SINGULAR PARABOLIC EQUATIONS OF SECOND ORDER ON
MANIFOLDS WITH SINGULARITIES

YUANZHEN SHAO

ABSTRACT. The main aim of this article is to establish an Ly-theory for elliptic
operators on manifolds with singularities. The particular class of differential
operators discussed herein may exhibit degenerate or singular behavior near
the singular ends of the manifolds. Such a theory is of importance for the
study of elliptic and parabolic equations on non-compact, or even incomplete
manifolds, with or without boundary.

1. Introduction

In this article, we study second order differential operators in an L,-framework
defined on manifolds with singularities. The particular class of manifolds considered
here is called singular manifolds. Roughly speaking, a manifold (M, g) is singular if
it is conformal to a manifold (M, g/p?) whose local patches are of comparable sizes,
and all transit maps and curvatures are uniformly bounded. The conformal factor
p is called a singularity function for (M, g). In [I3], it is shown that the class of
all such (M, g/p?) coincides with the family of complete manifolds with bounded
geometry if we restrict ourselves to manifolds without boundary. The concept of
singular manifolds used in this paper is first introduced by H. Amann in [2].

The approach in this article is based on the traditional strategy of associating differ-
ential operators with densely defined, closed and sectorial forms. This method, be-
ing utilized by many authors, has displayed its power in establishing L,-semigroup
theory for second order differential operators on domains in RY. See, for example,
[0l [7, 12] BT, [32] B3] and the references therein. To clarify the role of the differential
operators in this article, we look at

o =p A, (1.1)

where p € C*°(M, (0,1)) is a conformal factor and A > 0, or p € C>*(M, (1, 0))
and A < 0. A is a uniformly strongly p-elliptic operator in the sense that the local
expressions of A have uniform ellipticity constants in all local coordinates. More
precisely, a second order differential operator

Au = —div(@ - gradu) + C(Vu, a1) + apu
is uniformly strongly p-elliptic, if the principal symbol of A fulfils
G A(x,€) = (a(x) - £[€)g- ~ p°|€

2010 Mathematics Subject Classification. 35K15, 35K65, 35K67, 35R01, 58J35, 53C21.

Key words and phrases. elliptic operators, singular parabolic equations, degenerate boundary
value problem, Riemannian manifolds with singularities, sesquilinear forms, contractive semi-
groups.

2
g

1



2 Y. SHAO

for any cotangent field £. Here ¢* is the cotangent metric induced by ¢, @ is a
symmetric (1,1)-tensor field on (M,g), and the operation [u — @ - Vu] denotes
center contraction. See Section 3 for the precise definition. The L, theory of
uniformly strongly p-elliptic operators has been established by H. Amann in [4].

In contrast, in this paper we will focus on the operator «/. An easy computation
shows that the principal symbol of &7 satisfies

5. (2,€) ~ p* e[

Therefore, &7 can exhibit both degenerate and singular behaviors near the singular
ends. However, in comparison to A, the choice of p and A in reveals that
the ellipticity constants of the localizations for the operator &7 in local coordinates
blow up while approaching the singular ends of the manifold (M, g). The rate of
the blow-up for the ellipticity constant is characterized by the power A. For this
reason, we will call such &7 a (p, \)-singular elliptic operator. The precise definition
of (p, A)-singular ellipticity can be found in Section 3. To illustrate the behavior of
the operator .7, we consider the Euclidean space RY as a singular manifold with
oo as a singular end, and take A to be the Laplacian in . Then the operator
o/, in some sense, looks like one with unbounded coefficients at infinity on R¥.

To the best of the author’s knowledge, there are only very few papers on the gen-
eration of analytic semigroups for differential operators with unbounded diffusion
coefficients in RY or in an exterior domain with regular boundary, among them
[T7, 20 22, [30, BI]. In all these articles, the drift coefficients have to be controlled
by the diffusion and potential terms. In [31], the authors use a form operator
method to prove a semigroup result for operators with unbounded coefficients in a
weighted Sobolev space. The drawback of the method used in [31] is reflected by
the difficulty to precisely determine the domains of the differential operators. This
is, in fact, one of the most challenging tasks in the form operator approach. One of
the most important features of this article is that with the assistance of the theory
for function spaces and differential operators on singular manifolds established in
[2, B, 4], we can find a precise characterization for the domains of the second order
(p, A)-singular elliptic operators.

A conventional method to render the associated sesquilinear form of an elliptic
operator A densely defined, closed and sectorial is to perturb A by a spectral
parameter w > 0. See [31], B3] for instance. Then A generates a quasi-contractive
semigroup. However, for a (p, A)-singular elliptic operator, e.g., the operator 2 in
, because of the existence of the multiplier p~*, we need to perturb . by a
weight function of the form wp~*. This feature arising from our approach creates
an essential difficulty for parabolic theory of differential equation on manifolds with
singularities. We take conical manifolds as an example. Given a compact closed
manifold B, the Laplacian on the conical manifold ([0,1) x B)/({0} x B) reads as

t72((t0,)* + Ap).

In order to prove that this operator generates a contractive semigroup, we need
to perturb it not by a constant w, but actually by a weight function wt=2. The
commutator of weight functions and differential operators is usually not a pertur-
bation in the sense of [19, [36]. Thus the extra term wt~2, in general, cannot be
removed by a “soft” method, like the perturbation theory of semigroups. In some
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cases, e.g., the Laplacian operator, we find it more practical to put a control on
the diffusion or drift term. This is a quite natural condition which has been used
in [17), 20} 221 30} [3T]. In all these articles, the growth of the drift coeflicients have
to be controlled by the diffusion and potential terms.

In Section 5, we are able to remove the compensation condition wp™> for a class
of singular manifolds called singular manifolds with & -ends. To the best of the
author’s knowledge, this concept is introduced here for the first time. To illustrate
how to construct such manifolds, we look at the following example of manifolds with
“holes”. First, we start with an m-dimensional complete closed manifold (., g)
with bounded geometry. Then we remove finitely many ¥; C .#. Each ¥; is an
m-dimensional compact manifold with boundary. Let

M:=.# \ szj-

Since the boundary 0X; is not contained in M, the manifold (M, g) is incomplete.
The resulting manifold with “holes” is a singular manifold with % -ends.

To illustrate the work in this paper, we consider the Laplace-Beltrami operator
Ay = divgograd,

on a manifold with “holes”, which we denote by (M, g). We want to point out that
—A, is indeed of the same type as <7 in (1.1)). Instead, taking

p:=dist(-,0%;), near ¥;; p~1 elsewhere,

the operator —pzAg is uniformly strongly p-elliptic. Here ~ denotes Lipschitz
equivalence. In Section 5.3, we prove that A, generates a strongly continuous
analytic semigroup on L;}/(M) with domain Wp2’>‘/*2(M) for any 1 < p < co. Here
Lg‘l (M) and WPZ’X’Q(M) are some weighted Sobolev spaces whose definition will be
given in Section 2.2. More general results for second order differential operators
will be stated in Section 5.3 below.

The study of differential operators on manifolds with singularities is motivated by
a variety of applications from applied mathematics, geometry and topology. All
of it is related to the seminal paper by V.A. Kondrat’ev [24]. There is a tremen-
dous amount of literature on pseudo-differential calculus of differential operators of
Fuchs type, which have been introduced independently by R.B. Melrose [28, 29] and
B.-W. Schulze [27,, 37, [38] B9]. One branch of these lines of research is connected
with the so-called b-calculus and its generalizations on manifolds with cylindrical
ends. See [28] 29]. Many authors have been very active in this direction. Research
along another line, known as conical differential operators, has also been known for
a long time. Operators in this line of research are modelled on conical manifolds.
The investigation of conical singularities was initiated by J. Cheeger in [8] @] [10],
and then continued by many other authors. A comparison between the b-calculus
and the cone algebra can be found in [25]. However, for higher order singulari-
ties, the corresponding algebra becomes far from being elementary, although many
ideas and structures can be extracted, e.g., from the calculus of boundary value
problems, c.f., [26, 37, [39]. In Section 5.2, we will show that it is possible to create
singular manifolds with J4-ends with singularities of arbitrarily high dimension.
The amount of research on pseudo-differential calculus of differential operators of
Fuchs type is enormous, and thus it is literally impossible to list all the work.



4 Y. SHAO

This paper is organized as follows.

In the next section, we present some preliminary material, including the defini-
tions and fundamental properties of the function spaces used in this article, and a
divergence theorem for tensor bundles.

Section 3 provides the theoretical basis for this paper, wherein we prove the gener-
ation of analytic L,-semigroups by second order differential operators in divergence
form on singular manifolds. To prove that a differential operator </ generates a
contractive strongly continuous analytic semigroup, as we mentioned earlier, it is
usually necessary to perturb ./ by a weight function of the form wp~>, which is
equivalent to requiring 7 to possess a large positive potential term. A precise
bound on this compensation condition can be formulated for Lo-theory, or general
L,-theory for scalar functions. It is shown in Section 5 that, for singular manifolds
with 74 -ends, the aforementioned largeness condition for the potential term of <7,
or equivalently the perturbation wp™*, can be removed.

In Section 4, we follow the techniques and constructions from [5] to introduce two
important classes of singular manifolds, that is, manifolds with singularities of
wedge type and manifolds with holes. Typical examples of manifolds of wedge type
are conical manifolds and edge manifolds. As mentioned in Remark below,
the concept of manifolds with holes can be generalized to manifolds constructed by
removing finitely many compact closed submanifolds from a complete manifold.

In Section 5, we first demonstrate a technique to remove the compensation condition
on the potential terms formulated in Section 3 for second order differential operators
defined on singular manifolds with so called property 73, which means that there
exists some function h € C2(M) on (M, g) with singularity function p satisfying

plgrad,hly ~ 1u, pAdivg(pQ_)‘gradgh) ~ 1p.

The study of such conditions is new. Based on this technique, we generalize the
L,-theory established in Section 3 to a class of manifolds, called singular manifolds
with JZ-ends. Roughly speaking, a singular manifold has 74 -ends if near the sin-
gularities it is a singular manifold with property 4. The discussions in Section 5.2
and 5.3 show how to construct singular manifolds with J&-ends in a systematic
way. The main results of this articles, Theorems and Corollary are
presented in Section 5.3.

In the last section, several applications of the L,-theory established in Section 5
are given. First, we apply the theory established in Section 5 to the heat equation
on singular manifolds with 4 -ends to establish an existence and uniqueness result
in an L,-framework. The second example concerns parabolic equations with lower
order degeneracy or boundary singularity on domains with compact boundary. The
order of the degeneracy or singularity is measured by the rate of decay or blow-up in
the ellipticity constant while approaching the boundary. This example generalizes
the results in [I8 40, 42]. In the third example, we discuss a generalization of the
parabolic Heston equation. One feature of the equations considered in the second
and third examples is the anisotropic degeneracy of the higher order and lower order
terms. For instance, while the leading term is degenerate towards the boundary,
the lower order terms are allowed to exhibit boundary singularities.
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Assumptions on manifolds: Following H. Amann [2] 3], let (M,g) be a C°°-
Riemannian manifold of dimension m with or without boundary endowed with g as
its Riemannian metric such that its underlying topological space is separable. An
atlas 2 := (O, ¢k )xeg for M is said to be normalized if

Qma ON C '\OA?
@n(on) = m m

Q™ NH™, O.,NM #0,
where H™ is the closed half space RT x R™ ! and Q™ is the unit cube at the origin
in R™. We put Q™ := ¢, (0,) and v, := ¢ L.

The atlas 20 is said to have finite multiplicity if there exists K € N such that any
intersection of more than K coordinate patches is empty. Put

N(k):={reR:0;N0, #0}.
The finite multiplicity of 2 and the separability of M imply that 2 is countable.

An atlas 2 is said to fulfil the uniformly shrinkable condition, if it is normalized
and there exists r € (0, 1) such that {¢,(rQ)7) : K € 8} is a cover for M.

Following H. Amann [2] [3], we say that (M, g) is a uniformly regular Riemann-
ian manifold if it admits an atlas 2 such that

(R1) 2(is uniformly shrinkable and has finite multiplicity. If M is oriented, then
2 is orientation preserving.

(R2) oy © Yullr.co < c(k), v € R, n € N(k), and k € No.

(R3) 9%g ~ gm, £ € R. Here g, denotes the Euclidean metric on R™ and ¢}g
denotes the pull-back metric of g by .

(R4) |[¥Egllk,co < c(k), k € R and k € Ny.

Here |[u|g,00 := maxX|q <k [[0%u|oo, and it is understood that a constant c(k), like in
(R2), depends only on k. An atlas 2 satisfying (R1) and (R2) is called a uniformly
reqular atlas. (R3) reads as

€12 /e < ig(n)(&,€) < cléf?, for any z € Q™, € € R™, k € & and some ¢ > 1.

