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Abstract

An allocation is partnered if it admits no asymmetric dependencies between players. We introduce the partnered
core of an economy and the partnered competitive equilibrium. In an economy with unbounded consumption sets
and local non-satiation we show that no unbounded arbitrage is sufficient for non-emptiness of the partnered core.
With strictly concave utility functions we obtain a Second Welfare Theorem for the partnered competitive
equilibrium and show that no unbounded arbitrage is necessary and sufficient for non-emptiness of the partnered
core and the existence of a partnered competitive equilibrium.
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Arbitrage
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1. Introduction

A natural property of a distribution rule for an economy is that it has the ability to prevent
‘asymmetric dependencies’. For example, if one player needs to trade with another player to
realize his core payoff, but the other player does not need to trade with the first, then there is
an asymmetric dependency. An allocation that does not exhibit asymmetric dependencies is
called a partnered allocation.

An allocation is in the partnered core if it is in the core and if, additionally, there are no
asymmetric dependencies between any pair of players. The partnered core of a game with side
payments was introduced in Reny et al. (1993) and the partnered core of a game without side
payments was introduced in Reny and Wooders (1993a). We introduce the partnered core of
an economy with unbounded consumption sets and show that Page’s (1987) condition of no
unbounded arbitrage is sufficient for the existence of at least one partnered core allocation.
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No unbounded arbitrage is the condition that no group of agents can engage in unbounded,
utility-non-decreasing and individually rational trades. For ‘strictly reconcilable economies’,
where, at most, one agent may have half-lines in his indifference surfaces, we show that no
unbounded arbitrage is necessary and sufficient for non-emptiness of the partnered core of the
economy. Since the partnered core can refine the core significantly, our results are stronger
than analogous results in Page and Wooders (1993).

The competitive payoff is not necessarily partnered. This is a significant weakness of the
concept. If a group of players is dependent on another group of players at competitive prices,
it is reasonable to suppose that the group in the stronger position, instead of taking prices as
given, will attempt to gain a more favorable outcome for its members.! Bennett and Zame
(1988, Theorem 3), however, demonstrate the important result that with strict convexity of
preferences, the competitive outcome has the partnership property. We demonstrate that their
result extends to economies with arbitrary consumption sets and possibly non-monotonicities.
We also provide a Second Welfare Theorem for a partnered competitive equilibrium; every
individually rational allocation is a partnered competitive equilibrium relative to some
redistribution of endowments.

Further motivation for the partnered core is provided by Reny and Wooders (1995), who
use the concept of partnership to provide an explanation of the division of organizations into
not-necessarily-self-sufficient states, as in a ‘commonwealth’.

With a strengthening of strict reconcilability to strict concavity of utility functions, we
establish that no unbounded arbitrage is necessary and sufficient for the existence of a
partnered competitive equilibrium and non-emptiness of the partnered core. For the case of
strict concavity of utility functions, our results provide a sharpening of Werner’s (1987) result
that no unbounded arbitrage is necessary and sufficient for the existence of a competitive
equilibrium and of our result in Page and Wooders (1993, 1996) that no unbounded arbitrage
is necessary and sufficient for non-emptiness of the core.

Further discussion of related literature on arbitrage is contained in Section 5. Here we
remark only that in this paper we require concavity of utility functions and unbounded
consumption sets. This is because of our treatment of the partnered core and the partnered
competitive equilibrium, rather than the usual notions. In Page and Wooders (1996),
however, we allow arbitrary convex consumption sets and in Page and Wooders (1995) we
relax the assumption that preferences are representable by concave utility functions.

2. An economy with unbounded consumption sets and non-monotonicities

Let (R", w,;, w;(*));-, denote an exchange economy. Each agent j has consumption set R

and endowment o, € R". The jth agent’s preferences over R" are specified via a wrility
function u(-): RE—- M2

' An example of a non-partnered competitive equilibrium is developed in Reny and Wooders (1993c), where the
partnered competitive equilibrium was identified as a distinct concept and assigned its name.

? Our assumptions are chosen for brevity and clarity; in other research we relax several of the assumptions of this
paper, including the representation of preferences by concave utility functions. See, especially, Page and Wooders
(1994a, 1995).
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The set of individually rational allocations is given by

"—‘{(xl,...,xn)E?RL X RE Ex —Ew and u;(x;) = u(w,) for all]}

j=1

Given ,any individually rational allocation x =(x,,...,x,)€ A, let pr(x) =x, For each
X; € R" the preferred set is Px;):={x’' ER":u, (x )>u (x;)}. We assume that utlhty func-
tions satisfy non-satiation at rational allocations; that is, for each JEN, Px;)#J for all
x; € pr;(A). Note that for concave utility functions the following implication holds:

z; € P(x;) implies that 1z, + (1 - )x, € P(x;), for all t€(0,1].

