (X, ¥, 1) = [1 — 0 (x,Y, 1)]

x kn(y)o™ (x,, 1)

e Evolution equations for wpn(X,y,?) and win(X,y,?).

4. A reduced order model

To reduce the computational cost of direct homogeniza-
tion method, the integral equations in Box 3 are decom-
posed using separation of variables for the interface
damage, damage induced strain, phase damage and inelas-
tic strain fields

ZN X, 0);
ZN V) (x,0); (4.1)

wph X yv

tul] X y7
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Z N mt 1nt )
(x,y,7) ZN int ﬁ X, 1);

y:12...

wll’lt X y7
(4.2)

L p=1,2,...

The phase shape functions, Nph, are assumed to be
C~!(O) continuous matching the continuity of the displace-
ment derlvatlves. On the other hand, the interface shape
functions, N’ lm, are taken to be C°(S) due to C°(S) continu-
ity of the displacement jumps at the interface, i.e.,
;€ C°(S). In Eq. (4.2), displacement jumps are decom-
posed into opening/sliding components in the local coordi-
[5N(ﬁ)(5T(ﬂ))T}T_
are assumed to satisfy the partition of

nate system, 6"

Both N, 0 and NV s
unity property

S ONG(y) = ZNM

In the following, superscnpts, n and y are reserved for func-
tions denoting phase fields, whereas, « and f are reserved
for the interface fields.

We further define weighted average fields as

00)(x,1) = / o) (V) (x, v, 1) d;

(4.3)

WD (x,1) = / 0 ()t (x,y, 1) d: (4.4)
o) (x,1) = / o) (¥)0m(x, v, 1) dy:
5 (x,1) = / oD (¥)3,(x, v, 1) dy (45)

1n wh1ch the phase and interface weight functions, <pph and
<pmt satisfy positivity

ol (¥) =0 oll(y) =0 (4.6)

and normalization

[opwar=1 [dlma=1 (4.7)
s

conditions. It can be easily shown that Egs. (4.1), (4.2),
(4.4), and (4.5) imply orthonormality of the shape and

weight functions for arbitrary damage state within the
phases and interfaces

/ ol (YN (y) dy = o5 (48)
/S oD (VNG (y)dy = 55 (49)

in which 557 is the Kronecker delta.

We now focus on various choices of the weight and
shape functions satisfying orthonormality (Egs. (4.8) and
(4.9)), partition of unity (Eq. (4.3)), positivity (Eq. (4.6))
and normalization (Eq. (4.7)) conditions.

Consider a two-scale heterogeneous material composed
of np, phases and ny,,, interfaces (e.g., for fibrous or woven
composites, 71,y 18 typically 2 with matrix and fiber phases
occupying domains, @™ and @), respectively, and
nine = 1). The micro-structure is further partitioned into »
subdomains denoted by @, y = 1,2,...,n. The partition-
ing is constructed so that each subdomain belongs to a
single phase ODAEM =" or O ET =0e"),
0=U,_ 0" and @ A @()—(Z) for n # 7. The phase
shape and weight functions (N and (pg}f, respectively)
are selected to be piecewise constant in ® with nonzero
values within their corresponding partitions, @, only

) 1 ifyeo?

N(y) = 4.10
ph ) { 0 elsewhere, ( )
: 1.

ony) = WNé’ﬁ(y), (4.11)

where |@7)| is the volume of partition @7, It is a trivial
exercise to verify that the above phase shape functions sat-
isfy the orthonormality (Eq. (4.8)) and partition of unity
(Eq. (4.3)) conditions, whereas the weight functions satisfy
the normalization and positivity conditions. It is important
to note that the local supports, @, are arbitrary noncon-
tiguous domains. This choice proves to be valuable in
devising an adaptive partitioning strategy discussed in Sec-
tion 4.3.

The interface is divided into m partitions such that
S=J" ,S®. In contrast to the phase partitioning, inter-
face partitions overlap as schematically shown in Fig. 3:

b

()
o ()

Ny (¥) ! L

Fig. 3. The interface shape and weight functions: (a) interface partitions in multidimensions, (b) interface shape and weight function in one dimension.
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s7U3 o,

ﬂ#a
where S is the nonoverlapping region in $®; and O“” is
the overlap between nelghbormg artitions S® and S®
The interface shape functions, le, are constructed by a
linear combination of finite element shape functions corre-
sponding to the nodes in the interface partition, S

ZN :

aeS™

(4.12)

yes (4.13)
in which N, are standard finite element shape functions
associated with the microscopic finite element mesh node
a. The interface weight functions are chosen to be piecewise
constant

. 1/|s®] if y e S®,
()(y):{ /| | iy

. 4.14
. 0 elsewhere, (414)

where |S')| is the area of interface partition, S, Again, it
is a trivial exercise to verify that the interface shape and
weight functions satisfy the aforementioned four condi-
tions (Egs. (4.3), (4.6), (4.7) and (4.9)).

Employing the above definitions of the phase and inter-
face weight functions, Eqs. (4.4) and (4.5) reduce to

) 1
w;Q(XJ)T)‘/ pn(X, Y, 1) dy;

uf, | / (X, y,¢) dy,

(4.15)

o (x,1) =

|S(,< | @ cOml X,Yy, )dy7

50 1
300 =7 f B9

Substituting Egs. (4.1), (4.2) into Egs. (3.15) and (3.29),
premultiplying the resulting equation by qogg, and integrat-
ing over the unit cell yields

Z |:5 Iljk/ Pljkl) ;(;17‘1) (XJ t)} lu/(:/l) (X7 t)

y=1

— o (x,1) zm: [R50 (x,1)]

p=1

= o (%, DA fe (x, 1), (4.16)
where
P(’T)’) _ 1 d 4 17
ijki _} (,7)} o) zjkl( )dy; (4.17)
t/kl | / tjkl dy; (418)
Rf}’ﬁ) R (y)dy; (4.19)
| ] o
Pii(y) = /@ &y, ¥)dis (4.20)
Ry = / 2 (v, TN ()& (3) A (4.21)

where e, are the basis vectors in the local normal and tan-
gential directions along the interface. Summation conven-
tion is not applied for the repeated superscripts.