In [13], it is shown that the class of uniformly regular Riemannian manifolds coin-
cides with the family of complete Riemannian manifolds with bounded geometry,
when OM = 0.

Assume that p € C*°(M, (0,00)). Then (p, &) is a singularity datum for M if

(S1) (M, g/p?) is a uniformly regular Riemannian manifold.

(S2) 2 is a uniformly regular atlas.

(83) llsipllk,co < c(k)pr, 1 € & and k € No, where py;, := p(¥x(0)).

(S4) pi/c < p(p) < epg, p € Oy and £ € R for some ¢ > 1 independent of &.
Two singularity data (p, &) and (5, R) are equivalent, if

(E1) p~p.

(E2) card{k € 8: 0z N0, #0} <c, k€K

(E3) [lor 0 Ullkoe < c(k), k€ R, k€ Rand k € Ny
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We write the equivalence relationship as (p, &) ~ (5, 8). (S1) and (E1) imply that
/e < pu/pr <c¢, KER, ReRand 0z NO, # 0. (1.2)

A singularity structure, &(M), for M is a maximal family of equivalent singularity
data. A singularity function for G(M) is a function p € C*°(M, (0, 00)) such that
there exists an atlas 2 with (p,2A) € &(M). The set of all singularity functions for
S(M) is the singular type, T(M), for §(M). By a singular manifold we mean a
Riemannian manifold M endowed with a singularity structure &(M). Then M is said
to be singular of type T(M). If p € T(M), then it is convenient to set [p] := T(M)
and to say that (M, g; p) is a singular manifold. A singular manifold is a uniformly
reqular Riemannian manifold iff p ~ 1y.

We refer to [d, B] for examples of uniformly regular Riemannian manifolds and
singular manifolds.

A singular manifold M with a uniformly regular atlas 21 admits a localization system
subordinate to 2, by which we mean a family (7, ).eq satisfying:

(L1) 7, € D(04,[0,1]) and (72).eq is a partition of unity subordinate to 2I.
(L2) ||¥imellk,co < c(k), for k € R, k € Np.
The reader may refer to [2, Lemma 3.2] for a proof.

Lastly, for each k € N, the concept of C*-uniformly regular Riemannian man-
ifold is defined by modifying (R2), (R4) and (L1), (L2) in an obvious way. Sim-
ilarly, C*-singular manifolds are defined by replacing the smoothness of p by
p € C*(M, (0,00)) and altering (S1)-(S3) accordingly.

Notations: Given any topological set U, U denotes the interior of U.

For any two Banach spaces X,Y, X =Y means that they are equal in the sense of
equivalent norms. The notation Lis(X,Y") stands for the set of all bounded linear
isomorphisms from X to Y.

Given any Banach space X and manifold .7, let || - |lco, || - ls,005 | - |p @and || - ||s.p
denote the usual norm of the Banach spaces BC(#, X)(Loo (M, X)), BC*(M , X),
Ly( A, X) and W (A4, X), respectively.

2. Preliminaries

In this Section, we follow the work of H. Amann in [2] and [3] to introduce some
concepts and properties of weighted function spaces on singular manifolds. Let A
be a countable index set. Suppose E, is for each a € A a locally convex space. We
endow [[,, E« with the product topology, that is, the coarsest topology for which all
projections prg : [[, Fa — Es, (ea)a — €s are continuous. By @, E, we mean the
vector subspace of [], E, consisting of all finitely supported elements, equipped
with the inductive limit topology, that is, the finest locally convex topology for
which all injections Eg — @, E, are continuous.
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2.1. Tensor bundles. Suppose (M, g; p) is a singular manifold. Given o, 7 € Ny,
T2M := TM®? @ T*M®"
is the (o, 7)-tensor bundle of M, where TM and T*M are the tangent and the

cotangent bundle of M, respectively. We write 7.°M for the C'°°(M)-module of all
smooth sections of T¢M, and I'(M, T2 M) for the set of all sections.

For abbreviation, we set J7 := {1,2,...,m}?, and J is defined alike. Given local
coordinates ¢ = {x!,..., 2™}, (i) := (i1,...,iy,) € J7 and (j) := (j1,...,j-) € J7,
we set
o 0 0
020 T i O g
with 0; = % The local representation of a € T'(M, T¢M) with respect to these
coordinates is given by

Oy =0; 0--00;, dz¥) i=da’ @ @ da’"

® dx'9) (2.1)

with coefficients ag?) defined on O,

We denote by V = V, the Levi-Civita connection on T'M. It has a unique extension
over 7.°M satisfying, for X € T M,

(i) Vxf={(df,X), [feC>®M),
(i) Vx(a®b) =Vxa®@b+a®@Vxb, acT*M,beT*M
(iii) Vx(a,b) = (Vxa,b) +(a,Vxb), a€TM, beTIM

where () : T°M x TTM — C°°(M) is the extension of the fiber-wise defined
duality pairing on M, cf. [2, Section 3]. Then the covariant (Levi-Civita) derivative
is the linear map

V:T'M = T7 M, aw— Va

defined by
(Va,b® X) := (Vxa,b), beT/M, X €T'M
For k € Ny, we define
VFITOM = T2M,  a— VFa

by letting Va := a and V**la := V o V¥a. We can also extend the Riemannian
metric ('), from the tangent bundle to any (o, 7)-tensor bundle T2M such that
(1) = (Flgz : TOM x TZM — C by

(J)(J)GE’
J

(alb)g = 99
in every coordinate with (i), (i) € J%, (4), (j) € J™ and
g(z)(;) = gil’zl . 'gia,if,v g(])(]) = gjl,jl .. ,gj‘r)jT.
In addition,
[ lg=1"lgz : TAM = C*(M), a4/ (ala)g
is called the (vector bundle) norm induced by g.

We assume that V is a C-valued tensor bundle on M and FE is a C-valued vector
space, i.e.,
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V =V :={TM,(-|),}, and E = EZ :={C™"*™" (-]},
for some o, 7 € Ny. Here (alb) :=trace(b*a) with b* being the conjugate matrix of
b. By setting N = m°*™ | we can identify §*(M, E) with F*(M)".
Recall that for any a € V.7, ;

() = gMal) . ()€l () e, kiel.

We have |aﬁ|g;+1 = la|,7+1. For any (i1) € J7* and (i) € J72, the index (i1;42) is
defined by
(i1542) = (1,15 5 i1,00302,1, " 5 02,00)-
Given any a € V.7,
(@) Gy = guaay

r
go+1°

Suppose that ¢ +7 > 1. We put for ¢ € V and o; € T*M, B7 € TM
(G;a)(alv e aa‘r;ﬂ17 e 760) = a’((/Bl)b7 B} (ﬁg)b; (al)uv T (a‘r)ﬁ)
Then it induces a conjugate linear bijection

Gl VoV, (Gh)l=ao.

T

Similarly, we have |a,|,r+1 = |a

Consequently, for a,b € V

(alb)g = (a,GZb).
From this, it is easy to show
|G;a|gg = |Cl|gg. (22)

Throughout the rest of this paper, unless stated otherwise, we always assume that

e (M, g;p) is a singular manifold.
e peTI(M),s>0,1<p<ooanddeR.
o (T, Cx)res i a localization system subordinate to 2.

e 0,7 €Ng, V=V7:={I7M, <|)g}’ E=E7 = {Cm"xm” (1)}

In [2 Lemma 3.1], it is shown that M satisfies the following properties:

(P1) kg ~ p2gm and ¥*g* ~ p-2g,,, where g* is the induced contravariant
metric.

(P2) p2llvrglik.co + PRIVEG koo < c(k), k € No and & € 8.

(P3) For o,7 € Ny given, then

Villalg) ~ plTvkaly,,, a€TIM,

and

lblg ~ p7 " Ter(lblg,), b€ TIQR.
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For K C M, we put A :={k € R: 0, N K # (}. Then, given x € K,
X R™ if k € R\ Rom,
"\ H™ otherwise,
endowed with the Euclidean metric g,,.

Given a € F(M V') with local representation (2.1) we define fa € E by means of

Yia = |a (j)] where [a E))] stands for the (m? x m ) matrix with entries aé )) in the

((i), (4)) position, with (7), (j) arranged lexicographically.

2.2. Weighted function spaces. For the sake of brevity, we set L1 j,.(X, E) :=
IL. L1,10c(X,, E). Then we introduce two linear maps for x € &:

R,Cg : Ll,loc(M7 V) — Ll,loc(XmE)a U — ?/)Z(MU%
and
RK : Ll,loc(XﬁaE) — Ll,loc(M7v)’ Vg = WHCPZUR~

Here and in the following it is understood that a partially defined and compactly
supported tensor field is automatically extended over the whole base manifold by
identifying it to be zero outside its original domain. We define

RE : LlleC(M, V) — Ll,loc(Rm), U +— (Riu)m

and
R : L1 1oe(R™) = L1 1oe(M, V), (0x)s — ZR Vs

In the rest of this subsection we suppose that k& € Ny. We denote by D(M, V) the
space of smooth sections of V' that is compactly supported in M. Then the weighted
Sobolev space W]f’ﬂ(M, V') is defined as the completion of D(M, V) in Ly jo.(M, V)
with respect to the norm
k 1+17—0 i i
I Mo = e (i 1077 Vil [1B) 7

Note that W?(M,V) = LY(M, V) with equal norms. In particular, we can define
the weighted spaces Lg(M, V) for g € {1,00} in a similar manner.

Analogously, the weighted Besov spaces are defined for k € N by
BEP(M, V) = (WE L2 (M, V), WL (M V)1 o, (2.3)
Define

BCH'(M, V) := ({fu e C*(M, V) : Nlp00:9)s

where [[u|k,000 = maxo<i<k||p? T Viu|,yl|o. We also set

BC®Y(M,V) ﬁBC’“9 (M, V).

The weighted Sobolev-Slobodeckii spaces are defined as
Wy (M V) o= (L (M, V), W (M. V) g (2:4)

for s € Ry \ Ng, k = [s] + 1, where (-,-)g, is the real interpolation method [1
Section 1.3].
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Whenever OM # (), we denote by %f;ﬂ(M, V) the closure of D(M, V) in (M, V)
for § € {B,W}. In particular,
178,09 _ s,
WP (M, V) = WP (M, V), 0<s<1/p.
See [2, Theorem 8.3(ii)].
In the special case that (M, g) is uniformly regular, since p ~ 1y, the definition of

any weighted space %7 (M, V) is actually independent of the weight 9. In this case,
all spaces are indeed unweighted. We thus denote these spaces simply by §°(M, V).

In the following context, assume that F, is a sequence of Banach spaces for k € R.
Then E := [], E.. For 1 < ¢ < oo, we denote by I¥(E) := I7(E;p) the linear
subspace of E consisting of all x = (z,) such that

19 P
(Cllok ™l h, )1, 1< g <00,
2llio @) == *
T sup ol g =00
K
is finite. Then [Y (E) is a Banach space with norm || - ng(E).

For § € {BC,W,, Wp}, we put §° : =[], §5, where § := §°(X,, E).

Proposition 2.1. R is a retraction from 13(F°) onto =7 (M,V) with R¢ as a
coretraction, where ¢ = p for § € {Wp, Wp}, or q = o0 for § = BC.

Proof. See [2| Theorems 6.1, 6.3, 7.1, 11.1]. O

Let V; = V57 == {T7’M, (-|-)¢} with j = 1,2,3 be C-valued tensor bundles on M.

J

By bundle multiplication from V; x V5 into V3, denoted by
m: Vi x Vo — Vs, (v1,v2) — m(vy,v2),
we mean a smooth bounded section m of Hom(V; ® Vs, V3), i.e.,
m € BC*(M,Hom(V; ® Va2, V3)), (2.5)
such that m(vy,v2) := m(v1 ® v2). implies that for some ¢ > 0
Im(vi,v2)|g < clvi|glvalg, v € T(M,V;) with i =1,2.
Its point-wise extension from I'(M, V; @ V,) into T'(M, V3) is defined by:

m(v1,v2)(p) == m(p)(vi(p), v2(p))

for v; € T'(M,V;) and p € M. We still denote it by m. We can formulate the
following point-wise multiplier theorem for function spaces over singular manifolds.

Proposition 2.2. Let k € Ng. Assume that the tensor bundles V; = VT(;J' =
{T7/M, (-])g} with j =1,2,3 satisfy
03 —T3=01+02—T1 — T2 (2.6)

Suppose that m : Vi x Vo — V3 is a bundle multiplication, and ¥3 = 91 + 5. Then
[(v1,v2) = m(vy,v2)] is a bilinear and continuous map for k € Ny and s <k

BCHP1(M, V1) x WP (M, Vo) — W37 (M, V).

Proof. This follows from [3, Theorem 13.5]. |
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Proposition 2.3. For § € {BC,W,, W, »}, we have
VELE M, V), F (M, VEL)).