Thus, concavity together with non-satiation at rational allocations implies local non-satiation at
rational allocations: given any € >0, B (x;) N P/(x;) #(J for all j and for all x; € pr,(A), where
B_(x;) denotes the open ball of radius € centered at ;.

An economy is reconcilable if for each j=1,...,n, u(-) is continuous, concave, and
satisfies non-satiation at rational allocations. The problem of non-existence of an equilibrium in
an economy with unbounded consumption sets is that the preferences of agents may be too
dissimilar to be reconciled by a price system. In a reconcilable economy satisfying no
unbounded arbitrage, arbitrage opportunities can be eliminated by a price system.

Given prices p E B :={p' €R": ||p’|| <1} the budget set for the jth agent is given by
B(p,w)={x EER :{p.x)<(p,w)}, where (p,x)=E;_, p,-x,. An equilibrium for the
economy (R’ u(-));-, is an (n+1)-tuple of vectors (x,,...,X,,p) such that: (i)
(X,...,%,) EA; (ii) P € B\{0}; and (iii) for each j, {(p,x;) = (p, w;) and P(X;) N B(p, w;) =
. ,
An allocation x = (x,...,x,) is Pareto optimal if there does not exist another allocation
x"=(xy,...,x,) such that, for all j, u,(x,) = u,(x;) and for at least one j, u,(x;) > u(x,). With
local non-satiation at rational allocations and unbounded consumption sets, an allocation
x=(x,,...,x,) is Pareto optimal if and only if there does not exist another allocation
x"=(x,...,x,) such that u(x;) >u,x;) for all j.

2.1. No unbounded arbitrage
We introduce Page’s condition of no unbounded arbitrage (see Page, 1987; Nielsen, 1989,

and other papers by Page and his co-authors). The jth agent’s arbitrage cone is the closed
convex cone” containing the origin given by

- L. L . .
€P,={y€R":for some x ER", u,(x + Ay) is non-decreasing in A for A =0} .
An economy (R", w;, u;(-))-, satisfies no unbounded arbitrage if

(2.1) whenever Zl,y;,=0and y, € 6P, for all agents j, it holds that y, =0 for all agents j.

* The arbitrage cone is the recession cone of the preferred set; this, and the fact that the arbitrage cone is closed
and convex, follows from results in Rockafellar (1970, Section 8).
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For x € K", define the increasing cone for the jth agent® by
I(x)={y € 6P;: for all A =0 there exists A" such that ux+A'y)> u].(x'+ AV}

The jth agent satisfies extreme desirability if for any x € MR’ it holds that I(x) = €P\{0} 7 The
economy (R’ w;, u(-));, satisfies extreme desirability if at least n — 1 agents satisfy extreme
desirability.

An economy is strictly reconcilable if it is reconcilable and satisfies extreme desirability. We
say that the economy is strictly reconcilable in this case since, in addition to being
reconcilable, the existence of a price system that reconciles the diverse wants of agents implies
the elimination of arbitrage opportunities.

3. Partnership, the core and equilibrium
3.1. Preliminaries

Let N={1,...,n) be a finite set of players and let P be a collection of subsets of N. For
each i in N let P,={S € P: i €S}. The collection P is partnered (for N) if for each i in N the
set P, is non-empty and for each pair of players i and j in N the following requirement is
satisfied: if P, C P, then P, C P,. The two players i and j are partners (or i is partnered with j) if
P, = P,. Note that the set of partners of an agent could be just the agent himself or it could be
as large as the total agent set.

For any coalition S C N, the set of S-allocations is given by A(S) = {(x;);es: Lies ¥; = Lies @
and, foreachj €S, x; € M* and u;(x;) = uw,)}. Corresponding to the set of S-allocations is a
set of utility possibilities given by U(A(S)) = {(4,);cs: for some (x;),es in A(S ) it holds that
u; = u,(x;) for each jES}. Now for each coalition of agents S C N define

V(S)={(u,, ..., u,): there exists (u;);cs € U(A(S)) such that (u;<u; for all jES}.