Substituting Egs. (4.1), (4.2) into Eq. (3.30), premulti-
plying the result by (pi(zt), and integrating over the interface
gives

(X, 1) +ZFU w(

(4.22)

=
HI

(4.23)

ERy N

in which t = [N(t")"]" is the traction vector in local co-
ordinates; and

llll
ij | / / Emnp v,y

Lokt (¥) 4111 (y) €, (¥) dy dy;

(4.24)
D IS(“I/ DL R ) © &,6)dras
(4.25)

Bl = |/ | 8 S s 00 P )
—fkujNi,ﬁ (¥))é,(3) dydy. (4.26)

We now turn our attention to the contact, adhesion and
friction conditions along the interfaces. The adhesion con-
ditions in the normal direction are expressed in terms of
N and 6N by employing Eqs. (4.2), integrating with
respect to (pfl‘ft) , using the orthonormality, and positivity
of the weight functions give
N (x, 1) — [1 — o (x, t)}k;?aw (x,1) <0,

N (x, 1) = 0; (4.27)

where

_M/S"N(”dy

and the consistency condition is given as
{0, 0) = [1 = ol (%, 0|16 (x,1) }oN (x,1) = 0.
(4.29)

(4.28)

In the tangential direction, the adhesion condition may be
obtained similar to the expressions in the normal direction:

€ = [1 = ol (x, )| K257 (x, 1),

nt

(4.30)

where £ is defined analogous to k. The friction condi-

tion along the interfaces is given by
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€1 < | N, 1) = [1= {2 (%, 0)] 8N (x, )|
(4.31)

€7 |< el (x,0) = 1= 00,0 k8N (x, )|
= "¥(x,1)=0 (4.32)

€71 = e |, 1) = [1 = ol (x, )| 0¥ (x, 1)
= 6 = t™W x> 0. (4.33)

Eqgs. (4.16),(4.22),(4.27),(4.29), and (4.30)— (4 33) constitute
a discrete system of equations in terms of ,u ) and 51 , with
contact constraints. The resulting reduced order model is
termed thereafter as (m + n) point model, in which m and n
denote the number of interface and phase partitions, respec-
tively. The (m + n) point model is summarized in Box 4.

Box 4 (m + n) point model

Given: coefficient tensors and material parameters:
P AN R CY, DD R kG, kY, e and the
Macroscopic strain, €.

Find.: ,u,(;f'); y=12,...,n and 0%; a=1,2,....m
which satisfy on x € Q and 7 € [0, 7]

e Kinetics

t(“) (X, t) + Z ﬁ(im .

= —CY%;(x,1).

(x,1) +ZFU ,u,j

e Kinematics

S [0 P (.0 ) %0

=1
o xgzj RO 510

e Unilateral contact and adhesion conditions in the
normal direction

NO(x, 1) — (1 — o) (x, )kS N (x, 1
NI (x,1) = 0;

{IN(ac)(x7 H—(1- w® (x, t))k(ac)oN(v)(x [)}51‘1(90(1(7 t) =0.

nt

(x.0)] = o) (x, )4 (x.0)

) <0;

e Friction and adhesion conditions in the tangential
direction

tT(a)( ):tTa(a) (X l‘)—|—tTf(“>(X,Z‘),
€70 (x,0) = (1 — opd (x,0)) k8™ (x,1),

€7 < £ (x,0),
(| €77 <tcm(x,t) = 6" (x,1)=0,
€77 || =2 (x,1) = 67 (x,0) =1t (x,1), K >0,

10 (%,2) = | N (x, ) — (1 — ) (x, ) Yoy O (x,1) .

e Evolution equations for wg’g( 1) and @) (x,1).

The constitutive relation for the macroscopic problem is
obtained by substituting Eq. (3.9) into Eq. (3.11), and using
the decompositions given by Egs. (4.1) and (4.2)

m

6'ij(X,f) ,]k1€k] X, l Z ’B X t +ZMukl'“kl (X t)
f=1 =1
(4.34)
in which
— 1
Ly = W Li/mn(y)Amnkl(y) dy; (4-35)
z] H@H / ljkl kl y)dy; (4.36)
ljkl |@H / 11”"" kll] y) - Ik[ijN}(J}g (y)) dy (437)

The formulation of homogenized tangent moduli & =
06;;/0¢y is given in Section 5.2.

4.1. A nonlocal damage evolution

It is well known [41,42] that strain softening caused by
evolution of damage gives rise to loss ellipticity and con-
sequently discrete solutions are mesh-dependent. This
deficiency of the CDM model can be alleviated using
nonlocal formulation [43] (among several other methods),
a variant of which is adopted here.

We start by defining the nonlocal strain and stress fields
over partition @7 as

0= [ o my.d- | [ dynan
(4.38)
(n) _ (n)
o (X,t)—/@m ®ph (Y)O U(x Y, 1) o0 |/ X,Y,?)
(4.39)

The nonlocality of the above fields requires that the phase
partitions be constructed such that the characteristic
nonlocal volume, @, is fully encompassed by the corres-
ponding smallest partitions, ie., @cC @ for each
y=1,2,...,n. This formalism was originally proposed by
Fish and Yu [44].

We proceed by approximating stresses and strains at any
point in a unit cell in terms of the phase shape functions
and nonlocal phase stress and strain values as

= D Nk(v)e (x,0)
ZN %)

Substituting Eq. (4.40) into Eq. (3.16) yields

e(X,y,1)

(4.40)
z] X y?
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wgh (X,y,t)

=y, (ZN;";J We (%0, NG (o (x,0), > NI ¥)sh (x, ,)> :

(4.41)

Premultiplying Eq. (4.41) by the phase weight functions
and integrating over the unit cell yields

o) (x, 1) = / o (), (} NG W) (x,1),
NO (e (x,0), Y N
2 12

)) dy.
(4.42)

Note that <p<") is equal to 1/|@"| over @ and 0 elsewhere
Over O, the only nonzero phase shape function is Nph
and its value over this partition is equal to one. Therefore,
Eq. (4.42) reduces to

o (%, 1) = o (6] (x,1), 0,7 (x, 2), 831 (x, 1)),

(4.43)

which is identical to Eq. (3.16) except that the evolution
equation is defined with respect to nonlocal quantities.
We now describe the model in detail.

The nonlocal phase damage variable, w](j]) is taken to be
a monotonically increasing function of nonlocal phase
deformation function KE{?. The evolution of phase damage
may be expressed as

00, (K(w))
() _ (n) AT
ol (%,1) = Py (0 (x,1) ) i 0. (4.44)

The nonlocal phase deformation function, Kg;f is a function

of phase damage equivalent strain

KSQ(X, t) = max {<vg{1)(x,r) - vi(r'fi)>+’7: < t},
where v h> is nonlocal phase damage equivalent strain; and

) the threshold value of vph below which no damage in
@(’7) is allowed to occur. The nonlocal phase damage equiv-
alent strain is defined based on the strain-based damage
theory [45] as

vgg (x, t) —= \/% (F(n)g(n))TE(n) (F(”)g(n))

in which € is the vector of prmmpal components of the
average strains, e,(j , in @; L™ the tensor of elastic mod-
uli in principal directions of e(") F denotes the weighting
matrix. The purpose of the weighting matrix is to differen-
tiate between the damage accumulation in tensile and com-

pressive loading directions

(4.45)

(4.46)

K00
F'(W)(X7 l) _ 0 h(zﬂ) 0 when ny = 3; (4.47)
0o 0 A
1 1
hif’) (x,1) = 3 + Eatan {cir’)(ég’) — C(Z'D) ; (4.48)

where cs") and cg’) represent the contribution of tensile and

compressive loadings in the principal directions.
The nonlocal strain in a phase partition @ is given
as

el (x,1) = A (x, 1) + & (x,1), (4.49)
where
Ef-}”(x,t) = IA{EJ'?/;) 6P (x, 1) +ZPW ,uk, X, 1). (4.50)