Proof. When § € {BC,W,}, the case s € Ny is immediate from the definition of
the Weighted function spaces. The non-integer case follows from [3, Theorem 16.1].
When § = W, the assertion is an immediate consequence of its definition and
a density argument. Indeed, for any u € W;+1(M7VT"), there exists a sequence
(un)n € D(M, V) converging to u in Wit (M, V7). Then the assertion for § = W,
implies that (Vu,), € D(M, 711) converges to Vu in W3 (M, V7 ). Therefore,
VUGWS(M, 1) O

Proposition 2.4. For § € {BC,W,, Wp}, we have
fo = [u p’u) € Lis(F>" (M, V), 557 (M, V)).

Proof. The case § = BC was shown in [40, Proposition 2.6]. The proof for § =

W, follows in a similar manner. The remaining case, i.e., § = W, is a direct
consequence of its definition and a density argument as in the previous proposition.
O

2.3. Surface divergence.

Proposition 2.5. For § € {BC,W,, W, »}, we have
[a = af] € LF (M, V70), (M, V7 H).
[a = @] € LE (M, VIH), F072(M, V).

Proof. We only prove the second assertion. The first one follows in an analogous
manner. For any X € TM,

Vxa, =Vx(g,a) = (Vxg,a) + (9, Vxa) = (9, Vxa) = (Vxa),
The third equality follows from the metric preservation of the Levi-Civita connec-
tion. This implies
V(ay) = (Va),.
By induction, we have
VH(a,) = (V*a),.
Then the statement for the case s € Ny is an immediate consequence of the def-

initions of the corresponding function spaces, and the non-integer case follows by
interpolation theory and Definition ([2.4)). O

We denote by Cfi} Vf_jll — V7 the contraction with respect to position o + 1

and 7+ 1, that is for any (i) € J?, (j) € J” and k,l € J* and p e M

a+1 _ o+l (Z k) a a . (Z k) a
C‘r+1 C'r+1 Jla()(g)ﬂ(g)dx(j)@dx' (]k)a (%)

in every local chart. Recall that the surface divergence of tensor fields with respect
to the metric g is the map

div = divy : CY(M, V7T = C(M, V), ar— CZH{(Va). (2.7)

® da9)
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Suppose that M # (). Since T'(OM) is a subbundle of codimension 1 of the vector
bundle (TM)sm over OM, there exists a unique vector field n in (T'M)gm of length
1 orthogonal to T(OM), and inward pointing. In every local coordinates, p, =
{xla T 7xm}

1 0

a vV 911\3On oxt

Put V' := V7. Let C: V77" x V/ — V' denote the complete contraction. For

T+T1

any a € V”“’1 and b € V', the complete contraction (on the right) is defined by

T+T1

_ i) @9 ()
C((l,b) = a(j;jl)b(i) (i) ® dxV,
with (i) € J7 ,(i1) € J°, (j) € J7,(j1) € J™, in local coordinates. The complete
contraction (on the left) is defined in an analogous manner. Note that the complete
contraction is a bundle multiplication.

Theorem 2.6. For any a € Wy " (M, V') and b € Wy (M, Vo+1)

- / (divb, a) dV, = / (b, Va) dV,.

M M

Proof. By the divergence theorem and the density of D(M, V') and D(I\7|, Vetrlyin
W% (M, V') and W, " (M, Vo) it suffices to show that

div(C(b,a)) = (divb,a) + (b, Va), (2.8)
for any a € D(M,V’) and b € D(M Vo). Definition (2.7) yields

div(C(b, ) = div(a{l)b(" 8) O (@R 4 Tl D (k)

(4) (J) ok i) (5) (1) () 2

for (i) € I9, (j) € J7. By [2, formula (3.17)] and (2.7)

(divb, a)
Gy 0y 4 (N s (i1 ik (k) TN
= ag) o0y + Qo Tiad(y " Zrlmb(h hyegn) T Thnb(y )agy

s=1
and
_ ( ) (Z k ( Y A T j (i§k7)
(b, Va) = (Oka) )by <Z;F]hadl 7 ZFms o) e i) -
t

This proves (2.8)). O

Corollary 2.7. For any a € Wy " T2 2" (M, V) and b € W3 (M, Vo+1)

- /(divb|a)g avy = /(b|grada)g avy.

M M
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Proof. In [3 p. 10], it is shown that for any X € TM and a € V
Vx(Gla) = GL(Vxa).
Therefore,
VGTa = (GTT(Vu)),.
Now it is an easy task to check
VGou = (G (gradu), ), = G4 (gradu). (2.9)
This implies the asserted result. (I

Proposition 2.8. div € L(FT17(M, Vot1), 57 (M,V.?)) for § € {BC,W,, W,}.

Proof. Given any a € §%7(M,VoF1) it is easy to see that
cro+1 c
IReCZhalliy o) < ClR allys (g (o1
with 7 (mal})
F e {W,, Wp}. Combining with Proposition it implies that
CItl € LB (M, VI, 357 (M, V).
Using Proposition we can now prove the asserted result. (]

) in the ((4), (j)) position. Here ¢ = oo for § = BC, or q = p for

2.4. Spaces of negative order. For any u € D(M,V) and v € D(M, V'), we put

(11, V) = /(u, 3 dv,.

Then we define
—s,9 e (1S
W, M, V) = (Wp, (M, V") (2.10)

by mean of the duality pairing (-,-)m. It is convenient to denote by Wp_sﬁ(M, V)
the closure of D(M, V) in W, 5?(M, V). Then

1t _ t, 9

WE (M, V) = WEP (M, V), &< 1/p. (2.11)
We refer the reader to [2, Section 12] for more details. Given u € F~*(M, V) with
§ e {W,,W,} and v € D(M, V1)

(Vu, ) = — / (u, div(5)) V. (2.12)
M
Theorem shows for u € F*7(M, Vo) and v € D(M, V")

(divu, v)m = — /(u, Vo) dV,.
M

By means of Proposition [2.3] and it is not hard to prove the following proposi-
tion.

Proposition 2.9. Suppose that § € {W,, Wp}, Then
Ve E(S_S’ﬁ(M’ V),S_S_l’ﬂ(l\/h -ro+1))>

and
dive L(F (M, Vo), 57519 (M, V).
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Let (-|-)2.9: be the inner product in LY (M, V), that is,

(Wl i= [ 227272 (o) V.

M
Proposition 2.10. Suppose that § € {W,, Wp} and s € R. Then
[u— p>""2°GTu) € Lis(F50 (M, V), F7(M, V).

Proof. The statement follows from Proposition [2.4] an analogue of the proof for
Proposition ([2.5) and the open mapping theorem. O
In virtue of Proposition [2.4] and [2.10] now one readily checks that

(W2 (M, V) = W, 2" = (M, V), (2.13)
where (Vi/'zf’ﬂ(M7 V) is the dual space of W3 (M, V) with respect to (-[-)2,9:.

3. L,-theory of (p, \)-singular elliptic operators

Let 0,7 € Ng and \' € R. Suppose that A : D(I\O/I, V) = T'(M, V) is a second order
differential operator defined as follows.

Au = —div(@ - gradu) + C(Vu, a1) + agpu, (3.1)

with @ € CY(M, T{M), a; € T'(M,TM) and ay € CM, for any u € C>®°(M, V) and
some A € R. We put for all w >0

Apu = Au+ wp M.
Center contraction [u — a - gradu| is defined by the relationship
cVEx VI S vt (a,b) v a - b,

and in every local chart for p € M, we have

0 iny O 0 ;
(a-D)(p) = {ah 57 @ da*(p)} - (0" 55 © 55 @ ) (p)}
= atp 2o 9 o 4ui)p)

@) 9z = oxt
with (i) € J7, (j) € J” and I,k,h € J*. Here we write a differential operator in
divergence form, which will benefit us in giving a precise bound for the constant w.

3.1. Lo-theory. We impose the following assumptions on the coefficients of A and

the compensation term wp™>.

(A1) Ais (p,A)-regular, by which we means that @ € BCYA~2(M, T} M) is sym-
metric and
ay € LA (M, TM), ag € L2 (M).

(A2) Ais (p, \)-singular elliptic. More precisely, there exists some Cs > 0 such
that

(@-€l€) gy = Cop®el3(p), €€ VT peM.
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(A3) w > w4, where wy € R satisfies for some C; < 2
essinf(Re(p ag) + wa) > 0; (3.2)

p>‘_1|(2/\’ +27 —20)d - gradlogp +ai|, < Cq \/C&(Re(p/\ao) +wa); (3.3)

P H (2N — A+ 27 — 20)d@ - gradlog p 4 a41], < C4 \/C&(Re(p/\ao) +wa). (3.4

Here the weighted Lo.-space L) (M, TM) and L) (M) are defined in an obvious
manner as for the weighted L,-spaces in Section 2.2. We may replace the compen-
sation term wp~> by a largeness condition for the potential term ag, which can be
stated as follows.

(A3") Re(ptag) is so large that there exists some C; < 2 and w4 < 0 such that
essinf(Re(p ag) + w4) > 0;

p*H (2N + 27 — 20)d - gradlog p + a1, < Cy \/C’&(Re(p)‘ao) +wa);

PN = A+ 27 — 20)d - gradlog p + a1], < Oy \/C&(Re(p)‘ao) +wa).

Throughout, we assume that the singular data [p] and the constant A satisfy

{||p||oos1, A>0, or

lolls =1, A<O. (3.5)

Note that the case A = 0 has been studied in [4]. In this case, actually no restriction
for ||p|loo is required.

o

Since W,(M, V) = W,(M, V) when OM = (), in the sequel, we always focus on the
space WP(M, V). Given M € R, let X := W21/\ _)‘/Q(M, V). Then we can associate
with A, a form operator a, with D(a,) = X, defined by

a,(u,v) = (@ - gradulgradv)s x» + (C(Vu, (2\" + 27 — 20)a - grad log p + a1 )|v)2,x
+ (a0 +wp™ Mulv)z,n
for all u,v € X. Recall that (-|-)2» be the inner product in L3 (M, V), that is,
(wlo)an = [ 524 ulo), av,
M

Lemma 3.1. For any o,7,0',7 € Ny, it holds that
(a) la- §‘g§+1 < |5|g}|f|g§+1v §evyth

(b) (alb)g; < lalgz|blgz, a,b€ VY.

(¢) |C(a,b)lgg < lalyo[b jir € VI bevete.

Proof. Statement (a) can be verified via direct computation. Statements (b) and
(c) follow from identity (2.2]) and [4, formula (A5)]. O

Proposition 3.2. a, is continuous and X -coercive. More precisely,
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(Continuity) there exists some constant M such that for all u,v € X

law, (u, )| < Mjul[x|v]|x;

(X -Coercivity) for w large enough, there is some M such that for anyu € X

Re(a, (u,u)) > M|lull.

Proof. (i) By [ formula (5.8)], we have
gradlog p € BCY2(M,TM). (3.6)
Proposition (A1) and Lemma then imply that
@ - gradlog p = C(@, gradlog p) € BCY*(M, TM).
For any u,v € X,

|ag, (u, )|

= /p”/+27_20|5' gradulg|gradvly dV
M
+ [ PPN (2N + 27 — 20)d - gradlog p + a1|q|Vulglv|g dVy

+ p2/\ +27——2<7(p/\a0 + w)lp—)\/Zulglp—)\/Qvlg dVg

T T

< 2l [ 1T v [ vy
M M

+ AN + 27 — 20)@ - gradlog p + a1 g|oo

([ 1925 Sl vy 2 [ 1A 2 vy )
M M

+lp a0 + WIloo(/ |pN ATy dVg)l/Q(/ [N NPTy 2 V)12
M M
< M(w)llullx vl x-

This proves the continuity of a,,.
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(ii) Given any u € X, we have
Re(ay (u, u))

=G / PN T gradul o dV
M

=1 [ \fColRelpran) +walp¥ VAT [N VT
M

- /(Re(pAao) +w)|pN T2
M
CQ ! — T—0 I T—0
> (1= G [10 VT P 4 - i) [ 18Ry,
M M
> M)l

for all w > w4 and some M (w) > 0. In the second line, we have adopted Lemma

and (3.3]). |

Proposition shows that a,, with D(a,) = X is densely defined, sectorial and
closed on L3 (M, V). By [23, Theorems VI.2.1, 1X.1.24], there exists an associat-
ed operator T such that —T generates a contractive strongly continuous analytic
semigroup on L3 (M, V), i.e., ||e_tT||£(L§/(M_V)) <1 for all t > 0, with domain

D(T) :={ue X, e L) (M, V) : a,(u, ¢) = (v|d)an, Vo € X}, Tu=uv,
which is a core of a,. T is unique in the sense that there exists only one operator
satisfying

a,(u,v) = (Tu,v)an, weDT),veX.
On the other hand, by (2.9) and definition (2.12)), we can get
<Awu|v>2,)\’ = aw(u,v)a u,v € X.
So by the uniqueness of T', we have
Aw| D(T) = T.