The pair (N, V) is the game induced by the economy (R, w;, u(-))]-,- The core of the game
(N,V) is defined as

C(N,V) = {u €V(N): there does not exist a coalition S C N and a vector u’' € V(S)
such that u; =y, for all j €S with strict inequality for at least one j} .

Note that the notion of the core used here requires that only one player in an improving
coalition is better off, as in Debreu and Scarf (1963), for example, rather than the notion of
the core used in Reny and Wooders (1993a), which requires that all members of an improving
coalition be better off. For the class of games derived from unbounded economies where

* See Page and Wooders (1996) for a discussion of the increasing cone.
* In Monteiro et al. (1995) it is shown that an agent’s utility function satisfies extreme desinability if and only if
there are no half-lines in the indifference surfaces.
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utility functions satisfy non-satiation at rational allocations, the two notions coincide. In
particular, if one player in an improving coalition can be made better off, then all players in
the coalition can be made better off; we can take small amounts of commodities away from
the player who is strictly better off and carry out a redistribution so that all players are better
off.

3.2. The partnered core

Let u € R" and define F(u) :={SCN:u€&V(S)}. The utility vector u € R" is partnered if
the collection of coalitions ¥(u) is partnered. Let P(N, V) = {u € R": #(u) is partnered}. The
partnered core of a game (N, V), denoted by C*(N,V), is given by

C*(N,V)=P(N,V)NC(N,V).

Let (R*, w;, u,(*));~; be an economy. An allocation (x,, . . . , x,) € A is in the parmnered core
of the economy, denoted by C*((R*, w;, w,(-)=y), if @y (x,), ..., u,(x,)EC*N,V).

Theorem 1. No unbounded arbitrage is sufficient for non-emptiness of the partnered core. Let
(R, w;, u(-))}=, be a reconcilable economy satisfying local non-satiation. If no unbounded

arbitrage holds, then there exists an allocation x* = (x},...,x,)E A in the partnered core of
the economy and u* := (u,(x}), ..., u,(x})) is in the partnered core of the game induced by the
economy.

To show non-emptiness of the core in Page and Wooders (1993) we were able to appeal to
the result that an equilibrium is in the core. The competitive equilibrium is not, in general,
partnered. Thus, our proof of Theorem 1 appeals to the Reny and Wooders (1993a) result that
a balanced game has a non-empty partnered core’ All proofs are contained in Section 5.

Theorem 2. In a strictly reconcilable economy, no unbounded arbitrage is necessary and
sufficient for non-emptiness of the partnered core. Let (R, w;, w,(-));=, be a strictly reconcilable
economy satisfying local non-satiation. Then the following three statements are equivalent:

(3.1) The partnered core of the economy, C*((R", w;, w(*))j-1), is non-empty.
(3.2) The partnered core of the game induced by the economy, C*(N, V), is non-empty.
(3.3) The economy satisfies no unbounded arbitrage (2.1).

We could add to the above list, (3.1) to (3.3), the statements that the economy has an

equilibrium and the economy has a Pareto-optimal allocation, but these results are shown
under more general conditions in Page and Wooders (1996).

® Since the partnered core is a relatively new concept, the mathematical tools required for a direct proof of our
result have not yet been determined. Further research aimed in this direction is in progress; see Reny and Wooders
(1993b) and Kannai and Wooders (1995).
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3.3. The partnered competitive equilibrium

Let (xl, Ce ,J"c,,,[)) be an equilibrium for the economy (R”, u;(c ))] .- We say that
(Xy,...,%,,p)is a parmered competitive equzlzbrzum if (a) (x,,...,x,, p) is an equilibrium
and (b) E/(xl, ..,x)={SCN: LjesX; = Ljes @} is partnered. Bennett and Zame (1988)

demonstrate that w1th strict convexity of preferences the competitive equilibrium has the
partnership property. Our result below extends the Bennett and Zame result to unbounded
economies. Qur assumptions require that preferences be representable by strictly concave
utility functions but this stronger assumption is not necessary for the following result. For
JEN, the function u(-) is strictly concave if for any X, X "eRY, x#x', it holds that
u(Ax + (1=’ )>/\u(x)+(1—/\)u(x ) for any A € (0,1).

Theorem 3. The partnership property of a competitive equilibrium. Let (R", w,, u, L ))/ L be a
reconcilable economy such that, for each agent j, u,(*) is strictly concave. If (xl, .o s X,,D)Is
an equilibrium for the economy (R*, w, u, ()= then (Xy,...,X,,p) is a partnered competi-
tive equilibrium.