=1

The evolution of phase damage as a function of the
phase deformation function follows an arctangent law [28]

b ) + atan(b("))
/2 + atan(b< ))

o _atan(a g}f ;h)(x t) —
ph ™

(4.51)

in which ap ) and b 'Q are material parameters.
The evolution equations for the interface damage are
defined in a similar fashion to those of the phases. The non-

local interface damage variable, wffg, is given as

a¢lm( Kint )
axﬁﬂ)

nt

ol (x,1) = P (k) (x,1));

nt

> 0. (4.52)

The nonlocal interface deformation function, Kfft) ,1s a func-

tion of interface damage equivalent displacement jump

kP (x, 1) = max {U(ﬁ (x,7)|T < t}

nt nt

(4.53)

where v ) is the nonlocal interface damage equivalent dis-
placements in SV which is expressed as
vt (%.1) = k3P (3, ) + k87 (x, )] (4.54)

The evolution of interface damage as a function of the
interface deformation function is given by the following
law:

(h)
gDl(l,ift) _ atan(amt Kmt (X t)/bmt) : dj(ﬁ) <1 (455)
p) nt
atan(d;y, )
in which a and b1 are material parameters.

4.2. Influence functions

The coefficient tensors of the (m + n) point model are
functions of the elastic (Hy;), phase (A} ,) and interface
(h™) influence functions. The influence functions are
obtained by numerically solving the three unit cell prob-
lems: (i) elastic influence function (EIF), (ii) phase damage
influence function (PDIF), and, (iii) interface damage influ-
ence function (IDIF) problems defined in Section 3. Gue-
des and Kikuchi [10] provides a comprehensive treatise
on the solution of the EIF problem. In this section, numer-
ical approximations of the PDIF and IDIF problems are
discussed.

Let © be an arbitrary subdomain of @ (i.e., oc @), and
define
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partition-by-partition

Fig. 4. Evaluation of the phase influence function using element-by-element and partition-by-partition methods.

~ — Y& @,

do(y) =1 1] (4.56)
0 elsewhere.

In the limit

I(l:)i‘mogl@(Y) —d(y—73); yeoO. (4.57)

The unit cell PDIF problem is approximated by replacing
the Dirac delta function in the PDIF problem by d, which
gives

Discrete phase damage influence function (Discrete
PDIF) problem

Given Ly, (y), find h%(y, ¥) : © x ® — R such that

{Lim )50 (¥,9) + Lomadp ()} =0,

5y

Y,y € 0;
O-periodic boundary conditions on y € I'p;

[A5](y.§) =0 ony,yeo.

The approximation to the phase influence function
(solution of Discrete PDIF problem) and the exact solution
of PDIF problem are both denoted by h , for conciseness
of the presentation. The weak form of the PDIF problem
states

/W(ly,)(Y) Umn(Y)gmnkz(YaY)d

|@|/ ll

where w; € ¥ is the weight function; and 7" = {w; €
H'(©)|w; @-periodic}. The above equation is discretized
and solved using the finite element method. @ in Eq.
(4.56) is selected either as a domain of a single finite
element or a group of elements in the microscopic mesh.
In view of the definition of d, provided in Eq. (4.56), A5
may be fully computed by dividing the micro-structure into
Tpatch Patches and solving the weak form of PDIF problem
(Eq. (4.58)) Rpatch times. Apacn s typically selected as the
number of finite elements, n., or number of phase parti-
tions, n. The evaluation of the phase influence function

Lyu(y)dy =0, ¥¢€6; (4.58)

based on element-by-element and partition-by-partition
methods is schematically illustrated in Fig. 4. When
Npatch = Mel, the phase influence functions can be computed
a priori and only coefficient tensors need to be recomputed
in the case of the dynamic partitioning scheme discussed in
the next section. When ¢, = 1, the phase influence func-
tions are recomputed when the model order is updated.
Fig. 5 illustrates the components of the phase influence
function evaluated within one element of a 2-phase unit cell.

The interface influence function is numerically approxi-
mated by considering an analogous formulation to the
evaluation of phase influence function discussed above.
Let &’S be an approximation to the Dirac delta function
to be subsequently defined, then the IDIF unit cell problem
is replaced by

Discrete interface influence function

(Discrete IDIF) problem -
Given Ly(y), find £)'(y,¥) : @ x S — R such that

{ iimn () o (¥ y)} =0, y€o, yes;

O-periodic boundary conditions on y € I'g;

[[h ]}(Y7 ) QipngU

damage

whenyeSoryes.

The interface influence function is approximated using
standard finite element shape functions, N,(y);
a=1,2,...,n,q; and n,q is the total number of nodes in
the microscopic finite element mesh. The interface displace-
ment jumps are modeled by placing double nodes along the
interfaces. d; is then expressed in terms of shape functions
as

N (y .
N e, (4.59)
JRZGE:
5
where § is the local support of N, along the interface. The
function, ds, is schematically illustrated in Fig. 6. h‘“t may
be computed by solving the Discrete IDIF problem Min

times, where n;, is the number of double nodes placed
along the interface. Fig. 7 depicts the components of the
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ph ..
Iy (¥Y)

ph o
oy (¥-¥)

Fig. 5. Components of the phase influence function using element-by-element approach.

dy(§)

A §
4

matrix

TS
| interface
‘. ﬁbér

Fig. 6. Approximation of the Dirac delta function for computation of the
interface influence function.

interface influence function evaluated for a pair of interface
nodes.

4.3. Model improvement strategies

The (m + n) point model results in nonlinear system of
3m + 6n equations. Selection of m and n is crucial to the

accuracy and computational efficiency. Clearly, larger val-
ues of m and n lead to a superior accuracy at the expense of
increased computational cost. In addition to the selection
of the model degree, proper partitioning of the micro-con-
stituents affects the accuracy of the proposed models.

Much like the discretizations in the finite element
method, the optimal strategy for the selection of the model
degree and domains of each partition depend largely on the
specificities of the macroscopic problem in addition to the
micro-structural details. In this work, we study two parti-
tioning strategies termed as static domain partitioning
(SDP) and dynamic domain partitioning (DDP).

In SDP, selection of the model degree (i and ») and par-
titioning of the micro-structure is carried out prior to the
macroscopic analysis. In this approach, m and n, and cor-
responding micro-structural domain partitions, @ and
S are functions of macroscopic spatial coordinate, x,
but do not vary in time. In static partitioning coefficient
tensors are computed once in the preprocessing stage and
remain constant throughout macroscopic analysis. Box 5
summarizes the preprocessing stage for static partitioning.
The preprocessing stage consists of the evaluation of the
influence functions, partitioning of the micro-structural

int

h,(¥.3,)

Fig. 7. Components of the interface influence function.
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!

