Chapter 6

Kinematics of the Particle Flux

6.1 Preamble

Herein we examine essential kinematic elements of the sediment particle flux, with relevance to both
hillslope and river systems. In stark contrast to descriptions of transport under ordinary continuum
conditions, descriptions of the particle flux and its divergence under rarefied conditions must explicitly
refer to the spatial and temporal resolutions involved. This is essential, as definitions of the flux and
its divergence are inextricably conditioned on the lengths and time intervals used in averaging. This
topic therefore serves as the starting point of this chapter.

We then turn to definitions of the particle flux, focusing on the activity form and the entrainment
form of these definitions. Because these definitions are centered on the movement of particles through
a control surface, they are immediately adaptable to descriptions of the Exner equation involving the
divergence of the flux. Here we provide a preview of the idea that the particle flux involves both
advective and diffusive parts, and the importance of distinguishing between probabilistically expected
conditions versus what occurs in any realization due to the relatively small numbers of particles involved
in rarefied transport.

We then examine implications and consequences of time averaging. This is focused on measurements
of time series of sediment transport, and how the measurement interval At influences our understanding
and interpretation of the particle flux. This notably includes how averaging over At influences the
rate of convergence of estimates of the flux to the expected value and the related observation that the
variance of the flux systematically varies with the sampling interval, with decided practical implications.
Our descriptions of counting processes covered in Chapter 4 have a central role in this topic.

We end the chapter by examining the concepts of local transport versus nonlocal transport. We
clarify the physical versus the mathematical interpretations of these concepts, and why all sediment
transport is nonlocal when viewed from a physical perspective at the scale of particle motions.

6.2 Resolution

6.2.1 Temporal Resolution

Regarding notation, in what follows we choose initial conditions at time ¢ = 0 such that the time ¢ and
the time interval At usually are interchangeable. For example, if N(¢) denotes a number of particles
accumulated at time ¢ with N(0) = 0 then likewise N(At) might denote this number occurring during
the interval At such that N(t) = N(At). However, At also is intended to represent an interval of time
without reference to an initial time, notably an averaging interval. We use t = T to denote a total
time, for example, the duration of an experiment.
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Consider a cloud of particles moving through a surface A that is oriented normal to the z axis
(Figure 6.1). The particles may cross A in both the positive and negative directions. Let us associate

Figure 6.1: Definition diagram showing particles moving through a control surface A with velocity
components v, parallel to x.

the coordinate position of a particle with its center of mass, a point. Then let I(t; A) = {sgn[v,(¢;)]0(t;)}
with ¢ = 1,2,3,... denote a time series of crossing events, where §(¢;) denotes an integrable Dirac
impulse defined at the instant that a particle point crosses the surface A and v, (¢;) denotes the
associated particle velocity component parallel to z. Here the use of sgn[vy(¢;)] is merely to allow for
crossings in the positive and negative directions. The appearance of A after the semicolon reminds us
that the time series is specific to the area A, a point that we elaborate below.!

Whether viewed at the atomistic scale of a continuum fluid or at the sediment particle scale, the
cumulative number of indistinguishable particles crossing A during an interval (0, ] is

N(t;A) = /Otl(t’;A) dt’. (6.1)

The number N(¢; A) is a discontinuous stepped function whose local derivative with respect to time
is either zero or undefined. More generally, the cumulative number of particles crossing A during an
interval (t,t+ At] is

t+At
N(At; A) = / I(t'; A)dt. (6.2)
t
The particle number flux associated with this interval is then defined as

N(At; A)

. (6.3)
In the specific case of two-dimensional transport over a surface, as with rain splash and bed load
transport, the vertically integrated number flux parallel to x is

1 t+At
Inz(At; Ay) = AyAL /t I(t'; Ay)dt’, (6.4)