Our next result is a Second Welfare Theorem for the partnered competitive equilibrium®

Theorem 4. A Second Welfare Theorem for the partnered competitive equilibrium. Let
R w w;, u,());-, be a reconcilable economy such that, for each agent j, u,(-) is strictly concave.
If (x,,...,x,) is an individually rational Pareto-optimal allocation for the economy
(ER",wI., u(-))j-., then there is a price system p such that (X,...,X,,p) is a partnered
competitive equilibrium relative to some redistribution of the initial endowment.

The following theorem is an immediate consequence of the fact that strict concavity of
utility functions implies extreme desirability, the proof of sufficiency in Werner (1987), and
Theorems 2 and 3.

Theorem 5. Necessary and sufficient conditions for the existence of a partnered competitive
equilibrium and non-emptiness of the partnered core. Let (R", w;, w,())]-, be a reconcilable
economy such that, for each agent j, u-) is strictly concave. Then the three statements of
Theorem 2 are equivalent to the statement that (3.4). The economy has a partnered competitive
equilibrium.

4. Further relationships to the literature

As discussed in detail in Page and Wooders (1994a) a number of authors have studied the
necessary and sufficient conditions for the existence of an equilibrium, cf. Hart (1974) and

" When utility functions are strictly concave, we also say that preferences are strictly convex.
®In Page and Wooders (1996) we provide a Second Welfare Theorem with the usual notion of a competitive
equilibrium in an unbounded economy.
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Hammond (1983). For strictly concave preferences, our results in this paper refine those of
Werner (1987) since we show that with a strict concavity of preferences no unbounded
arbitrage is necessary and sufficient for the existence of a partnered competitive equilibrium.
Chichilnisky (1995) is also related; see Monteiro et al. (1995) for a detailed discussion. Page
and Wooders (1993) provide a proof of Werner’s claim that the intersection form of no
unbounded arbitrage is necessary for the existence of an equilibrium and a short proof of
sufficiency based on Page’s previous papers. In addition, Page and Wooders (1993) show that
the intersection form of no unbounded arbitrage is necessary and sufficient for the existence of
an equilibrium in an economy where all agents’ utility functions satisfy extreme desirability.

Necessary and sufficient conditions for non-emptiness of the core has been a topic of
interest since the works of Bondareva (1962) and Shapley (1967). Other papers on this topic
include Kaneko and Wooders (1982), Keiding and Thorlund-Petersen (1987) and Keiding
(1992). Page and Wooders (1993) show that no unbounded arbitrage is necessary and
sufficient for non-emptiness of the core in a strictly reconcilable economy where all agents’
utilities satisfy extreme desirability.” Chichilnisky (1994) is related; again see Monteiro et al.
(1995) for detailed discussions.

Since the partnered core and the partnered competitive equilibrium refine the core and the
competitive equilibrium, for the case of strictly concave preferences the results in this paper
on the existence of an equilibrium are stronger than the previous results in the literature.

On more technical matters, we remark that for our treatment of the partnered core we
required local non-satiation and unbounded consumption sets. This enabled us to use the
Reny and Wooders (1993a) result that a balanced game has a non-empty core (where the core
concept requires that in an improving coalition all agents be better off). The concavifiability of
preferences is not required, however, for the results of this paper and the strict concavity of
Theorems 3 and 4 can be replaced by strict convexity of preferred sets. See Page and Wooders
(1993, 1995) where a uniformity assumption on the arbitrage cones enables us to relax the
concavifiabilty of preferences. Additional relevant technical remarks appear in Page and
Wooders (1996).

5. Proofs

Proof of Theorem 1. To prove Theorem 1 we need only observe that from the corollary to
Theorem 1 of Page and Wooders (1996) it follows that the game derived from the economy is
well defined. In particular, condition (1.4) of Reny and Wooders (1993a) is satisfied. Since the
game is derived from an economy with concave utilities (indeed, convexity of preferences will
suffice), it is balanced. (See, for example, Scarf, 1967, pp. 53-54).

From local non-satiation at rational allocations and the unboundedness of consumption sets,
the core of the induced game coincides with the core according to the definition in Reny and
Wooders (1993a), where all players must be better off in an improving coalition. With a
normalization of utilities so that the utility of each agent from his endowment is greater than

® We note that an earlier version of Koutsougeras (1995) appears to have been the first paper studying a notion
of the core in the economies with short sales.
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zero, it then follows by standard methods that the derived game satisfies all of the conditions
of Reny and Wooders (1993a) and the partnered core is non-empty. [

Proof of Theorem 2. That (3.3) implies (3.1) follow from Theorem 1. To show that (3.1)
implies (3.3) consider the following. Let (R”, w w;, u,(+));_, be a strictly reconcilable economy
and let x=(x,,...,Xx,) be an allocation in the partnered core of the economy. Suppose that
no unbounded arbitrage is not satisfied. Then there is an n-tuple of net trades (y,,...,y,)#
(0,...,0)in €P, X...X €P, such that L, y, =0.