Preliminary linear analysis
of the macroscopic problem

Partitioning of the microstructural domain
interfaces: S phases:©"

Computation of the influence
functions

G,(x,f) = Ly Ey(x,0) Pg{m
ki

)

Computation of the coefficient tensors
M) OB 5(B) 7 (1) &A@ N(ap) plor)
Ay RV RE) i1 € DY F

Hyy ), B0 (09, b (v.9)

(7)

n=n(w,)
(B)

m=m ()

coefficient
tensors

Nonlinear analysis of the
macroscopic problem

5,00 =/ (81

B @) PR AN ()
i B0, Ly M, RYT)

A

(1)
n=n(,)

Update model order
()
m=m ()

Fig. 8. Dynamic domain partitioning (DDP) strategy.
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domain, and computation of the corresponding coefficient
tensor, given the model order (m and n). The computation
of the elastic influence function, Hj,, interface and phase
influence functions, 4™ and A, respectively, follows the
procedure explained in the previous section. The partition-
ing of the interface, S, and phase, O, is based on the elastic
macroscopic strains, Efj'., computed in a preliminary linear
analysis of the macroscopic problem. At each integration
point of the macroscopic mesh, the interface, S, is parti-
tioned into S, o =1,2,...,m based on the magnitude of
interface damage strain, v;,.. Similarly, the phase damage
equivalent strain, vy, is computed based on which the
microscopic domain, @, is partitioned into O,
y=1,2,...,n. The coefficient tensors are evaluated using
the integral expressions provided in the previous sections.
The dynamic domain partitioning (DDP) strategy is
based on recomputing the micro-structural domain parti-
tions as the macroscopic analysis progresses. By this
approach, the domain partitioning, as well as the model
order vary in time. The number of interface and phase par-
titions m and n are increased adaptively, as material failure
evolves. Fig. 8 illustrates the dynamic domain partitioning
algorithm. In DDP, the analysis is initiated with minimum
number of interface and phase partitions (typically, m = 1
and n=2 for a 2-phase material). The model order is
increased adaptively as a function of normalized damage

@ ) (4.60)

Werit
)

nt?

f(w) =int <K
in which w € {w wé’h) }; Weric 18 the critical damage, above
which no more repartitioning can occur; and « is the max-
imum allowable number of repartitioning; and int denotes
the integer operator. The updated numbers of phase and
interface partitions are then expressed as

Al = 1+ Z 5’1(3.);

y=1

5n :f(t+Atwff}3) —f(zwg'ﬁ); (4.61)
A = m + Z 5””(“);

=1
om® = f(iaiy) = (o) (4.62)

in which the left subscript # + A¢ and ¢ denote current and
previous values, respectively. The updated model order is
then used to recompute the coefficient tensors by invoking
the algorithm outlined in Box 5. A hierarchical repartition-
ing is adopted in which those partitions, ®” and $* with
nonzero on” and dm'® are repartitioned only. The hierar-
chical repartitioning is illustrated in Fig. 9.

The DDP strategy offers certain advantages when the
number of coefficient tensors recomputations is limited
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and/or preprocessing cost is substantially lower than the
cost of nonlinear iterations. Otherwise, SDP with large n
and m might be advantageous both in terms of cost and
accuracy.

Box 5 Preprocessing

e Consider the linear elastic unit cell problem:
— Solve for the elastic influence functions, H;;, and
corresponding traction terms along the interface
Tifi-
— Compute the elastic polarization tensor, Gy,
— Compute the linear elastic homogenized moduli,
Ly using Eq. (4.35).
e Loop 4 over the nodes along the interface of the
unit cell mesh:

— Compute the interface influence function,
B! (¥, ¥a)-

— Compute the interface polarization function,
gi?,i,(y, ¥a).

e Loop b over the elements of the unit cell mesh:
— Compute the phase influence function, 45 (y, ¥;).
— Compute the phase polarization function,

e Preliminary linear analysis of the macroscopic
problem to obtain €.

e Loop B over each element of the macroscopic mesh:
— Along the interface:

t; I(XBa - lel 6k11<XB) Yy € S7

2 = [ / max [

— Identify m partitions of the interfaces based on
el

Vint-

— Within the phases:
= Ayu(y)&,(xs), ¥ € O;

— (Fe)"L(Fed /max (Feeh)T L(F*‘)}.

651 (XBa y)

— Identify n partitions of the interfaces based on
uglh.
— Compute coefficient tensors for macroscopic ele-

ment, B.

5. Numerical implementation
5.1. Macroscopic stress update procedure

Given: Overall strain ,€;; phase and interface damage
variables, ,wph, (n=12,...,n) and [wmt, p=1,2,...,m),
respectively; increment of overall strain, Ae;; damage
induced displacement jumps in the local coordlnate system,

,55/} ; and damage induced inelastic strains, ,,u,] The left

subscript denotes increment step, i.e., ;O and , 1 A, are
the values at the previous and current increments, respec-
tively. For simplicity, the left subscripts of the current
increments are often omitted in the following presentation.

Compute: The overall stress o;;; current values of dam-
age Varlables wph and wml, damage induced displacement
jumps, 5 ; and inelastic strains, p; )

A Vector of state variables, d is deﬁned such that

~ ~ ~ T
d— {”m,”(z), BTN U I ,5<m>}

in which u™ is the vector of inelastic strain components in
Voigt notation.

In view of the governing equations of the reduced micro-
scopic problem outlined in Box 4, the damage induced dis-
placement jumps and inelastic strains may be evaluated by
invoking a Newton process. The unilateral contact condi-
tion is imposed by considering a penalty algorithm. The
tangential friction model is implemented using an elastic
stick formulation [46] as described below. The resulting
nonlinear system is expressed as

) — f(ll); &) +1°(d) + £'(d) = 0,

(5.1)

(B)
ph> Wing

¥ =Ko (52)
where f€ is the contribution due to penalty method aimed at
enforcing unilateral contact constraint; f' is the contribu-

tion of the friction model; f is the force vector;

K (n) K w(ﬂ)
K — pe(0pn)  Ker(opy) (5.3)
Kip Ky (o)
and
(11) (1) (12) (1) (1n) (1)
Lijrr — Pijy 0, =P ©pn =P @
(21)  (2) (22) (2) ) (2
K —Piop, i — Py og, - Pz]kl ph
PP — )
(n1) (n) (n2) (n) (nn) (n)
=P ©py =Pl ©py i — Py 0y
(5.4)
(1) (1) p(12) (1) N (1m) (1)
Ru Dph —REj @+ —Ry “’ph
RI(ZI) @ _R@,0 .. —R @2m) _(2)
j ph i ph Wph
KPI = ) . . . ’ (55)
—R (n1) n R[(jnZ)wg;) —R nm) pr;l)
(11) (12) e (1n)
FU LU/
Fl(jzl) F,(,n) o ngzn)
KIP = . . . . ) (56)
(ml)  fa(m2) r(mn)
LF; " Ko F
DI 4+ gD D12 Dm)
Dey D® L E® D@
KII - . . 9 (57)
ﬁ(ml) ﬁ(mZ) ﬁ(nlm)+E(”1)
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where
(1 - op)ky 0 0
EV = 0 (1 — gk’ 0
0 0 (1 a)ky’

(5.8)

The force vector, f, is expressed as

£ [0l Ao, Al . e e
(5.9)

The penalty contribution due to unilateral constraint, f° is
given as

e :"lx [o,...,o, <5N<1>>_,o,o, <5N<2>>_70,0,...7
(5.10)

in which y <1 is the penalty parameter; and ()=
(O] = <©)/2.