'K. Pierce (personal communication, 2023) points out that one can alternatively write I(¢; A) in terms of a sum over
all particles and possible starting positions using sgn[vg(7;)]0(t —7;), where 7; denotes the crossing time of the ith particle.
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and the number flux parallel to y is

t+At
(A Ax) = /t I(#: Az) dt . (6.5)
Multiplying these expressions by the particle volume V}, gives the particle volumetric flux components
¢z (At) = Vogna and g, (At) = V,gny. In these definitions of the volumetric flux the temporal resolution
is no shorter than Tp ~ D/(v;) and Tp ~ D/(v,), where (v,) and (v,) are ensemble averaged particle
velocities defined for the specific process and series I (see below). These are the typical times required
for a particle with diameter D to cross A, Ay or Ax. These definitions of the flux are effectively the
same as those examined by Pierce et al. (2022) and used by Ma et al. (2014), Ancey and Pascal (2020)
and Li et al. (2023).

Here is a particularly important sidebar regarding notation and perceptions. Choosing (6.4) for
illustration, the flux ¢,, — a random variable — is by definition a time average of the time series I,
that is, an average over the interval At. One might therefore be tempted to emphasize this point by
writing ¢,,. However, in writing G, there is the risk of misinterpreting this as implying that g¢,, is
defined as an instantaneous quantity in the sense of a time-continuous function, such that g, denotes
its time average. But in fact g, cannot be interpreted as an instantaneous quantity in this manner.
It is equal to zero in the limit of At — 0. When we denote the flux as ¢, this by definition involves a
time average of the time series I. If one wishes to emphasize the time averaging, then we can do this
by writing gn.(At; Ay)Ay = I(t; Ay), where now the overline represents the integration and division
by At in (6.4). Below we show how the flux gy, is related to the idea of a moving average.

The definitions above are generic, without reference to the specific stochastic structure of the
time series I. There are numerous possibilities. For example, with sgn[v,(¢;)] = 1 for all ¢;, then
I might be a Poisson process or a mixture of Poisson processes. For example, we show in Chapter
12 that the crossings of the largest particles in a gravel mixture transported as bed load are well
approximated by a Poisson process, whereas the series I for smaller particles exhibit overdispersion
reflecting unsteady conditions and varying forms of intermittency. The stochastic formulation of bed
load transport by Ancey et al. (2008) treats entrainment and deposition within a control volume as
Markov birth—death processes whence effects of collective entrainment (Ancey et al., 2008; Lee and
Jerolmack, 2018) lead to a description of the particle flux as a Cox process (Ma et al., 2014), essentially
an inhomogeneous Poisson process in which the Poisson rate is itself a stochastic process. The time
series I might be a Lévy process consisting of the difference of two Poisson processes or compound
Poisson processes. For example, we show in Chapter 11 that the particle flux due to rain splash is
a Lévy process consisting of opposing (downslope and upslope) compound Poisson processes. And, if
crossing events are reinterpreted as raindrop impacts leading to rain splash transport, then the time
series [ is a Poisson process and the number of particles entrained by impacts is a compound Poisson
process. Similarly, if crossing events are reinterpreted as bed load particle entrainment events, then in
the simplest case the time series I may be treated as a Poisson process (Einstein, 1950). We add details
regarding the stochastic structure of I as needed in later sections with reference to related work (e.g.
Einstein, 1950; Uijlenhoet et al., 1999; Smith et al., 2009; Heyman et al., 2013; Ancey and Heyman,
2014; Ma et al., 2014; Pierce et al., 2022). Meanwhile, because of its simplicity and intuitive clarity,
here we follow Ancey and Pascal (2020) and Furbish and Doane (2021) and appeal to a homogeneous
Poisson process to illustrate key points related to temporal resolution.