Moreover, for at least two of these net trade vectors, say y;. and y,., it holds that y,. # 0 and
y;» # 0. By strict reconcilability, for at least one agent, say j’, there is a positive number A such
that ;. (x;, + Ay, )>u;(X;) and, since (y,,...,y,)EGP, X ... X 6P, it holds that u(x, +
Ay;) =u,(x;) for all j € N. Thus, the set N of all agents can improve upon the allocation x with
the allocation (X, +Ay,, ..., X,+Ay,), contradicting the assumption that x is in the
partnered core of the economy. The equivalence of (3.1) and (3.2) follows from the definition
of the partnered core of the economy. O

Proof of Theorem 3. Let (R", w;, u,(*))j-; be an economy where for each agent j, u,(-) is
strictly concave. Let (x,,...,X,,p) be an equilibrium. We first show that given any proper
subcoalition S CN, § #(J, if for some S-allocation (x;);¢ it holds that u,(x;) =u,(x;) for all
J €S, then for some N\S-allocation (x;) jens it holds that u,(x;) = u;(x;) for all jE N\S. Let §
be a proper subcoalition for which there is an S-allocation (x )} cs satlsfylng ux,)=u,x,) for
all j€S. Since X5 x; = Z}ES , it holds that p - X,cgx, =p - Z;es w;. Since (xl, RN n,p) is
an equilibrium, it holds that j D Z jes X =P L,cs . Since utrllty functrons are strictly concave,
it follows that p-x;=p - X; for all j €S and, if p-x; = p-x;, then x; =X, (otherwise, player j
could afford a preferred commodlty bundle, consrstlng of a convex combination of x; and ;).
Butsince p-x;=p-x,foralljES andsince p-L;csx, =p-L,ccw,=p L5 X, it follows that
px;=p-X and X —x for all j€S. But then it follows that ZIEN\Sx Liems @ and
(x;:j€ N\S ) is an N\S allocatlon It is immediate that #(x,, ..., Xx,) is partnered. Therefore
()‘cl, ...,X,,p) is a partnered competitive equilibrium. O

Proof of Theorem 4. Let (X, u/( )) =1 be an economy where all agents have strictly
concave utility functions. Let x = (x1 ,...,Xx,) be an 1nd1v1dually rational and Pareto- optlmal
allocation. For each agent j define ; :=X; and ®' = (wy, . . ., w,). We claim that x' is in the
core of (X, w;, u,( ));=1- For suppose there is a coalition S that can improve. (Note that the
consumptxons of the members of the complementary coalition can remain unchanged when S
forms its own feasible allocation, since the members of the complementary coalition are
consuming their endowments.) Thus, we have a contradiction to the supposition that x' is a

Pareto-optimal allocation. Therefore, x’ is in the core of the economy (X, w] s u(c ))] 1+ Since
its core is non-empty, the economy (X, o, , u,(-));_, satisfies no unbounded arbltrage Thus,
the economy (X}, w;, #,(-));; has an equlhbrlum say (x, p). Since (X, p) is an equilibrium,
for each agent j 1t holds that u,(X;) = u,(w; ). Suppose that for one (or more) agents it holds
that w(x, )>u(w ). We then have a contradlctlon to the Pareto- optlmahty of x'. Thus,
u(x,) =uow). Smce (X, p) is an equilibrium, for any x such that u, (x ) >u,(%,), it holds that
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P x;>p-w,. Thus, since u (X,)=u/w;), for any x! such that u,(x})>u,(w;), it holds that
P x; >p-o/. Therefore (w’, p) is an equilibrium. From Theorem 3, the equilibrium is
partnered.

Proof of Theorem 5. For the proof that (3.3) implies the existence of a competitive
equilibrium, see Nielsen (1989) or Werner (1987),° or, for a very short proof, Page and
Wooders (1996). From Theorem 3, the equilibrium allocations are all partnered. Thus (3.3)
implies (3.4). That (3.4) implies (3.1) follows from the observation that the partnered
competitive equilibrium is in the partnered core. [
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