The friction model is implemented based on the elastic
stick formulation, in which the frictional displacement
jumps, 7P, are decomposed as follows:

T T
oD = o" 4 o1, (5.11)
where 531 is the elastic slip which is recoverable upon
unloading; and & P is the plastic slip. The tangential trac-

slip

tions due to frlctlon is then expressed as

NE — (1 — 0P )P NP

.uF| ( 5 ) 1nt) ‘6;11(@ (512)
cri

in which d.; is the magnitude of the maximum allowable
elastic slip. Eq. (5.12) implies that the contribution of the
frictional forces along the interface vanishes (i.e., Ff:0)

when the normal displacement jumps, 6~ > 0. Under
compression (i.e., 0"# = ()

(T —

£ = [0,...,0,0,6™",0,{7® 0,0,... """

(5.13)
In the presence of friction, 661 is stored as state variable in
addition to d and damage variables.

In view of the definitions above, the stress update proce-
dure consists of the following steps:

1. Update the macroscopic strains: €; = ,&; + Ag;.
2. Solve Eq. (5.2) by Newton’s method:

ow\ |
g kg (Y1
a=4a- (),

3. Initialize the Newton procedure by setting k=0,
A= d, o = o, o) = o), and TP — 510
4. Loop until convergence:
(a) Compute “K, *f, “f°, “f', and (6‘P/6d)|,fd1.
(b) Evaluate Eq. (5.14) to obtain **d.
(c) k—k+1.

5. Compute the macroscopic stress ;; using Eq. (4.34).

¥, (5.14)

<5N<m>>_,0, o} !

*K, *f and *f° may be obtained directly using Egs. (5.3)-
(5.10). Derivation of (0W¥/od) is given in Section 5.2. The
update of frictional contribution, *f, may be summarized
as follows:

Given: Displacement jumps, *
gential displacement jumps, "55

kNGB)
k5T KT and et

), elastic part of the tan-
), and normal tractions,

Compute:

1. Separation along the interface: 6N > 0 = *¢™A = .
2. Compression along the interface: *o™# = 0.

(a) Compute predictor tangential displacement
jumps
o) = 5" +*AsTY (5.15)

in which *A6™® is the tangential displacement jump
increment at iteration k.
3. Elastic stick

[l p NP
r 1 k¢TEB) — BF - 5(0) 5.16
5cr1t < - 5crit pr ( )

c T

tonl =8l (5.17)
4. Plastic slip

() ;
||5pr [ > 1 k¢TEB) — .UFI‘ N 5(/;)7 (5.18)
= o
k¢TE(B)

kgTh) _ 5 _ 't B _ 5.

561 - 6pr ﬂFleN(ﬁ) (H‘spr || 5cr1t)- (519)
5. Construct “f using “t™# as shown in Eq. (5.13).

5.2. Macroscopic tangent moduli

In this section a closed form expression for the macro-
scopic tangent moduli, %, is derived. We follow the
notation introduced in Section 5.1 for the representation
of the values of the fields at the current and previous time
steps. Recall that the macroscopic stress is expressed as

Gi7(X,1) = Ljuén (X, 1) +ZR ) (x,1) +Zszkhukl (x,1).
b1 =1

(5.20)

The coefficient tensors, Z,«jk,, ,] , ). and M)
of the macroscopic strain, ¢ (x, 1).
(5.20) with respect to €y yields

"0 'u(y)
a7 O
aEk[ ; ymn agkl

;i are independent
Differentiating Eq.

L ==—"= Lljkl + Z @ .

(5.21)

It remains to evaluate 0d/0¢;;. We proceed by recalling the
nonlinear system of equations to be solved:
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¥ = K(d)d — f(d;&;) + f°(d) + £ (d) = 0. (5.22)

Differentiating Eq. (5.22) with respect to €, and using the
chain rule leads to

W

- 5.23
Oey Oeus ’ ( )
where

0¥ K of of° off

= =—Td+K-——+—+—. 5.4
od - oa"T® TaaTaa T (5.24)
of /0¢,; may be obtained directly from Eq. (5.9)
of - T
= (Aol Ao Ao el el e
(5.25)

Derivative of the force vector, f, with respect to d may be
obtained using the chain rule:

of & of o)
— = — = 5.26
2oy 520
= ph
() »’ ~(y
660 _ 6(1) 8K Guph e e e (5.27)

6d a 60 0et) de) 0e® od -

of /0] may be obtained by differentiating Eq. (5.9) with
respect to the phase damage variable, wgg
of

—=10,..., (5.28)
GwL’h) {

(0= !

0,49 ej,o,...,o} .
/6K is evaluated by differentiating Eq. (4.51)
acop’h - af;;f

6th [n/2 + atan(b )] [1 + (

— (5.29)
o~ by’

ph 0y 60 = 1 for damage process and vanishes if no dam-
age is accumulated at the current time step. From Egs.
(4.46) and (4.47) follows:

v 1 ~ ) O(FVe)
_ph ) eNTT.0)
where
o(R e -
( 1A(f)1 ) 0 0
Oey
a(F(?)é()’)) _ 0 a(h(zy)ég))) . 531
0e) aég, .
(R
0 0 (h{(f} )
L o€y

and

d h(j/)g(:/) c("/) - . .
(§ Q): 1/ é(iy)+h(§}).

A(7) N 012
0¢, 1+ [05»(6@) PO

(5.32)

<

No summation is implied for superscripts and for Greek
indices. The derivative of the principal strain, €7, with re-
spect to total strain, €”) is evaluated by con51der1ng the
Hamilton’s Theorem

@) =0 +Le —1,=0 (5.33)

in which I, I, and Iz are the three strain invariants. Differ-
entiating Eq. (5.33) with respect to total strain yields

oe)) o ol . ol
= 3Ey —2nd i) [ L@ - 5@+ 5|
66k1 a€k1 Ekl Oey
(5.34)
The derivatives of the invariants are obtained as
ol
— =95, (5.35)
aelﬁ/'y
ol K )
0 = trace(e" )5 ,j ), (5.36)
Oe;;
0l D 0 o ) 1
0 eg,i)e,({j) - trace(e<'))e§j) 26"’ e (3K
ij
1 K
+§(trace( N)? 0y (5.37)

In view of Eq. (3.4) and the derivative of Eq. (3.25),
0e) JOE is equal to the identity tensor.

It is easy to show that phase average damage induced
strains, €7 may be expressed in terms of the damage
induced strains and displacements jumps:

m
~(y 5 (08
SRS . (530
p=1
Differentiating € with respect to d
QeW . . . o
_ (1) (72) (yn) (1) (2) (ym)
ﬁ - [Pijkl Pijk! Pijk/ Rij Rij sz/" }’
(5.39)

which completes the evaluation of 0f/dd.