Therefore, — A, generates a contractive strongly continuous analytic semigroup on

Ly (M, V) with domain D(A,,):
D(A,) :={ue X, e L} (M, V) : a,(u,¢) = (v]|@)or, Vo € X}, Auu=n.

In the rest of this subsection, our aim is to show that D(A,) = W;’/\/_’\(M,V).
Define
Bou = —div(p*a - gradu) + C(Vu, pay) + (p*ao + w)u.

Recall an operator A is said to belong to the class H(E1, Fy) for some densely
embedded Banach couple F i> Ey, if —A generates a strongly continuous analytic
semigroup on Fy with dom(—A) = E;.
(A1)-(A2) imply that

p*d € BOV72(M, TIM), pra; € Lo(M,TM), pPag € Lo (M),
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and

(p)\é"ﬂg)g(p) 2 C&p2<p)|§|§(p)’ S VT0+17 peM.
By [, Theorem 5.2], we obtain

B, € HW2N"AM, V), LY MM, V). (3.7)

Note that although [4, Theorem 5.2] is only formulated for scalar functions, this
theorem can be easily generalized to arbitrary tensor fields.

For any u € D(M, V), one checks that
p*Bou = Ay,u — ANC(Vu, @ - gradlog p) =: A,u + Pu. (3.8)
It follows from Propositions and that
Py € LW, A M, V), L) (M, V).
Combining with Proposition we have
PPy € LWy NM, V), L) (M, V).

Let B, := B, — p*Py. By well-known perturbation results of analytic semigroups
and Definition (2.4)), we infer that

B, € HW;N V), LY (V). (3.9)

Then for w > w4, the previous discussion on A, and (3.4) show that —9,, generates

a contractive strongly continuous analytic semigroup on Lg‘/_)‘(V). Then, together
with (3.7), this implies that for w sufficiently large,

B, € Lis(D(B,), LY (V) N Lis(W2N V), L) V).

Now we infer that D(B,) = WS’)‘L)‘(V). Observe that D(B,,) is invariant for
w > wy. Thus for all w > wy, the operator —B, generates a contractive strongly

continuous analytic semigroup on LQ‘LA(V) with domain VV22 ’Alf’\(V).
Theorem 3.3. Suppose that the differential operator
Au := —div(@ - gradu) + C(Vu, a1) + agu,

is (p, \)-regular and (p, \)-singular elliptic, and the constant w satisfies (A3). De-
fine A, :== A+ wp~>. Then

A, € HIVEN MM, V), LY (M, V) 0 Lis(WEY (M, V), L) (M, V),

and the semigroup {e~'4«},5q is contractive.

Proof. By Propositions 2.2} 2:3] 2.8 and Lemma [3.1] we obtain
A, € LW XM V), LY (M, V).
This implies together with the definition of D(A,,) that
W "AM, V) < D(A).
We have shown that for w > w4,

A, = p B, € Lis(W2Y (M, V), L) (M, V). (3.10)
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Now by (3.10]), we can establish
D(Ay) = WA (M, V).
The asserted statement thus follows. O

Corollary 3.4. Suppose that A is (p, \)-regular and (p, \)-singular elliptic, and
satisfies (A3’). Then
A€ HWZN M, V), Ly (M, V) 0 Lis(W (M, V), Ly (M, V),

and the semigroup {e '} is contractive.

3.2. L,-theory for scalar functions. In this subsection, we assume that V = C
and abbreviate the corresponding functions space to be W;’ﬂ(M). The aim of this
subsection is to prove that the differential operator A, generates a contractive
strongly continuous analytic semigroup on L;;/(l\/l) with 1 < p < oo for large w.

We first show the following Riesz-Thorin interpolation theorem for the weighted
L,-spaces with 1 < p < oo.

Lemma 3.5. Let 1 < py < p; < o0, § € (0,1), and ¥ € R. Define p% =t
Then for every f € LgO(M) n L}Zl('\/'),

1-6 0
1£1leg, < IAIIA -

Proof. Observe that the operator fy defined in Proposition[2.4]is indeed an isometry
from LY)(M) to L,(M) for 1 < p < co. Then we have

-0 -6
1Fllzg, = 0" Fllz,, < le” AL 0" FIIZ,, = AN 1F11Z, -
(]

The adjoint, A*()), of A, with respect to L;‘//z(l\/l) can be easily computed as
follows.

AX(N)u = —div(a - gradu) — C(Vu, 2)@ - gradlog p + a1) + (b(N, @) 4+ wp™)u,
where with @ := (@, ay, ap)

b(XN,@&) := ag — div(\Na - gradlog p + a;) — N (Na - gradlog p + a;|gradlog p),.
Here we have used the equality

(C(Vu, a)|v)z,nja = —(u|C(Vv,a))2,x /2 — (ul(diva + X' (algrad log p)g)v)2 a2
for a € CY(M,TM) and u, v € D(M).
The adjoint, A, (\) := (A% (N))*, of A%(N) with respect to Ly(M) is

Ao (N)u = —div(a@ - gradu) + C(Vu, 2X'@ - gradlog p + a;) + (b(N, &) + wp™)u,
where

b(N,@) := ag + div(\'@ - gradlog p) — X' (N'@ - grad log p + a:|grad log p) .

We impose the following conditions on the compensation term wp=>.
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(A4) w > w4, where wy € R satisfies for some C; < 2
essinf(Re(p*b(N, @) 4+ wa) > 0;

p* 12X @ - gradlog p + ay|, < C4 \/C&(Re(pAb()\’, a)) +wa);
essinf(Re(p b(N', @) 4+ w4) > 0;

PN gradlog p -+ aily < Cuy/Co (Re(pPD(N, @) + ),

and

(A5) w > w4, where w4 € R satisfies for some Cy < 2
essinf(Re(p*b(N — \, @) + w.4) > 0;

PN — N - gradlog p+ aily < C1y/Ca (Re(pb(X, @) + wa);

Sl

p* (2N — \)@ - gradlog p + a;], < Cy \/C[;(Re(p)‘l;()\’ —\a))+wa).

We can also formulate an analogue of (A3’) for the largeness of the potential term
ag to replace the compensation condition (A4) and (A5).
Then the discussion in Section 3.1 and (A4) imply that —A*(\) and —A,(N)
generate contractive strongly continuous analytic semigroups on Ly(M) for all w
satisfying (A4).
Definition 3.6. Let ¢ € [1,00] and ¥ € R. A strongly continuous semigroup
{T(t)}i>0 on LY(M) is said to be LY -contractive if
IT(#)ulloe < llullos, 20, ue Ly(M) N LY(M).
Theorem 3.7. Suppose that the differential operator
Au := —div(@ - gradu) + C(Vu, a1) + agu,

is (p, \)-regular and (p, \)-singular elliptic. For w satisfying (A3)-(A5), define
Ay = A+ wp™. Then

22,0 —A Y (T2 —A Y

A, € H(W, (M), Ly, (M)) N Lis(W,, (M), L, (M), 1<p<oo,

and the semigroup {e~t4«},5q is contractive.

Proof. (i) By Proposition it is not hard to verify that v € X implies (Ju| —
1)*signu € X and

Vu, lu| > 1;

3.11
0, lu] <1. (3:11)

((Jul — 1)*signu) = {
Here it is understood that
: 0;
signu := u/lul u#
0, u=0.
Now following a similar proof to step (ii) of Proposition we get
Re(ay, (u, (Ju| — 1) Tsignu)) >0, w > w4.

—tA

By [32, Theorem 2.7], the semigroup {e~ "~ };>g is Loo-contractive.
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Similarly, based on (A4), we can show that {e *Ao\)},5 and {e~*A“()}5¢ are
Loo-contractive as well. By a well-known argument, see [12, Chapter 1.4], this
implies that for each 1 < p < oo, {e A5} 50 and {4}~ can be extended
to contractive strongly continuous analytic semigroups on L, (M) with angle

Op > 0(1 —[2/p = 1),

where 6 is the smaller one of the angles of the semigroups on Lo (M) generated by
{eftA:(A’)}tZO and {eftAw(X)}tZO'

(i) Pick v € L3 (M) N LY (M) and u € Ly(M) N Lo (M). We then have

(e A vlu)a, ol = (0] AN u)y 3 o] = [(pN vfe™ Ao Du)y |
< vl le™ A ul
<Pl gy flullz. - (3.12)

We have thus established the L} -contractivity of the semigroup {e~ 4 };>¢. Tt is

then an immediate consequence of Lemma that {e~t4},50 is Lz‘l—contractive
for1<p<2.

(iii) Now we modify a widely used argument, see [12, Chapter 1.4], for weighted L,-
spaces. Choose u € Ly (M) with supp(u) C K with K C M satisfying V,(K) < oc.
Then

: —t Ay L, — T =X —t A, ,
Jim [bece™ % ullpy = Tim (7% xxlle™ ul)2,x
= (" xlluban = lull py (3.13)

by the strong L%"—continuity of {e~tA

“}1>0. On the other hand, we also have
— Aw
e~ Aeull < flull
This together with (3.13)) implies that

~ —tA _
i Ixmce™ " ul[x = 0.

Now one can compute that
: —tA : —tA
— < —
LH(% le™u u”Lf/ - tli%i IDxac (€7 u)”Lf/

. —tAy, , 1/2 _
< lim [l 4w — ull y n(K) V2 0.

The set of such u contains D(M) and thus is dense in L} (M). This establishes the
strong continuity of {e~*4~};50 on L3 (M) N LY (M). Lemma then implies the
strong continuity of {e "4« },50 on L (M) N L;D"(M) for 1 <p<2.

By (2.13), L;‘/(M) is reflexive for 1 < p < co. The strong continuity of {e~*A~};>o
on Ly (M) N L;,‘,(M) for 2 < p < oo now follows from [2I, Theorem 1.4.9] and the
strong continuity of {e A5} ,54 on Ly (M) with 1 < ¢ < 2.

(iv) Assume that {e~*A~},5 is analytic on L3 (M) with angle ¢. We define

H, = pA/e*A“h(z)p*/\/, on S:={ze€C:0<Rez<1},
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where h(z) := re?” with r > 0 and |0] < ¢. Then given any u € Ly(M) N L;(M)
and v € Ly(M) N Lo (M), we have

[(Hulv)oo] < [Haull o]l L, < 1" p™ ]l v lloll 2,
< o™ ull gy Iollzs < llullzy o]z, (3.14)
for z € S. Similarly, one can verify that (H.u|v)s o is continuous on S and analytic
inside S. Moreover,
[(Hzulv)2,0] < [lullz, ]z, if Rez=0.
By the Stein interpolation theorem, see [12], Section 1.1.6], we conclude that for all
0<t<l,ueLy(M)NLy(M)and I =1—-t+1,

—Auh(t) —Auh(t)

’ ’ ’
P ullz, > [Hep* ullr, = [lp* e ullL, = lle ullpy-

Therefore, {e tA« }e>0 can be extended to a contractive strongly continuous ana-

lytic semigroup on LQI(M) with angle ¢(2 — 2/p) for 1 < p < 2.

When 2 < p < oo, the analytic extension of {e~*A« }i>0 follows from a duality

argument as in (3.12)).

(v) In order to determine the domain of A,,, we apply a similar discussion to the
proof for Theorem We consider the adjoint, 87 (N — \), of B, = B, — p*Pa

with respect to Lg”\ _’\)/Q(M), ie.,
B (N = Nu = —div(p*ad-gradu) — p*C(Vu, (2N —N)a@-grad log p+a, )+ p*b(\, @)u,
and the adjoint, B, (N — A), of B (N — X) with respect to La(M), i.e.,
B, (N — Nu = — div(p a - gradu) + p*C(Vu, (2N — \)@ - gradlog p + a;)
+ P (N =\, @)u.
Following Step (i)-(iv), under Assumptions (A3) and (A5), we can show that 9B,

generates a contractive strongly continuous analytic semigroup on L;,‘/_’\(M) for
any 1 < p < co. By [4, Theorem 5.2], for w large enough,

B, € H(W2NAM), LY ~AM)) 0 Lis(W2N A (M), LY~ (M)).

An analogous argument to the proof for Theorem and the discussion prior to

this proof yields that
Ay = p B, € HW2NAM), LY (M) 0 Lis(W2A A (M), LY (M)).

O

Remark 3.8. The proof of L-contractivity for unweighted L,-spaces in [32] The-
orem 2.7] suggests that there seems to be a more straightforward way to prove
L2 -contractivity.
In fact, we can show that {e~ 4« },5¢ is L) -contractive if for any u € X

(i) (Ju| — p=") Tsignu € X, and

(ii) Reay(u, (|u| — p=")Fsignu) > 0.