With sgnfv, (t;)] = 1 for all ¢;, consider a set of realizations of the number N (¢) and the flux gn, (At)
generated from a Poisson process with fixed intensity A (Figure 6.2). In this example the number N (t)
at time ¢ is described by a Poisson distribution with expected value E[N (t)] = (N (t)) = A\t and variance
Var[N(t)] = At. That is, the variance increases linearly and thus indefinitely with time. The standard
deviation of the flux g, (At) is \/A/At and the coefficient of variation is 1/v/AAt; thus both decay as
(At)_l/ 2. Note that the specific examples concerning rain splash and bed load transport mentioned
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Figure 6.2: Plot of (top) 50 realizations (black lines) of particle number N (¢) versus time ¢ showing
increasing variance with ¢ about expected value (yellow line) and +2 standard deviations (red lines);
and (bottom) 50 realizations (black lines) of time-averaged particle number flux g,, versus averaging
interval At showing convergence to ensemble expected value (gn.) (vellow line) with +2 standard
deviations (red lines). Plots are generated with Poisson rate A\ = (gn.)Ay = 1 s7'. Adapted from
Furbish and Doane (2021).

above, although not necessarily described as Poisson processes, nonetheless share these well-known
qualities: the variance of the number of particle crossings N (t) grows indefinitely with time ¢, and the
standard deviation and coefficient of variation of the associated flux g, (At) decay inversely with the
averaging interval as (At)_l/ 2. (This is not necessarily the case for inhomogeneous series; see Section
6.4.1.)

It is essential to appreciate that N(t), gn.(At) and gny(At) are random variables, not deterministic
quantities (e.g. Ancey, 2010; Ancey and Heyman, 2014; Ma et al., 2014; Ancey and Pascal, 2020;
Furbish and Doane, 2021; Pierce, 2021; Pierce et al., 2022). If I(¢; A), I1(t; Ay) or I(t; Az) is statistically
homogeneous (as with a homogeneous Poisson process; Figure 6.2), then strictly speaking the fluxes
in (6.3), (6.4) and (6.5) converge to ensemble expected values only in the limit of At — oo, assuming
this limit exists. For a finite interval At these expressions therefore represent estimates of the expected
values, (gnz) and (gny), with associated uncertainty, and this uncertainty decreases as At increases.
This is at the heart of item (1) in Section 1.3.2, that the law of large numbers yields convergence to
ensemble values for fluid systems but not necessarily for sediment systems. For example, as elaborated
in Appendix A, with air at ordinary temperature-pressure conditions at a resolution of A = 1076 m?
the particle flux converges rapidly to a value with negligible uncertainty within At = 107° s; this time
decreases with coarser spatial resolution. In stark contrast, with rain splash and bed load transport,
convergence of the particle flux to a value with small uncertainty may require many minutes to hours
or more depending on the spatial resolution and the intensity of particle excitation (Figures 1.1 and
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1.2). In the case of an inhomogeneous process, for example, the particle flux associated with rain
splash during unsteady rainfall, convergence generally does not occur (Chapter 11).

The fluxes given by (6.3), (6.4) and (6.5) lead to two key points. First, the temporal resolution
of the flux generally is not independent of the spatial resolution. For given transport conditions the
expected (average) rate of the impulses composing the time series I(t; Ay) or I(t; Ax) generally varies
with the lengths Ay and Az (e.g. Furbish and Doane, 2021; Williams and Furbish, 2021; also see
Section 6.3). For example, with aerially uniform, steady transport (e.g. rain splash or bed load) the
number of crossing events on average increases with the products Ayt and Axt. And if the time series
is Poisson or Poisson-like such that for all events sgn[v,(t;)] = sgnfvy(t;)] = 1 then N(t) increases
monotonically with the products Ayt and Axt. Thus, the uncertainty of the calculated average, (6.4)
and (6.5), decreases with increasing time At or increasing lengths Ay and Az, or both. In addition, we
must not imagine that the flux at a coordinate position (z,y) is obtained by taking the limits of (6.4)
and (6.5) as Ay — 0 and Az — 0. This is not intended. (Indeed, these limits are zero.) Instead, as
elaborated below, Ay and Az provide the scale of resolution analogues to a continuum physical point.

Second, such noise-driven systems can confound experimental estimates of time-averaged transport
rates (e.g. Ancey et al., 2015; Ancey and Pascal, 2020; Ancey and Recking, 2023) owing to the finite
duration of experimental measurements. We reinforce this point below (Section 6.4.1) and in Chapter
12 in relation to bed load transport of a mixture of particle sizes, where we note that (6.4) is the basis
of measurements of the bed load sediment flux at the end of an experimental flume with width Ay.
A key outcome is that we can never know the “true” underlying rate of a Poisson process (or similar
stochastic processes) based on experimental measurements, as described in Chapter 4.