The derivative of the contact constraint penalty contri-
bution f¢ with respect to d may be evaluated directly from
Eq. (5.10) in the form

OF° 1{0 0} (5.40)

od 2|0 dfrel]

where
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[1—sgn(™Y) 0 0 0 0 0

0 00 0 00

0 00 0 00

0 0 0 1—sgn(d"®) 0 0

0 00 0 00

i = 0 0 0 0 0 0
0 0 0

0 00 0 00

L 0 00 0 00

in which sgn(<$) =
Kisa function of phase and interface damage variables,
and w ) as shown in Egs. (5.2)—(5.8). Using the chain

|<]/<> is the sign operator.

(
ph
rule

K < K dof & K ol
W 2o W o] A

(5.42)

Eq. (5.3) reveals that the nonzero components of the
derlvatlves of K W1th respect to damage variables are

aKPP/Gwph 5 @Kpl/awph ; and aKH/@wmt
o0 0 . 0
0 0 0
OKpp 2 o
m = _Pz/kl —Pf}k/) _Pf;;k/ ) (5-43)
ph 0 0 . 0
L0 0 0 |
0 0 0 7
0 0 0
L P L. R (5.44)
aw()h) 2 7
P 0 0 0
0 0 . 0 |
The only nonzero component in 0Ky /dw” is 8E® /6w,
given by
OE® —k;f) 0 0
_ ()
ol 0  —ky 0 (5.45)

0 0 kY

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 (5.41)
1 —sgn(3N™) 0
0 0 0
0 0 0]

The derivative of the interface damage variables, wl(m, with

respect to d may be expanded using the chain rule

awl(r/jt) _ awnljt) 6Klm avlnt (546)
od 6 61)1n2 od ’
where
(B) (B)2
6w(i;; _ bim2 . (5.47)
R P |

.m /avlm =1 for damage process and vanishes if no
damage is accumulated at the time step.

@!%ft w A" e &Y
At =0, 0.k ’||5T<ﬁ>\|kT ’H,;W)”kT ,0,...,0].

(5.48)

We now turn our attention to the last term in 4. When the
elastic stick condition is in effect, consistent linearization of
the friction algorithm presented in Section 5.1 leads to

N(B
ST +niT 1= sen(8X7) 0P (5.49)

5cr1t 2 4

in which n = t"™/MN®_In the presence of plastic slip the
final result is

oA — D asT 4 nte (1= sen(@")| o™

II5( | 21
(5.50)

Egs. (5.49) and (5.50) are sufficient to evaluate the deriva-
tive of f with respect to d in view of Eq. (5.13).

5.3. Extension to large macro-deformation

In Section 5.1 it was assumed that stress at the current
increment G;; can be computed from strain ,¢; and state
of damage d in the previous increment as well as the cur-
rent strain increment, Ag; that drives the evolution of
eigenstrains and interface decohesion. In other words, only
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material response was accounted for, while the effect of
large deformation has been neglected. In this section we
discuss the effect of large deformation. For this purpose
it is convenient to split the effect of large deformation into
two parts. One is due to large deformation within a local
coordinate system attached to a unit cell. The second is
due to large rotation of the entire unit cell as a rigid body.
The former gives rise to unit cell distortion, while the latter,
termed as macro-mechanical rotation, does not affect stres-
ses in the material or so-called co-rotational frame. While
in principle, the proposed model reduction approach can
handle the two sources of deformation, accounting for unit
cell distortion requires repeated calculation of the influence
functions. This in turn requires solution of the unit cell
problems at every increment and at every iteration, making
the computational cost comparable to that of the direct
homogenization method.

On the other hand, accounting for macro-mechanical
rotation increment, denoted as AR, can be easily accommo-
dated within the existing computational framework either
by using a two-step stress update approach or by utilizing
co-rotational formulation [47,48]. For instance, in the two-
step approach, stresses are first rotated to the material
frame using macro-rotation increment, AR. This is fol-
lowed by material stress update as described in Section
5.1. Finally, updated stresses are rotated back to the global
Cartesian frame. For micro-structures with obvious defini-
tion of material coordinate system, such as in the case of
fibrous composites, AR is an incremental rotation of the
specific material coordinate system. On the other hand, in
case of particles randomly distributed in the micro-struc-
ture, the incremental rotation, AR can be computed from
either the incremental vorticity [49] or from polar
decomposition.

6. Verification and validation

Our numerical experimentation agenda includes three
test problems: (i) verification for a single scale (one unit
cell) problem; (ii) verification for a two-scale problem,
and; (iii) validation problem. For verification, comparison
is made to direct homogenization, while, for validation,
comparison is made to physical experiment.

6.1. Single-scale verification studies

We consider a single fibrous unit cell subjected to static
loading. The geometry of the micro-structure is illustrated
in Fig. 10. The unit cell consists of a fiber with a circular
cross section. The volume fraction of the fiber in the unit
cell is 19.6%. The finite element mesh of the unit cell,
depicted in Fig. 10, consists of 930 hexahedral elements.
The fiber phase consists of 270 elements and the material
properties are taken to be Young’s Modulus = 200 GPa
and Poisson’s ratio =0.3. The fiber material is assumed
to be isotropic elastic with no damage accumulation. The
elastic properties of the matrix material are taken as

Fig. 10. Geometry and the finite element mesh of the fibrous unit cell.

Young’s Modulus = 60 GPa and Poisson’s ratio =0.3.
The phase damage evolution parameters of the matrix
material are ap, =32, and by, =16.3. The compressive
principal strain components do not contribute to damage
accumulation. The weighting matrix (Eq. (4.48)) parame-
ters are therefore chosen as ¢; =1 x10° and ¢, =0. The
interface between the fiber and the matrix phase consists
of 176 double nodes. The interface damage evolution
parameters are a;, = 6.67, and by, = 6.67 x 107%.

The macroscopic finite element mesh consists of a single
eight node hexahedral element. The coefficient tensors are
computed a priori based on the elastic properties of the
matrix and fiber materials. The finite element analysis of
the unit cell configuration using the original system of
equations provided by Egs. (2.4)—(2.6), (2.10)—(2.13), and
(2.15)—(2.24) are evaluated as the reference solution for ver-
ification purposes. Verification simulations consist of

C1. biaxial expansion in the directions orthogonal to the
fiber in the presence of interface damage only;

C2. uniaxial expansion in a direction orthogonal to the
fiber in the presence of interface damage only;

C3. biaxial expansion in the directions orthogonal to the
fiber in the presence of interface and matrix damage;

C4. uniaxial expansion in the directions orthogonal to the
fiber in the presence of interface and matrix damage;

C5. uniaxial expansion along the fiber direction in the
presence of interface and matrix damage.