However, Condition (ii), in general, does not hold for all u € X.
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Remark 3.9. When the tensor field V' # C, it requires much more effort to establish
the L,-semigroup theory for the differential operator

Au = —le((T . gradu) + C(vua al) + aou.

The author is not aware of how to obtain the Lg‘;—contractivity of the semigroup
{e=*A~},50. Instead, one needs to go through the local expressions of A, and
establish a similar contractivity property for these local expressions, and then prove
generation of analytic semigroups of the local expressions. However, the drawback
of this technique is reflected by the fact that it is hard to determine the precise
bound for the constant w. Indeed, we only know that for w sufficiently large and
l<p<oo

A € HW2N =AM, V), LY (M, V) N Lis(W2N 2M, V), LY (M, V),

and the semigroup {e~*«},>¢ is bounded on L;‘/ (M, V). Because it is hard to apply
this result, a rigorous proof for this assertion will not be stated in this article.

4. Singular manifolds of pipe and wedge type and manifolds with holes

As was shown by the examples in [5], we can find manifolds with singularities of
arbitrarily high dimension. Among them, a very important family is the singular
manifolds of pipe and wedge type.

Following [5], throughout we write Jy := (0,1] and Jo := [1,00), and assume
J € {Jo, o }-
We denote by Z(J) the set of all R € C*°(J,(0,00)) with R(1) = 1 such that
R(a) == th_r}n R(t) exists in [0,00] if J = J, with o € {0,00}. We write R € € (J) if
«
(i) ReZ(J), and R(c0) =0 if J = Joo;
(ii) [ dt/R(t) = oo; (4.1)
J

(iii)  [|OFR[lec < o0, k>1.

The elements in € (J) are called cusp characteristics on J.

The following results from [5] are the cornerstones of the construction of singular
manifolds of pipe and wedge type.

Lemma 4.1. [5] Theorem 3.1] Suppose that p is a bounded singularity function on
(M, g), and p is one for (M, g). Then pRp is a singularity function for (MxM, g+g).

Lemma 4.2. [5 Lemma 3.4] Let f : M— M be a diffeomorphism of manifolds.
Suppose that (M, g; p) is a singular manifold. Then so is (M, f*g; f*p).

Lemma 4.3. [5 Lemma 5.2] Suppose that R € €(J). Then R is a singularity
function for (J,dt?).

Assume that (B, gp;b) is a d-dimensional singular submanifold of RY with singular-
ity function b, and R € €(J). The (model) (R, B)-pipe P(R, B) on J, also called
R-pipe over B on J, is defined by

P(R,B) = P(R,B;J) :={(t, R(t)y) : t € J, y € B} C R"*7,
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It is a (1+d)-dimensional submanifold of R4, An R-pipe is an R-cusp if R(a) =0
with @ € {0,00}. The map

op=0¢p(R): P—JxB: (t,R({t)y) — (t,y)
is a diffeomorphism, the canonical stretching diffeomorphism of P.
Then the above three lemmas show
Lemma 4.4. (P(R, B),¢%(dt> + gp); ¢-(R ®1)) is a singular manifold.
Assume that (I, gr) is a compact connected Riemannian manifold without bound-
ary. Then the (model) I'-wedge over the (R, B)-pipe, P(R, B), is defined by
W =W(R,B,T) := P(R,B) x .

If T is a one-point space, then W is naturally identified with P. Thus every pipe is
also a wedge.

Lemmas yield
Lemma 4.5. (W(R, B,T), ¢} (dt>*+g5)+gr; o5 (R®b)R1r) is a singular manifold.

Another interesting class of manifolds is those with holes.

Lemma 4.6. Suppose that (A ,g) is a uniformly regular Riemannian manifold,
and X ={%q, -+, X%} is a finite set of disjoint m-dimensional compact manifolds
with boundary such that ¥; C .# . Put

M:=.# \ U?lej.

Then (M, g) is a singular manifold.
Proof. This lemma immediately follows from [5, Theorem 1.6]. O

We will show in Proposition below how to choose a singularity function for
such (M, g).

5. Differential operators on singular manifolds with 4 -ends

5.1. Differential operators on singular manifolds with property J#,. In the
first subsection, we will exhibit a technique to remove the “largeness” assumption
on the potential term or the compensation term wp™>.

Suppose that (M, g; p) is a singular manifold. Without loss of generality, we assume
that M is connected. Before beginning the discussion of any particular model, we
first consider a variant of the operator A defined in , ie.,

Au = —dlv(a: . gradu) + C(V'LL, al) + apu.
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Put v := e~*"uy for some z = a + ib € C with |z| = 1, and h € C?(M,R). Then
Au = — div(a@ - grad(e*"v)) + C(Ve* v, a1) + e agv
= — div(e*"@ - gradv) — zdiv(a@ - (e*"v @ gradh)) + e*"C(Vv, ay)
+ 2e*"C(Vh, a1 )v + e*"agv
=" {Av — 22C(Vv, d - gradh)
— [2div(a@ - gradh) + 2*(a@ - gradh|gradh), — 2C(Vh, a1)]v}. (5.1)

In the sequel, we let @ := p?>~*g,, which means that we will consider differential
operators of the following form
Au := —div(p* *gradu) + C(Vu, a1) + agu
with p and A satisfying (3.5). Assume that A is (p, A)-regular.
Define
Apv :=Av — 22p*>"*C(Vv, gradh)
— [zdiv(p®*Pgradh) + z2p2_>‘|gradh\§ — 2C(Vh,a1)v. (5.2)
By (5.1), we thus have A, = e~*" o Ao e*h.

A function h € C?(M, R) is said to belong to the class SA4 (M, g; p) with parameters
(¢, M), if

(A1) M/c < plgradh|, < Mc;
(A42) M/c < prdiv(p?>~*gradh) < Me.

Observe that if h € JA (M, g;p) with parameters (¢, 1), then Mh € JA(M,g;p)
with parameters (¢, M).

Definition 5.1. A singular manifold (M, g; p) is said to enjoy property J4, if
there exists some h € JA(M, g; p).
We impose the following assumptions on the function h, and the constant z = a+ib.

(H1) (M, g; p) satisfies property 4, and h € J4 (M, g; p) with parameters (¢, M).

1
. —1.
(H2) a € ( 5 0370)’ and |z|

Let A, := —zdiv(p® *gradh) — z%p* *|gradh|? + 2C(a1, Vh) +ao. By (H1), one can
check that the operator Ay, is (p, A)-regular and (p, A)-singular elliptic with C; = 1.
Moreover, (H1) implies

PPlaradh[2/(Mc%) < pldiv(p*~gradh)|.
Lemma ¢) yields

P|C(Vh, a1)| < plgradhlgllar]c:x-
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Note that (H2) gives b? — a? — —%&5 > 1. We then have

Mc3
P Re(A,) = p*(b* — a2)|gradh|§ — ap*div(p®**gradh) + p*(aC(Vh,a;) + Re(ag))
2012 2 a ¢ 2 A
2 p"(b" = a® = 705 = g7 lallein)[gradhly + p"Re(ao)
> Cop2|gradh\3 —wA (5.3)

for some Cy > 1 and wy < 0 by choosing M sufficiently large and the real part of
z, L.e., a, satisfying (H2) accordingly. This shows that

2
p|2zgradh|, = 2plgradh|, < —=1/p*Re(A4,) + wa.
| |g ‘ |g m ( )

For any X € R, let
IN N\ 71,0) = {2N + 27 — 20,2\ — X\ + 27 — 20}.

By choosing M large enough and making z = a + b satisfying (H2), it holds that

p Y = 22p? Agradh + tp? " Agradlog p + ail,

<

P Re(A,) +wa (5.4)
1

for all t € I(N, )\, 7,0) and some wy < 0, C; € (1,Cy). Therefore, w4 < 0 satisfies
B2)-E9).

We consider the following condition.
(H3) M is sufficiently large such that (5.3 and (5.4) hold.

Summarizing the above discussions, for z = a+4b and M satisfying (H2) and (H3),
we conclude from Theorem B3] with w = 0 that

A € HOWZY NM, V), LY (M, V) 0 Lis(W2AN MM, V), LY (M, V), (5.5)
and the semigroup {e~*4"},5¢ is contractive.
For any function space §*?(M, V) defined in Section 2, the space

e PFH(M V) i= {u € L1 1oc(M, V) : e u € 39 (M, V)}
is a Banach space equipped with the norm || - [|¢zngs.0, where
[ullesngso = lle™*" g0
It is easy to see that
e € Lis(e*hFHP (M, V), 550 (M, V). (5.6)

Theorem 5.2. Suppose that (M, g;p) is a singular manifold with property J&4,,
and h € SR (M, g;p) with parameters (¢, M). Let N € R, p and X\ satisfy (3.5).
Furthermore, assume that the differential operator

Au = —div(p* *gradu) + C(Vu, a;) + agu

is (p, \)-regular. Then, for any constant z = a+1ib and M fulfilling (H2) and (HS3),
we have

A€ HE WY MM, V), e LY (M, V) N Lis(e" WY A (M, V), e LY (M, V),

and the semigroup {e '} is contractive.
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Proof. Given any angle 6 € [0, 7|, set
Yp:={z € C:|argz| <0} U{0}.
(5.5) implies that S := X C p(—Ap) so that
1-k -1 —
|/’L| ||(,u + -Ah) HC(L%‘/(M,V),Wﬁk’k/fm‘(M,V)) < ga ne S7 k= 0,1,

for some 6 € [1/2,7) and £ > 0. By (5.6) and A = e*" o A}, o e=*" it holds that
S C p(—A) and for all p € S and k = 0,1

_k _
|:u|1 || (M + -’4) ! ||ezh,£(L%’(M,V))ezh,W;kvA,*kA(M)V))

= [l (4 e 0 A 0 e*) <€

—1
”c(ezhL;/(M,V),ezhv‘ifg’“’*’*’“(M,V)) =

Then the assertion follows from the well-known semigroup theory. O

Remark 5.3. Because the choice of the constant z and M is not unique, it seems
that the assertion in Theorem [5.2is not well formulated.

However, as is shown in Section 5.3 below, this is indeed not a problem. In The-
orem we will generalize the result in Theorem to singular manifolds with
F-ends, which roughly speaking, means that a manifold satisfies property 6
close to the singularities and is uniformly regular elsewhere.

As we will see in Theorem and Corollary below, for most of the prac-
tical examples, once an h € JA(M,g;p) with parameters (c,1) is fixed, we will
see that the space e*M"¥5?(M, V) actually coincides with the weighted Sobolev-
Slobodeckii space Wg’ﬂ"’“M(M,V), for any z = a 4 ib and M fulfilling (H3) and
(H4).

Note that aM € (—54,0) in fact only depends on the constant c. Since the weight

-5k,
M is arbitrary, in Theorem [5.2] we actually have that for any X/,

A€ HWEN MM, V), LY (M, V) 0 Lis(WEN"A(M, V), L) (M, V).
The result in Theorem [5.2] thus parallels to those in Section 3.

5.2. Singular manifolds with J4 -ends.

Definition 5.4. An m-dimensional singular manifold (M, g; p) is called a singular
manifold with 7& -ends if it satisfies the following conditions.

(i) G = {G1, - ,G,} is a finite set of disjoint closed subsets of M. FEach
(Gi, g; pi) is an m-dimensional singular manifold satisfying property &, .

(ii) Gg is closed in M, and (Go,g) is an m-dimensional uniformly reqular Rie-
mannian manifold.

(iii) {Go} UG forms a covering for M. 0oG; := Go N G; C Gy N IG;.

(vi) Let p; := plg,. Either of the following conditions holds true

pi <1, i=1,--- n; or p;>1, i=1-- n.

G; are called the 6 -ends of M.
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In the following, we will present several examples of singular manifolds with J4-
ends, and show how to construct such manifolds in a systematic way.

The proof for the following lemma is straightforward.

Lemma 5.5. Suppose that (M, g; p) has property &4, h € (M, g;p) with pa-
rameter (¢, M), and (B, gg) is a uniformly regular Riemannian manifold. Then
(M x B,g+gp;p®1p) also has property J4, and

h®1lpg € g%ﬁ)\(M X B,g+gB;P®13)
with parameter (¢, M).

Lemma 5.6. Let f : M — M be a diffeomorphism of manifolds. Suppose that
(M, g; p) has property S, and h € (M, g; p) with parameters (¢, M).

Then so does (|\7I,f*g;f*p), and f*h € %(I\N/I,f*g;f*p) with parameters (¢, M).

Proof. Tt is a simple matter to check that (f71(0y), f*©u)res forms a uniformly
regular atlas for M and

(ffpu)sf"h=vrh,  (ffoe)«(f"9) = ¥rg

As a direct consequence, we have the identities

(f*@m)*gradf*gf*h = w:gradgh,
and
(f*on)«divyeg((f*p)* Pgrad ., f*h) = divg(p® *grad,h).
O

The following examples show that we can construct a family of singular manifolds
with J4-ends in a great variety of geometric constellations. In particular, we can
find manifolds with JZ3-type singularities of arbitrarily high dimension.