Because (6.3), (6.4) and (6.5) simply involve the counting of particles that cross a coordinate
position — a counting process — these expressions represent the most basic, unambiguous definitions
of the flux possible. These expressions contain no information about particle kinematics, for example,
particle velocities, displacements or travel times, and such quantities cannot be derived from these
expressions. Yet definitions of the flux that involve such kinematic quantities must be consistent with
(6.3), (6.4) and (6.5). We elaborate this point in Section 6.3 following a brief consideration of spatial
resolution.

6.2.2 Spatial Resolution

Consider a Cartesian zyz coordinate system. The x axis is positive in the downstream or downslope
direction, the horizontal y axis is positive toward the left when looking downstream or downslope, and
the z axis is positive upward. Let z = n(x,t) denote the elevation of the streambed or land surface
at coordinate position x = (z,y) with volumetric particle concentration cp. Now, with respect to bed
load transport or transport by rain splash, for example, we are accustomed to seeing the divergence
form of the two-dimensional Exner equation written as

on(x,t)

CbT =-V- q(X, t) ) (66)

where V = i0/0z + jO/0y and the vertically integrated particle volumetric flux q = ig, + jg, with
components ¢, (x,t) and g,(x, t) parallel to z and y.? In order to make an important comparison below,
the one-dimensional version of (6.6) parallel to x is

on(z,t) 0qz(x,t)
Cp = —

5 = . (6.7)

2As described in Chapter 7, this form of the Exner equation assumes the local particle activity is steady, or that
moving particles within any control area AzAy are included in the calculation of the elevation n(x,t) (Furbish et al.,
2012a).
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In these local Eulerian expressions the streambed or land-surface elevation n and the component fluxes
¢» and g, are continuously differentiable functions with respect to position x and time ¢. Moreover, as
written the component fluxes ¢, and g, are deterministic quantities.

Momentarily setting aside our conclusions from the preceding section, the expressions (6.6) and
(6.7) have the form that we normally associate with ordinary continuum materials. If we say that
continuum conditions exist, thereby justifying the continuously differentiable forms of (6.6) and (6.7),
then we must in turn demonstrate that we are justified in treating the component fluxes ¢, (x,t) and
qy(x,t) as deterministic quantities. If we do not claim that continuum conditions exist, then we must
clarify what (6.6) and (6.7) actually represent. The local term on the left side of (6.6) and (6.7)
is essentially kinematic. The physics represented by these expressions in relation to the presence or
absence of continuum conditions is contained in the fluxes, and this is what we focus on.

In appealing to the one-dimensional expression (6.7), and momentarily focusing on bed load trans-
port, there is no reference to the transverse dimension of the problem. In practice we might claim that
the flux g, (z,t) refers to a specific transverse dimension, for example, the width Y of an experimental
flume or a river. In this situation g, (z,t) is informally width averaged. Likewise the elevation n(x,t) is
informally width averaged. Momentarily neglecting the question of functional smoothness with respect
to time, if the flux g,(z,t) is a deterministic quantity that satisfies the continuum hypothesis, then
in principle its magnitude varies smoothly with y at a scale Ay < Y consistent with the averaging
provided by a physical point (a representative elementary volume) as defined in continuum mechanics.
If, on the other hand, we concede that the flux ¢, does not vary smoothly with y, but instead is just
a width-averaged quantity, then we need to be prepared to offer a similar interpretation of the flux
qy(x,t) as used in the two-dimensional expression (6.6). Namely, if ¢,(x,t) is to be considered a flux
that is averaged with respect to a specific length Ay <Y normal to z, then what is the specific length
Az normal to y that is to be used to define the flux g,(x,t)? As Coleman and Nikora (2009) note, the
choice of these length scales bears on the interpretation of sediment attributes and transport, yet it is
unusual to see explicit attention to this matter.