In C1, The matrix and the fiber are assumed to be linear
and elastic with damage accumulation only along the inter-
faces. The simulations were conducted until full separation
along the matrix—fiber interface as shown in Fig. 1la.
Fig. 11b displays the force—displacement curves as com-
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Fig. 11. Interface debonding in the fibrous unit cell under biaxial expansion (Cl).
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Fig. 12. Interface debonding in the fibrous unit cell under uniaxial tension (C2).

puted using the reference and a (1 + 0) point model. Note
that number of phase partitions, 7, is set to zero since dam-
age is not allowed to accumulate within phases and does
not contribute to damage induced fields. The force—dis-
placement curves show an excellent agreement between
the reference solution and the (1 + 0) point model. Next,
failure under uniaxial loading is considered (C2). Similar
to Cl, the phase materials are assumed to be elastic.
Fig. 12a displays a nonuniform loading along the interface.
Therefore, characterization of the interface calls for multi-
ple partitions. Fig. 12b shows the force—displacement com-
parison of the (1 + 0) and (2 + 0) point models against the
reference solution. Improved results can be seen as the
model is refined. Simulations C3 and C4 employ identical
loading conditions with C1 and C2, respectively. In the
present simulations, the matrix material is allowed to accu-
mulate damage in addition to interface debonding. The
force—displacement curves (Figs. 13 and 14) in both config-
urations are in reasonable agreement with the reference
configurations for low point models such as (1+1),
(2+2) and (2 + 5) point models. In the last series of simu-
lations (C5), uniaxial loading is applied in the direction of

150 T
4 ——(1+1) point model
/1 ‘. - = = (2+2) point model
/ 'l \ unit cell solution
/
Ty
_ 100+ ‘\ nl //1\ b
Z TP
é’ 17 |
£ | | 4
sof Lo P
\ ! N -
eI TN
=
0 L L L L L
0 1 2 4 5 6
Displacement [mm] X 10—3

Fig. 13. Force—displacement curve under biaxial expansion orthogonal to
the fiber direction (C3).

the elastic fibers. Upon degradation of the phase materials,
loading is expected to be transferred by the fibers only.
Fig. 15 shows the force—displacement diagram for configu-
ration CS. The (1 + 1) point model successfully predicts the
failure in the matrix and the post failure stiffness.
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6.2. Two scale verification study

We consider a crack propagation problem in a square
panel with a blunt notch. Fig. 16 illustrates the macro-
scopic geometry and the finite element mesh of the compos-
ite panel. An initial notch of length, ay, is introduced such
that ao/l = 0.5, where [ is the width of the panel. The thick-
ness to width ratio of the panel is 7/ = 0.125. The macro-
scopic mesh is composed of 509 hexahedral reduced
integration elements. Finite elements far away from the
crack tip are modeled as elastic with homogenized proper-
ties computed using classical linear elastic homogenization
theory. The inelastic zone shown in Fig. 16 is composed of
320 elements. The composite material fibrous micro-struc-
ture is shown in Fig. 17. The fiber is assumed to be elastic
with Young’s modulus, £ =200 GPa and Poisson’s ratio,
v = 0.3. The matrix material is assumed to behave accord-
ing to nonlocal damage model presented in Section 4.1.
The initial elastic properties of the matrix materials are:
E =60 GPa and Poisson’s ratio, v =0.3. The phase dam-
age evolution parameters of the matrix material are
apn = 32, and by, = 16.3. The weighting matrix parameters

symmetric

1 .
crack tip
damage zone

Fig. 16. Geometry and the finite element mesh of the panel with a blunt
notch.

Fig. 17. Fibrous micro-structure of the panel with a blunt notch.

are chosen such that no damage is accumulated when the
material is under pure compression: ¢, =1x 10> and
¢, = 0. The fiber volume fraction of the micro-structure is
28.2%. The interface between the matrix and fiber is
assumed to be perfect. The micro-scale mesh is composed
of 351 tetrahedral elements.

A number of (0 + n) point models were verified against
the direct homogenization method for the notched panel
problem. In the direct homogenization method, the entire
unit cell problem as outlined in Box 1 is repeatedly solved
at every increment and at every integration point of the
macroscopic finite element mesh (see for instance [11,16]).
In the limit, as the (3n -+ 2m) approach the number of
degrees of freedom in the direct homogenization approach
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(c) (0+10) point model

(d) reference solution

Fig. 18. Crack paths of the (0 + 1) point models and the reference solution for 90° lay-up.
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Fig. 19. Crack paths by the variable point model and dynamic domain partitioning method.

the results of the two methods will provide comparable
results. Therefore, the direct homogenization approach is
used as a reference solution. The errors associated with
the direct homogenization approach are well documented
(see for instance [10]) and the discussion on this subject is
outside the scope of this manuscript.

In the first set of simulations, the 90° lay-up (i.e., fibers
lie in the direction perpendicular to the notch) of the micro-
structure is considered. The panel is subjected to uniform
loading along the fiber direction. Fig. 18 depicts the crack
propagation paths as calculated using (0 + 1), (0 + 5), and
(0 + 10) point models, in comparison to the direct homog-
enization method. It can be seen that the crack tends to
propagate close to the fiber direction with elastic fibers
serving as “barriers’” against mode I propagation. Fig. 19

illustrates crack propagation paths computed using a vari-
able point model and dynamic domain partitioning strat-
egy. In the variable point model, damage zone is divided
into three zones, and modeled with (0 + 10) point model
immediately around the notch, (0 + 5) point model in the
intermediate zone, and (0 + 1) point model away from
the notch using the static partitioning technique (Fig. 19).
In the dynamic domain partitioning, the highest order
model is chosen to be (0 + 10). The crack length versus
loading (time) plots, illustrated in Fig. 20, indicates that
(0+5) and (0 + 10) point models, in addition to the vari-
able point and dynamic domain partitioning are in reason-
able agreement with the direct homogenization method.
Table 1 summarizes the computational cost of various
models in terms of total CPU time, number of iterations
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Fig. 20. Crack growth curves for 90° lay-up.

Table 1

Performance of the (m +n) point models and direct homogenization
method

Model # of incr. # of iter. incr./iter CPU time
(0 + 1) point 32 57 1.78 ~1 min
(0 + 5) point 32 122 3.81 ~3 min
Variable point 32 109 341 ~5 min

(0 + 10) point 32 112 3.50 ~25 min
Reference 9 81 9.00 ~6 days

and average number of iterations per increment. The com-
putational cost of the (0 + 5) point model is roughly 3000
times lower than that of direct homogenization, and the
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Fig. 22. Crack growth curves for 0° lay-up.

crack growth is within 85% accuracy which is acceptable
from the engineering standpoint.

In the second set of simulations, we consider a 0° lay-up,
in which the fibers are parallel to the notch. The panel is
loaded orthogonal to the fiber direction. Fig. 21 displays
the snapshots of the simulations conducted using (0 + 1),
(0+ 2), and (0 + 5) point models compared to the direct
homogenization method. It can be seen that all models pre-
dict crack propagation in mode I. Fig. 22 illustrates the
crack length-versus load comparison for various (0 -+ n)
point models and the direct homogenization method. As
in the previous example, the (0 + 5) point model was found
to be in excellent agreement with the reference solution.