Let Jo := (0,1] as in Section 4. We will introduce some subsets of the class € (Jy),
which is very useful for constructing examples of singular manifolds with 3 -ends.
We call a cusp characteristic R € €(Jy) a mild cusp characteristic if R satisfies

and below.

R~1y,. (5.7)
If R further satisfies

|R| < oo, (5.8)
then we call it a uniformly mild cusp characteristic. We write R € €y (Jp).

Example 5.7. R(t) = t, R(t) = 2arctant, R(t) = log(1 + (e — 1)t), R(t) =
2t/3 + sin(5t) /3 are evamples of uniformly mild cusp characteristics.

Lemma 5.8. Suppose that R € 6o (Jo) and X € [0,1) U (1,00). Then (Jo,dt?*; R)
is a singular manifold with & -end.
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Proof. First, by [5, Lemma 5.2], (Jo,dt?; R) is a singular manifold. We set

h(t) = sign(1 — \) log R(t). (5.9)
Then R(t)|h(t)| = R(t) ~ 1, on Jo, and
R(0) S (RN (0)h(1)) = [1 = MR + sign(1 ~ MR()R() ~ 17,
where I, := (0, ¢] for ¢ small enough. Then the assertion follows from the fact that
([c, 1], d?) is uniformly regular for any ¢ > 0. O

Remark 5.9. We can actually show that (Jy,dt?; R) is a singular manifold with
property J& with
1
h(t) :=sign(A — 1) /ds/R(s) € HA(Jo, dt*; R),
t

as long as R is a mild cusp characteristic. But for the sake of practical usage, we
will see in Section 5.3 below that (5.9)) benefits us more in establishing the corre-
spondence of the space eZhW;’ﬂ(M, V') with weighted Sobolev-Slobodeckii spaces.

Suppose that R € G (Jy), (B,gp) is a uniformly regular Riemannian subman-
ifold of R4~1, and (I, gr) is a compact connected Riemannian manifold without
boundary. We call (M, g) a uniformly mild T-wedge over P(R,B), if there is a
diffeomorphism f : M — W(R, B,T) such that g = f*(¢%(dt*> + gB) + gr)-

Proposition 5.10. Let A € [0,1)U(1,00). Assume that (M, g) is a uniformly mild
T-wedge over P(R, B). Then (M, g) is a singular manifold with J4 -end.

Proof. Lemma [£.5] implies that

M, g; f*(¢p(R®1p) ®1r))
is a singular manifold. We define

h(t) := sign(l — ) log R(t).

Put I. := (0,c] and M, := f~Y(P(R|;,,B) x I). It follows from Lemmas
and that for ¢ > 0 sufficiently small, (M., g) has property 4 with

[ (¢p(h®1p)®1r) € (M, g; f*(¢p (Rl ® 15) ® 11)).
([l

Remark 5.11. As before, in fact, we only need to require R to be a mild cusp
1

characteristic. Let h(t) := sign(A — 1) [ ds/R(s). Then (M, g) has property S
t

with

[ (¢p(h®1p) ®1r) € (M, g; f*(¢p(R® 1) ® 11)).
In the following examples, we always assume that (B, gp) is a compact closed C'*°-
Riemannian manifold.

Example 5.12. By the above proposition, we can easily verify that the following
manifolds enjoy property .
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(a) Suppose M is a cone, i.e., M = ([0,1] x B)/({0} x B). We equip M with
the conventional metric g = dt? + t2gp. Then (M, g;¢%h(t ® 1)) enjoys
property J4 for A € [0,1) U (1,00).

(b) Suppose M is an edge manifold, that is, (M, g; p) = (P(t, B) x R%, ¢ (dt? +
9B) + 9a;0p(t ® 1) ® 1ga). Then (M, g;p) enjoys property JG for X €
[0,1) U (1, 00).

In some references, the authors equip an edge with the metric g = dt?/t*> + gp +
gr/t?, which makes (M, g) uniformly regular. This case has been studied in depth
in [4].

Given any compact submanifold ¥ C (M, g), the distance function is a well-defined
smooth function in a collar neighborhood %% of .. The distance ball at > with
radius r is defined by

Bu(X,r) :={p € M : distm(p,X) < r}.
Proposition 5.13. Suppose that (M, g) is a singular manifold with holes. More
precisely, (M ,g) is a uniformly regular Riemannian manifold. ¥ = {1, -+ ,Xx}
is a ﬁm'zze set of disjoint m-dimensional compact manifolds with boundary such that
Y, CA. Let A€ [0,1) U (1,00). Put M := ///\U?ZlEj and

B =B 408, r)NM, j=1,--- k.
Then we can find a singularity function p satisfying

pla;.,. =: p;j = distz(-,0%;),
for some r € [0,0), where § < diam(.#) fulfils that ;s N Bjs =0 for i # j, and
p~1, elsewhere on M.

Moreover, (M, g; p) is a singular manifold with J& -ends.

Proof. By Lemma (M, g) is a singular manifold. We will show that p; :=
dist_z (-, 0%;) is a singularity function for %;, and
h; == sign(1 — A)log p; € H5(Bj,r, ; ;)

for sufficiently small . By the collar neighborhood theorem, there exists an open

neighborhood 7j . of 0%; in the closure of M in .#, i.e., M, and a diffeomorphism
f; such that

fi+ Ve = 055 x[0,8),  frgly,. = glos, + dt’,
for some € > 0. Note that p; is a well defined smooth function in ¥;. for e
sufficiently small. Let 7H0%; denote the normal bundle of %; in M. At every
point p € 93, there exists a unique v, € Tpl@Ej such that

Tpfjl/p =e; € TyR.
Then, fjfl(p, t) = expp(tp), where exp, is the exponential map at p. Therefore,
f;Pj(Pat) = tﬁj(p)a in azj X [075)7

for some f§; € C*>(0%;) and B; ~ 1px,. Because of the compactness of 9%, by
choosing ¢ small enough, we can easily show that

‘ij|g ~ 1'7/_7’.,53 ‘Apﬂ <oo, in GVJ',E'
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Here A is the Laplace-Beltrami operator with respect to the metric g defined by
A = A, :=divograd. Since %;, C ¥j. for r small enough, in view of
pjgradh; = sign(1 — X)gradp,,
and
pdiv(p?gradh;) = sign(1 — A)p; Ap; + |1 — Algradp; 2,
we immediately conclude that h; satisfies (#31) and (J432) in %, for r small
enough.

Because |Vpjlg ~ 1 in %, for r small enough, we can infer from the implicit
function theorem that

Sire :={p € M :dist 4 (p,0%;) =19} NM

is a compact submanifold for some ro € (0,7). By the tubular neighborhood the-
orem, we can easily show that (%;,,,g) and (M \ U?zlt%’jyrmg) are all manifolds
with boundary.

By [5 Corollary 4.3], (0%}, glax;,) is uniformly regular. In particular, taking j;
as a singularity function, (05, glax;; B;) can be considered as a singular manifold.
By Lemmas and we conclude that for r sufficiently small (%;.,,,9;p;) is a
singular manifold with boundary S, .

Based on the collar neighborhood theorem, we can find an open neighborhood
Uj.e C Bjr of Sjr,in M\ U?zlﬂj,ro such that there is a diffeomorphism

¢ Ue = Sjro X [0,6),  &igla,. = gls,,, +dt,
with ¢;(S;r,) = Sjr, x {0}. We choose a function £ € BC* ([0, ¢), [0,1]) such that
flioe/q =0, €y =1
® &). Similarly, we can find &; ; € BCO*® (%, [0, 1]) such that
=0.

Put &0 := ¢7(1s;

fj,j|¢;1(sj,rox[o,s/2]) =1, &

70

&5 (Sj,ro X[32/4,2))
We define &; € C*°(M,[0,1]) with ¢ =0,--- ,k as follows. For j =1,--- |k,

17 pe%jﬁ'oa 07 pegj,r(p
&(P) =1 & PE U, and  &(p) =< &0 PE U,
0, elsewhere, 1, elsewhere.

Put p = &1m + Z§:1 &ip;j. Then it is not hard to see that p is a singularity
function for (M, g) such that p ~1 on M\ U?zlﬁg’jm and plg

(M U§:1@j7ro, g) is a uniformly regular Riemannian manifold.

= p;j. Therefore,

7m0

Summarizing the above discussions, we have proved that (M, g;p) is a singular
manifold with & -ends. (]

From the above proof, it is easy to see that the following corollary holds.

Corollary 5.14. Suppose that (A, g) is a uniformly regular Riemannian manifold
with compact boundary. Let A € [0,1) U (1,00). Put M := .4 and

By =By0M,r)OM, j=1,-- k.
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Then there exists a singularity function p satisfying
pla, =: p; = disty (-, 0.4),

for some r >0, and
p~1, elsewhere on M.

Moreover, (M, g; p) is a singular manifold with 74 -ends.

Remark 5.15. More generally, we can take ¥ = {X;,--- ,X,} to be a finite set of
disjoint compact closed submanifolds of codimension at least 1 such that ¥; C 0.4
if ¥;N0.4 # 0. In [5, Theorem 1.6], it is shown that M := .Z \U¥_, 5} is a singular
manifold. Indeed, we can prove that this is a singular manifold with 4 -ends. The
proof is quite similar to that for Proposition but more technical. To keep this
article at a reasonable length, we will not present a proof herein.

Remark 5.16. In Proposition we can also allow 3 = {py,-- -, pr} to be a finite
set of discrete points in .#. Then

(M, g; p) := (M \ UI_,B 4 (pi, ), g5 p)

is still a singular manifold. Here p is defined in the same way as in Proposition[5.13]

An estimate for Ap; can be obtained from the fact that for r sufficiently small
m—1
Ap;(p) = —— +O(p;(p)), in Bj,.
J( pj (p) J )) J

See 11}, formulas (1.134), (1,159)]. Taking h; = log p;, we have
p?div(p?f’\gradhj) =pjQAp; + (1 — )\)|gradpj\3 =m— A+ O(p?),
since |gradp;|, = 1. We immediately have
sign(m — A)h; € H3(Bj,r, 9: p)
for sufficiently small r and A > 0 with A # m.
Therefore, (M, g; p) is indeed a singular manifold with J4 -ends.

5.3. L,-theory on singular manifolds with /% -ends.

Theorem 5.17. Suppose that (M, g; p) is a singular manifold with 4 -ends. Let
XN €R, p and X satisfy (3.5). Furthermore, assume that the differential operator

Au := —div(p**gradu) + C(Vu, a1) + agu

is (p, A)-regular. Then, for any constant z = a + ib and M satisfying (H2) and
(H3) on all the 4 -ends G; withi=1,--- ,n, we have

A€ H(eWEN MM, V), e LY (M, V).
Proof. Without loss of generality, we may assume that 9oG; # 0 for i = 1,--- ,n.
It is not hard to see that JyG; is a component of 0G;.

(i) Based on the collar neighborhood theorem, we can find an open neighborhood
U; of 9yG; in G; such that there is a diffeomorphism

(rbi : UZ - aOC;’L X [Oa 1)7 (b;kg U, = g|60G7’, + dt27




SINGULAR PARABOLIC EQUATIONS ON SINGULAR MANIFOLDS 33

with ¢;(90G;) = 9oG; x {0}, and
pilu, ~ 1y, i=1,,n.
We choose functions &, € € BC*([0,1),]0,1]) such that
foa=1 &y =0 Eloyg=0, &y =1
Set 7,0 := ¢ (la,q, ® &) and 7,5 == ¢F(Lo,a, ® €). We define 7; € C®(M, [0,1])

with 7 =0,--- ,n as follows. Fori=1,--- n,
1, peG;\U, 1, p € Go,
Ti(p) = { Tii, pe Ui, and  7o(p) = { 70, PEU,
0, elsewhere, 0, elsewhere.
For j =0, --- ,n, we set )
T = iF;

Vi ®t

Then (7%)7_, forms a partition of unity on M, and m; € BC*°(M).

Put G := Go UJ}, U;, which is uniformly regular. Define

n
o s, o g
Wy (M V)= [ W5 (X;.V),

=0

where X; := G for j = 1,--- ,n, and Xy := Go. Tt is understood that on Xo,
the singularity function can be taken as 1x,, and thus the definition of weighted
function spaces on Xy is independent of the choice of the weight ¢. We further
introduce two maps:

o o _s,0
A WS (MV) = W (M V) s s (i),

and

o _s,0 2 s, n n

AW (M V) 5 WP (MV) s () > Y mju
=0

By Proposition 2.2] we immediately conclude that A is a retraction from the space
W;’ﬂ(M, V) to W5 (M, V) with A¢ as a coretraction.