(a) (0+1) point model

(c) (0+5) point model

(d) reference solution

Fig. 21. Crack paths of the (0 + n) point models and the reference solution for 0° lay-up.
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a

Fig. 24. The finite element mesh of the woven carbon fiber composite micro-structure of the tube specimen.

7. Validation study

For model validation, we study fragmentation failure of
a composite tube subjected to impact loading. The tube
crush experiment was conducted by Starbuck et al. [50].
The experiment is concerned with the characterization of
the energy absorption capabilities of carbon fiber rein-
forced composite tubes under intermediate rate crushing
loads. The specimen is a 10 cm x 10 cm square tube with
a 2mm thickness. The composite material consists of 0—
90 woven T300B carbon fiber tows (with a tow size of
3000 individual fibers) and epoxy resin. The weight per-
centage of the fiber tows is 58%. The tube specimen was
subjected to 4 m/s constant velocity compressive loading
and crushing behavior was monitored. Fig. 23 shows snap-
shots of the specimen at the beginning, during, and at the
end of the loading.

The micro-structure of the carbon fiber composite is ide-
alized using the finite element mesh depicted in Fig. 24. The

micro-structural mesh of the woven composite system
includes 370 and 1196 tetrahedra in the fiber and matrix
phases, respectively. The discretization of the 0-90 woven
carbon fiber is shown in Fig. 24b. We consider a (1 + 3)
point model where the matrix—fiber interface is represented
with a single point; one point for matrix phase, and two
points for fiber phase, one in each direction. The (1 + 3)
point model is considered throughout the tube geometry
and no adaptivity is employed in this simulation.

Static tension and compression coupon test data, pro-
vided by Starbuck et al. [50], is employed to calibrate the
failure properties of the interface and phase materials.
The material properties used in the simulation is summa-
rized in Table 2. The total number of material parameters
is 19, which include the elastic properties of the matrix
and the fiber, interface and phase failure parameters. The
provided coupon tests fail to adequately span all possible
failure modes the material may exhibit. Therefore, a num-
ber of assumptions were made for some of the material
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Table 2

Material property values used in the tube crush simulation

) NG EM) (M)

235 GPa 0.26 3.2 GPa 0.35

kn kt Uint bint

1.E5 GPa/mm 1.E5 GPa/mm 6.67 1.7E3

ag]T) aé};‘lT) C(IFT) C(ZFT) Di(:iT)
0.5 1.0 —100.0 0.0 0.0
o L o 0
4.0 1.0 —100.0 0.0 0.0

parameters. The elastic properties of the fiber tows are
obtained by considering them as fibrous composite.
(Fig. 25). The Young’s modulus and Poisson’s ratio of the
individual fibers (E™, vF)) as well as the matrix material
(E™, y™) were calibrated based on the elastic properties
provided by the coupon tests and the virgin properties
of the fiber tows. The interface behavior is assumed to be
isotropic (kn = k). The frictional forces in the tangen-
tial direction are assumed to be due to adhesion only
(up = 0). Within phases, the damage is set to accumulate

at the onset of loading: vi(:iT) = v-(“f) =0, where vi(:iT) and

1
vf}l\f ) are threshold values for the damage equivalent strains

in the fiber tows and matrix phases, respectively. The failure

microstructure:
fiber tows
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parameters were then set by minimizing the discrepancy
between the experimental and simulated stress—strain
curves. Fig. 26 illustrates the stress-strain curves provided
by the experiments and calibrated multiscale model.

The tube mesh consists of 17,908 quadrilateral shell ele-
ments. Plane stress conditions were imposed. The proposed
model is incorporated into ABAQUS EXPLICIT finite ele-
ment code. Fragmentation of the composite tube was mod-
eled using element deletion technique. By this approach,
the elements were set to vanish provided that one of the
two criteria is satisfied: (a) full damage within the matrix
phase and in the circumferential fiber direction; (b) full
damage within the matrix phase and debonding along the
matrix fiber interface.

Fig. 27 illustrates the snapshots of the tube crush simu-
lation prior to, during, and at the end of the loading. Com-
parison of the experimental and simulated snapshots
reveals a similar fragmentation and failure pattern.
Force-displacement curves are presented in Fig. 28. The
simulated and the experimental curves were found to be
reasonable agreement; energy absorption (area under
force—displacement curve) predicted by the simulation
was approximately 20% lower than in the actual experi-
ment. This discrepancy can be attributed to variety of fac-
tors including: uncertainty in material data, material
calibration error, strain rate sensitivity and others. The

individual fibers

Fig. 25. Calibration of the elastic properties by modeling elastic homogenization of the fiber tows.

goll experimental ultimate strength: 70.4 ksi || experimental ultimate strength: 61.4 ksi
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Fig. 26. Stress-strain curves provided by the experiments and calibrated multiscale model.
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Fig. 27. Snapshots of the tube simulation at the beginning, during and at the end of loading.
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Fig. 28. Experimental and simulated force-displacement curves of the
tube specimen.

computational cost of the tube crush simulations with the
(1 + 3) point model is approximately 14 days using a single
3.16 GHz Pentium 4 processor. In view of the performance
results of the two-scale verification study presented in Sec-
tion 6.2, tube crush simulation using the direct homogeni-
zation method is clearly computationally exhaustive with
the allocated computational resources.

8. Summary and future research directions

We presented a new mesomechanical homogenization
approach, which combines salient features of multiple scale
asymptotic expansion method with the transformation field
analysis in attempt to reduce the computational cost of
a direct homogenization approach without significantly
compromising on solution accuracy. The method avoids
repeated consideration of unit cell equilibrium equations
by means of residual-free influence functions computed at
the preprocessing stage. The basic idea is that residual-free
deformation is expressed in terms of eigendeformation,
which is subsequently expressed in terms of state variables.
The reduced model is obtained by defining average or non-
local state variables. It is effective because of two main rea-
sons. First and the principal one is that the quantities of
interest are at a macroscopic level, which in turn depend
on fine scale averages. Secondly, the averages are anyway
needed due to loss of ellipticity of governing equations sta-
ted on the fine scale. Adaptivity is employed to control the
accuracy of the reduced order model. We presented a heu-
ristic approach to adaptivity, but certainly a more rigorous
framework based on error analysis in quantities of interest
would be advantageous [S1]. Several challenges, however,
remain. First is the experimental calibration issue. Should
the material properties of the direct homogenization model
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be calibrated or that of reduced order model? In the present
manuscript we have done the latter. The second is with
respect to the generality of the proposed approach; how
to account for unit cell distortion, the strain rate sensitivity
and the multiplicative decomposition of deformation ten-
sor into elastic and inelastic parts? And finally, how is
the existing framework can be extended to more than
two scales? A 3-scale mathematical homogenized approach
with eigenstrains was developed in [44], but the lingering
issue of multiple scale model calibration requires further
investigation.
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