(ii) We show that there exists some h € C?(M) such that h; := h|g, € JA(G:,g;p:)
with uniform parameters (¢, M) for i = 1,--- ,n, and ho := h|g, € BC*(Gy).

Since G; has property 4, we can find h; € J4(G;, g; p;) with uniform parameters
(¢, M) on all sA-ends G; for i = 1,--- ,n. Note that for u € C%(M), it follows from
[, formula A.9] and (2.9) that

|Au| = |CZf{ Vgradu| = |Vgradul, = lgrad®ul, = |V2ul,.
Therefore, (#41) and (J42) actually imply that h; € BC?°(G;).

Since 9pG; is a compact submanifold of M, by the tubular neighborhood theorem,
we can find an closed neighborhood U; of 9yG; in M such that U; N G; = 0 for
j # 0,14, and there is a diffeomorphism

¢i - Ui = 00Gi x [-1,1], digly, = glaya, + di*,
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with the convention ¢; : U; N G; — 9oG; X [0,1), and
pi|U¢ ~1lg, i=1,-,n
By a similar construction as in Step (i), we can find ¢, € € BC*®([-1,1],[0,1]) with
or—yg =1, Eiay =05 o1/ =0, &1y =1
Set &0 = ¢ (1g,c, @ E) and & := ¢ (1a,q, @ €). Then we define

&isis on Uj; &i05 on Uj;
& =<1, on G; \ U;; and & :=1<0, on G; \ U
0, elsewhere, 1, elsewhere.

The compactness of 9yG; and [5], Corollary 4.3] imply that 80G is uniformly regular.
Therefore, we find for JyG; a uniformly regular atlas Ql (O,m, Pri)res;, and a
localization system (7. ;)xeg;. We set

Oni = &7 '(Oi x [-1,1]),  ¢pi = (¢r.is1d) 0 &,
and m, ; 1= ¢~>;‘ (7t @ 1—1,17). Then (77 Z)Keﬁl forms a partition of unity on U;.
Let v, = [¢r,i] . We define
R§ : BC*(M;) = BC*(U),  ur (¢} ;(m,itt)) e,
and

Ri: BC*(U) = BC*(M;),  (up)nes, = 3 k(e itn).
KER;

Here BC*(U) := ], .4, BC*(U,) and

U R x [-1,1],  if M; =Uy;
T R™ % (0,1, itM; =U; NG;.

Then alike to Proposition we can show that R; is a retraction from BC*(U)
to BC*(M,;) with R¢ as a coretraction.

By a well-known extension theorem, there exists a universal extension operator
€ c L(BC*R™ x[0,1]), BC*(R™™! x [~1,1])).
Set & € L(BC*(R™ ! x [0,1]), BC*(R™! x [~1,1])) and
€ =R;,0€0R;, i=1,---,n
Note that (G; U Ui, g;p p) is a singular manifold. Then
¢ € L(BCHO(@y), BCH (G, UTy)), i=1,---,n, keNg.

Here we adopt the convention that &;u(p) = u(p) for any point p € G; \ U;. Put
h; := &;h;. We thus have h; € BC*°(G; UU;). Now we define

h=¢&lm+ Zfzilz

i=1

Then h € C%(M) satisfies the desired properties.
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(iii) One can verify that for j = 0,--- ,n and any v € D(M, V)
Tj Ao =Ap(mjv) + 20° "2 C(Vo, gradr;)
+ [div(p**gradm;) — C(Vrj, a1) + 22p>*C(Vr;, gradh)]v

=: .Ah(ﬂ'j’l)) + Bj’U, (510)
where the operator Ay, is defined in ((5.2). Note that P|uy=0supp(\vw]|g) ~ 1, and
thus

gradr; € BC*?(M, TM)

for any ¥ € R. Based on these observations and Propositions and [2]
Corollaries 7.2, 12.2], we infer that

By € LB MAMV). LY (X, V), j=0,m. (5.11)
Set Ap, := An|x,. (5.5) and [4, Theorem 5.2] yield

Ahj eH(WQX_A(XJ'vV)vL%\,(X]'7V))7 .]:Oa y 1.
Put Aj, := (Ap,)7—, and

B =W2" T MY, By =LY (M, V).

Then there exist some ¢ € [7/2,7), wo > 0 and £ > 0 such that Sp := wo + Xy C
p(—Ap) and
M1+ AR Hlezomy € k=01, pe S
Put
B = (B))l_y € LBy (M, V), Ey).
From Definition 7 it is not hard to show that
o 1\ —)\/2

B, (M, V) = (E1, Eo)1/2,2-
Then by (5.11)), we have
BA e £(BY TV MV, By).

Combining with interpolation theory, we infer that for every ¢ > 0 there exists
some positive constant C(e) such that for all u = (u;)7_, € Ei

[BAu|| 5, < elulle, + C(e)]lulle,
Given any u € Ey and p € Sp,
IBA(u+ An) "l gy <ell(p + An) " ull, + C@)l(n+ An) " ullg,
Cle)

<E(e+ ] )z,

Hence we can find some w; > wy such that for all p € S1 :=w; + Xy
IBA(k A+ An) ™l ez < 1/2,
which implies that S; C p(—Aj — BA) and
T+ BAG+ A) ™) g < 2
Now one can easily verify that
" F (i + An + BA) g, py <26, k=0,1, pe S
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(iv) shows that
A¢(u+ Ap)u = (u+ Ap) AU + BAA“u = (pn+ Aj, + BA)ACu.
For any p € S, this yields
A(p+Ap+BA) T A (u+Ap) = AMp+Ap+BA) " (u+ Ay +BA)AC = id 20
This proves the injectivity of u + A for p € S;.

M, V)

(v) On the other hand, one can also view B; as an operator from é;’AI_A/Q (X5, V)
to L' (M, V). Then
SN —)/2 '
B € L(B,Y TVX;V). L (M, V).
Let Bu := 37, Bju; for u = (u;)?_,. Following an analogous argument as in (iii),

we infer that there exists some wy > wy such that S := wy + Xy C p(—Ap + A°B)
and

W 5+ Ap = AB) Hl oimy e <26, k=0,1, pé€ So. (5.12)
We further have
(- Ap) A+ A = A°B) A = A(ut A —AB) (ut+ Ap —AB) A = id v 4y 1)-
Thus, p + A is surjective for u € Sa. Moreover, together with (5.12)), we have
1—k —1 / _
|l/6‘ H(,M + .Ah) Hﬁ(Lé"(M,VLVV;ICA/*A(M,V)) <&, k=01, puess

for some £’ > 0. Now the asserted statement follows from the well-known semigroup
theory and a similar argument to the proof for Theorem [5.2 [

The following theorem is the main result of this paper.
Theorem 5.18. Suppose that (M, g; p) is a singular manifold satisfying p < 1,
Vplg~ 1, Al < 00
on M, :={p € M: p(p) < r} for somer € (0,1]. Moreover, assume that the set
Sre :={pEM:p(p)=r0}
is compact for ro € (0,7). Let N € R, and A € [0,1) U (1,00).
(a) Then (M, g;p) is a singular manifold with J4 -ends.
(b) Furthermore, assume that the differential operator
Au = —div(p* *gradu) + C(Vu, a;) + aou
is (p, A)-regular. Then
A€ HWENNM, V), LY (M, V), 1<p<oc.
Here V.=C ifp#2, or V=V witho,7 € Ny if p=2.

Proof. (i) For M > 0, we set
h(p) = Msign(l — A\) log p(p), p€ M. (5.13)
A direct computation shows that

pgradh = Msign(1 — \)gradp,
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and
prdiv(r? Agradh) = Msign(1 — X\)pAp + M|1 — )\||gradp|3.
Together with (S3) and (S4), one can then easily show that h € BC*°(M), and
h e A5(Mnr, ;) (5.14)

with parameters (¢, M) for some r; < r sufficiently small.

By the implicit function function theorem, .S, is a compact submanifold. Then the
assertion that (M, g; p) is a singular manifold with S -ends is simply a consequence
of the tubular neighborhood theorem.

(ii) The retraction-coretraction system defined in the proof for Theorem allows
us to decompose the problem into generation of analytic semigroup on every J¢3-
end, and then to glue the complete operator together by the perturbation argument
used therein.

We thus can reduce the assumptions on the manifold (M, g;p) to only assuming
(M, g; p) to be a singular manifold with property 4, and property 7 if X # 0.
Moreover,

both with parameter (¢, M).

The reason to include the extra assumption that (M, g; p) has property 74 will be
self-explanatory in Step (v) below, while we determine the domain of the L;‘/(M)—
realization of the operator A.

(iii) Take h as in (5.13)) and z = a + ib, M satisfying (H2) and (H3) in Section 5.1.
In Theorem [5.17, we have shown that

A€ H(eEWENNM, V), e L) (M, V).

We have e*h = poign(1=N)zM _ sign(1-N)aM psign(1-\bMi By and Proposi-
tion [2.5] we infer that

Vlogp € BCYO(M, T* M),
which implies

Vpsisn=NeMi _ gion (1 — A\)bMipsen(l-NMig o0 p € BCYO(M, T* M).

Combining with |p¥e(1=NMi| = ] e thus have

piEn(1=AbMi ¢ B20(\).
By Propositions and the fact that e*e=*" = e=*he*h = 1y, we infer that

e € Lis(WV(M, V), WettsienQ-DaM(m y)) - 1 <p<oo, 0<s<2
A similar argument to Theorem [5.2] yields
Ac H(Wg,,\u,wsign(xq)azw(M, V),Lg%sign(xq)aM(M, V).

Since ) is arbitrary and sign(A — 1)aM € (—1/2¢3,1/2¢?), it implies that

AeHWEN M, V), LY (M, V), XN eR.
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(iv) Now we look at the general case 1 < p < oo and suppose that V = C. Recall
that the adjoint, A*(¥), of A with respect to Lg/z(M) is
A*(0)u = —div(p® Pgradu) — C(Vu, 20p> *gradlog p + a;) + b(¥, @)u,
where with @ = (@, a1, a¢) and
b(¥, @) := ag — div(9p* *gradlog p + a1) — 9(Ip* *gradlog p + a;|gradlog p),.

To simplify our usage of notation in the following computations, we first focus on
the case A > 1. The remaining case follows easily by symmetry. Recall that when
A > 1, we can set

h(p) = —Mlogp(p), peM, M >0.
Let A;(0) := e *h o A*(9) o e*". Since A*(¥)is (p, A)-regular and (p, \)-singular
elliptic, by choosing z = z(¥) = a + ib and M = M(¥) satisfying (H2) and (H3),
we have
A (9) € H(W3 M), Lo (M) N Lis(W3 (M), Lo (M)
We have thus established
A () € HW MR (M), LEY (M) 0 Lis(W5 2 (M), LM (M),
and the semigroup {e "4 (")},5, is contractive. Note that
aM € (—=1/2¢%,0) C (—1,0)

only depends on ¢. Henceforth, we always take o := aM = —1/4¢3.

For the adjoint, A(9;2«), of A*(J) with respect to L§(M), we can show similarly
that
A(#;2) € H(W5 (M), L (M)) N Lis(W5" 7 (M), L (M)),

and {e A2}, is contractive. Let Ay, (¥9;2a) = e~*" o A(9;2a) o e*.
The L.-contractivity of {e™*4n},5q, {e 4 ("},5 and {e 47200}, can be
built up by a similar argument to Section 3.2. It yields for any v € L§(M)N L% (M)

He—tAuHLgc _ He—tAezhe—zh
= ||eZhe_tA"e_ZhuHLgo (5.15)
<lem e . < el < ullze.

(5-15) follows from A, = e *" 0 Ao e*" and

—zh —tA _zh, __ _—zh 1: ﬁ ﬁ —11n zh
e e ey =e nlgrxgo[t(t+A) "e*"v

U||Lgo

:nli_)néoe—zhezh[%e—zh(%+A)—lezh]nv

_ nh_g}o[%(% 4 e—zh O.AOBZh)_l]nU
A -ln, _ —tAp

77;1520[75( +Ap) "u=e v.

A similar argument applies to {e_tA*(ﬂ)}tZO and {e_tAw?Qo‘)}tZO as well. Thus we
have established the L2 -contractivity of the semigroups {e *};>0, {e 74 ("},5,
and {e tAW20)Y, .
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Now we make use of the duality argument in Step (ii) of the proof for Theorem
again. For any u € LY~ *(M) N LY~=%(M) and v € L§(M) N L% (M), it holds
[(e™ A 0lu)g,0/0] = [(vle™ ™ ua /2] = [{p"v]e™ ™ u)a 0|
<Nl e ullz,
< ol o .-
Taking ¥ = ) + «, the above inequality proves that {e *A},5 is indeed L{"—
contractive. Applying this duality argument to {e~ 4" (9)},50 and {e tAW2)}, 4

repeatedly with respect to (:|-)2,, we can then obtain the L{-contractivity of these
two semigroups. Adopting the duality argument once more, we have

[(e™ A olu)a,g 2] < lloll po-ellulzg-
Hence, by Lemma {e’“‘}tzo is indeed L/—Contractive forall 1 <p < oco. After
carefully following the proof for Theorem one can show that {e*4},5¢ can

be extended to a contractive strongly continuous analytic semigroup on L;‘/(I\/I) for
1<p<oo.

(v) To determine the domain of the realization of A on L;‘l(M), we look at the
operator

Bu = —div(p*a - gradu) + C(Vu, prar) + pragu + \C(Vu, p*a - grad log p).

We have computed in Section 3.1 that A = p~*%B. Since in Step (ii), we assume that
(M, g; p) has property 5%, following an analogous discussion to Step (iii)-(iv), we
can show that —8B,, := —8B —w generates a contractive strongly continuous analytic
semigroup on L;‘/_A(M) with domain D(B,,) for 1 < p < oo and any w > 0. In
particular, D(B8,,) is independent of w. On the other hand, by [4, Theorem 5.2],
for w sufficiently large and M € R, 1 < p < oo

B, € HIW2NNM), LY = (M)) N Lis(W2Y M), LY~ (M)).
Therefore, we indeed have D(%B) = W, ~*(M) and
B € H(W2NA(M), LY ~AM)) N Lis(W2XA(M), LY =N (M)).
Now it follows from a similar argument to the proof for Theorem that
A€ HW2NNM), LY (M) N Lis(W2A"AM), LY (M), N €R, 1<p<oc.
O

We say u,v € RM are C*-equivalent, which is denoted by u ~y, v, if
u~wv, Vil ~ |V, i=1,--k
Definition 5.19. An m-dimensional singular manifold (M, g;p) is called a sin-

gular manifold with holes and uniformly mild wedge ends if it fulfils the following
conditions.

(i) (A, g) is an m-dimensional uniformly reqular Riemannian manifold, and
¥ ={%1, -, Xk} is a finite set of disjoint m-dimensional compact mani-
folds with boundary such that ¥; C . Put Gy := M \ U?Zlﬂj and

e@j,r ::E%(azj,T)QGo, j:l,’k
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Furthermore, the singularity function p satisfies
P ~2 dlSt//[(, GZJ) m '@j,r (516)
for some r € (0,8), where § < diam(#) and B; 5N\ Bjs =0 fori # j, and
p~1, elsewhere on Gy.
(ii) G ={G1, -+, G} is a finite set of disjoint m-dimensional uniformly mild

wedges. More precisely, there is a diffeomorphism f; : G; — W(R;, B;,T';)
with R; € €y (Jo). Let I := (0,r] and

G = f7 N op(I x By) xTy), i=1,---,n.
Moreover, the singularity function p satisfies
p~2 [ (@p(Ril, ®1p,) @1r,) in Y, (5.17)
for some r € (0,1], and

p~1, elsewhere on G;.

(iii) {Go} UG forms a covering for M. 0qG; := Go N G; C Gy N IG;.

One can easily see that (5.16|) and (5.17)) imply that
|Ap| < oo in B;, and ¥ . (5.18)

The following corollary does not directly stem from Theorems and But
using the ideas in their proofs, we can prove this corollary without difficulty.

Corollary 5.20. Suppose that (M, g; p) is a singular manifold with holes and uni-
formly mild wedge ends. Let X' € R, and A € [0,1) U (1,00). Furthermore, assume
that the differential operator

Au = —div(p* *gradu) + C(Vu, a1) + agu
is (p, \)-regular. Then
A€ HW2NAM,V), LY (M, V), 1<p<oc.
Here V=Cifp#2, orV=V? witho, 7 €Ny if p=2.

Proof. It S; , := {p € G; : p(p) = r} is compact for small r and all i = 1,--- ,n,
then by Theorem the asserted result will be true. However, in general, S;
might not be compact. Nevertheless, looking into the proofs for Theorem and
Theorem the compactness of S, , will only be responsible for Step (i) and (ii)
in the proof for Theorem [5.1

Firstly, we take h := sign(1 — ) log p. Then h € C?(M) satisfies
h € H(Bj.r,g;p) and h € H(Gir, g;p)

with parameters (¢, 1) for some r > 0, following from (5.18)) and a similar argument
to the proofs for Propositions and Furthermore,

k n
he BC*M\ (| %5 U J%.).

j=1 i=1
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Thus the properties of h listed in Step (ii) of the proof for Theorem are all
satisfied.

Next, we prove the existence of the retraction-coretraction system defined in Step (i)
of the proof for Theorem For any r € (0, 1), picking (ro,r] with rg > 0, we
can construct a collar neighborhood of S;, on G; by

Ui = f;l(¢;,1(Bz X (To,T]) X Fz)
Moreover, we choose &, & € BC*((rg,r], [0, 1]) such that
Elirtrn g =1, &y, rrora) =0 §|(m,b;l] =1, £|[3TQ 4 =0

Now we can define 7; 0 := f7(¢5(1p, ®€)®@1r,), and 7, := f(¢5(1p, Q€)@ 1r,).
The rest of the proof just follows from a similar argument to Step (i) of the proof
for Theorem .17 (Il

Remark 5.21. In view of Remarks [5.15] and [5.16] the assertion in Corollary
remains true if we replace the condition of singular manifolds with holes by remov-
ing a finite set of disjoint compact submanifolds {¥;, -+, Xk} or discrete points
{p1,"* , px} from a uniformly regular Riemannian manifold (A, g). Here X; C O.#
if S NOM+0, orp; € M.

Remark 5.22. From our proofs in Section 3 and 5, it is a simple matter to check
that we do not require the singular manifold (M, g; p) to enjoy smoothness up to
C°. Indeed, in order to prove all the results in Section 3 and 5, it suffices to require
(M, g; p) to be a C%-singular manifold.

6. Applications
6.1. The Laplace-Beltrami operator. Suppose that (M, g; p) is a singular man-
ifold.
Recall that the Laplace-Beltrami operator with respect to g is defined by
A=A, :=divograd.
One readily checks that A is (p, A)-regular and (p, A)-singular elliptic with C5 = 1,
A=2.
Given any Banach space X, s € (0,1), and any perfect interval J, we denote by
C*(J, X)
the set of all u € C(J, X) such that u is Holder continuous of order s.

Let My := (0,T] x M, and Mg := {0} x M. Then Theorem Corollary and
[T, Theorem I1.1.2.1] imply the following existence and uniqueness theorem for the
heat equation.

Theorem 6.1. Suppose that either (M, g; p) is a singular manifold with holes and
uniformly mild wedge ends, or (M, g; p) satisfies the conditions in Theorem ,
Let N € R and J =[0,T). Then for any

(f,u0) € C(J; LY (M) x L' (M),
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with some s € (0,1), the boundary value problem
u—Au=f on My
u=0 on IMp (6.1)
u=1uy on My
has a unique solution

we C (I {0};L;‘/(M)) NC*(J\ {0} Vi/;‘/_Q(M))~

In the case of La-spaces, making use of [35, Theorem 1.6], we have the following
corollary.

Corollary 6.2. Under the conditions in Theorem[6.1], let V =V be a tensor field
on M and 1 <p < oo. Then for any
(f.w0) € Ly([0.T): Ly (M, V) x By /(M. V),
the boundary value problem has a unique solution
w€ Ly([0.TE W5 2(M.V)) x W) (0, 7): LY (M, V).

Remark 6.3. A similar result can also be formulated for the wave equation on
singular manifolds with holes and uniformly mild wedge ends, or singular manifolds
satisfying the conditions in Theorem We refer the reader to [34] for the
corresponding semigroup theory for hyperbolic equations.

6.2. Degenerate and singular equations on domains. Suppose that 2 C R™
is a smooth domain with compact boundary.

For r small enough, 02 admits an r-tubular neighborhood, which we denote by T,..

Here r depends on the uniform exterior and interior ball condition of 0. Let
doq(x) := dist(z,0Q), =z €,

i.e., the distance function to the boundary. We define d : Q@ — RT by

d = dyn inQNT,,

. otherwise.  (6.2)
d~1 in Q\ T,

d =dgq if Q is bounded, or {

It follows from [5, formula (3.3), Corollary 4.5] that Q is a uniformly regular Rie-

mannian manifold. Then by Remarks [5.15] [5.21] and Corollary [5.14] (€2, gin;d) is

a singular manifold with s-ends for A € [0,1) U (1,00). The weighted Sobolev-

Slobodeckii spaces and Holder spaces can thus be defined as in Section 2.2, which

is denoted by §?(Q, X) for any finite dimensional Banach space X.
Let J = [0,T]. We cousider the following initial value problem.

u+Au=f on Qr;
{t g (6.3)
u=1ug on .

Here
Au = —alAu + a1 - Vu + agu,
and the coefficients (a, a1, ag) satisfy for some s € (0,1) and A € [0,1) U (1, 00)

ay € C*(J; BCOMNQ, ToR™)), ag € C*(J; LA, (Q)); (6.4)
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and if A =2
a€ C°(J;Ry); (6.5)
or if A #£2
a € C*(J,BC?**2(Q)), for every teJ, a(t)™> ~sd. (6.6)
Observe that can be equivalently stated as
d*ta; € C5(J; BO(Q,R™)), d*ag € C*(J; Loo()).

By (6.5 and , we can verify that when \ # 2, (£, gn; aﬁ) is a C2-singular
manifold with 54 -ends. When A = 2, we take the singular manifold to be (2, gy, d).
In both cases, the conditions in Theorem [5.18| are satisfied.

Now we conclude from [I, Theorem II.1.2.1] that

Theorem 6.4. Suppose that Q C R™ is a smooth domain with compact boundary.
Let s € (0,1), A € [0,1) U (1,00), N € Rand 1 < p < oo. Assume that the
coefficients (a,a1,ag) of the differential operator

Au = —aAu+aq - Vu + agu
satisfy —. Then given any
(f,u0) € C°(J: L () x L (),
the initial value problem has a unique solution
ue G (IN{0} L) (2)) N C* (T \ {0} W, ().

Remark 6.5. Based on , we can readily observe that the principle symbol of A
satisfies

a(t)g]* ~ d* g A #£2.

Therefore, (6.3) can either be a degenerate boundary value problem or be a bound-
ary blow-up problem. This supplements the results in [I8] [40, 42] with weak de-
generation case, i.e., A € (0,2), and boundary singularity case, i.e., A > 2.

6.3. Generalized Heston operator. Let 2 = R x R;. One can readily check
that

(M, g5 p) == (2, 9239), g2 = da® + dy?,
is a singular manifold with uniformly mild wedge end.
Let J :=[0,T]. Consider the following initial value problem.
u+Au=f on Qp
{ u(0) =uyp on .
Here with o <2 and z = (z,y)
A(t, 2)u(t, z)
c=—0;(y*a0u(t, 2)) + y* T (t, 2)05ult, 2) + y*2e(t, 2)ult, 2),

where b (L, 2) == b)(t,2) + yb)(t, 2), and c(t,z) := co(t, 2) + yei (t, z) + y2ea(t, 2).
We impose the following assumptions on the coefficients.
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(GH1)

¥ 1 /1 oo
gy —
(a)—2<g 2), o >0, 1<po<1,

(GH2) b/, ¢; € C%(J; Loo(RQ)) for some s € (0,1).
This problem corresponds to the case A = 2 — « in (3.1)).

While o = 1, bg = const, ¢g = 0, ¢1,co = const, A is called the Heston operator.
(6.7) generalizes the Heston model in the following sense. It does not only exhibit
degeneracy along the boundary, but boundary singularities may also appear. When
a > 0, the diffusion term is degenerate. Whereas o < 0 corresponds to the situation
that boundary singularities show for the highest order term.

The Heston operator has been studied in [I4] [I5] [16] and the references therein.
In this subsection, we focus on the case o # 1. The study of this kind of problem
is new since the Schauder approach in the aforementioned articles relies on the
particular choice the degeneracy factor y.

One can check by direct computations that after a change of spatial variables and
rescaling of the temporal variable. Equation (6.7)) can be transformed into

w+Au=f on Qp
{ u(0) =uyp on .
Here
At 2)u(t, 2) i= — D" Opult, 2)) + 52 (B¢, 2) + ybl (1, 2) Oy, 2)
+ Y22 (éo(t, 2) + yér(t, o) + y2éa(t, 2))ult, 2),
where b, ¢; € C(J; Loo(Q)). By Corollary

Theorem 6.6. Suppose that Q@ = R x Ry. Let s € (0,1), @ € (—o0,1) U (1,2],
N eR and 1 < p < oo. Assume that (GH1) and (GH2) are satisfied. Then given
any

(f,u0) € C*(J: Ly () x Ly (),
the equation has a unique solution

we ORI\ {0} L) (2)) N CH(T\ {0} W T2 2(Q)).
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