The answer to the question above is not necessarily as simple as choosing a length Az = Ay <Y.
As described in the previous section, the time convergence of the flux to a value that we might view
as being a deterministic quantity fundamentally depends on the lengths Az and Ay. With reference
to item (3) in Section 1.3.2, we show in later chapters that the strongly unidirectional (anisotropic)
motions of bed load particles might require that Az > Ay to achieve comparable estimates of the
component fluxes for a specified averaging interval At, whereas the radial trajectories of particles
during rain splash lead to comparable estimates with Az ~ Ay. Moreover, if for a specified precision
and averaging interval At the defining lengths Axz and Ay approach the size of the flume width or
river width, or the size of streambed features to which we are applying (6.6) and (6.7) — for example,
ripples, dunes or bars — then (6.6) and (6.7) are in fact not local expressions of conservation as we
normally envision and apply them. Indeed, we show in later chapters why a continuum-like formulation
cannot describe effects of nonlocal transport (e.g. Doane, 2018; Doane et al., 2018, 2019; Furbish et
al., 2021a; Furbish and Doane, 2021) in approaching the scale of particle motions.

As written, (6.6) and (6.7) are therefore entirely misleading. We must in fact recast these in
terms of ensemble expected conditions that explicitly acknowledge the spatial resolution involved in
any particular problem, owing to the fact that rarefied conditions do not admit a continuum-like
description. For example, as described in later chapters one possibility is to rewrite (6.7) as

(1))

Ch ot A:L'Ay =—-Ag+Ap. (6.8)

Here the elevation (n(z,t)) is explicitly averaged over a specified area AzAy that defines the spatial
resolution of the problem. The quantity Ap [L? T~!] is the rate (a Poisson-like intensity) of deposition
within AzAy, and Ag [L? T~!] is the rate of entrainment with emigration from AxAy, where the added
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emphasis highlights that particles entrained within AxAy do not necessarily leave this area. Moreover,
these quantities must reflect the divergence implied by the right side of (6.7). To be clear, (6.8) does not
describe what occurs in any realization. Rather, this describes the probabilistically expected behavior.
Individual realizations are determined by the specific stochastic structure of the processes represented
by Ag and Ap, and such realizations involve fluctuations in the numbers of particles entering and
leaving the area AzAy giving fluctuations in the elevation n(z,t) about the expected value (n(z,t)).

6.3 Descriptions of the Flux

There are several definitions of the particle flux, notably in relation to bed load transport (e.g. Einstein,
1950; Tsujimoto, 1978; Nakagawa and Tsujimoto, 1980; Ballio et al., 2014, 2018; Ancey, 2010; Furbish
et al., 2012a, 2017a). Here we focus on two definitions that are centered on the movement of particle
motions through a control surface. The activity form is continuum-like in its conceptualization, and
the entrainment form is centered on describing particle motions over a sediment surface in relation to
entrainment and disentrainment.

6.3.1 Activity Form

Here we initially focus on the particle volumetric flux, then translate the results to the particle number
flux in relation to the definitions in Section 6.2.1.2 Recall that in Chapter 1 we introduced a precise
definition of the volumetric flux associated with a control surface A,

(1) = ;/Au-ndA, (6.9)

where u is the discontinuous particle velocity field viewed at the surface A, and n is the unit vector
normal to A. We noted that this definition is impractical, and that conventional descriptions instead
appeal to averaged quantities, the average particle velocity and number concentration, to replace the
detailed information contained in the particle velocity field u at the surface A. This strategy is central
in defining the activity form of the flux, which is continuum-like in its conceptualization.

We start with a discrete version of (6.9) to reveal details of particle shape and motion that figure
into this deterministic definition of the flux. This provides the basis for illustrating that, in appealing
to averaged particle quantities (specifically the mean particle velocity and concentration) to replace
the detailed information embodied in (6.9), the resulting description of the flux must in general involve
both advective and diffusive parts. We start with a rendering of the geometry and motion of a single
particle.

Consider a particle with diameter D [L] that is moving parallel to x through a surface A positioned
at = 0 (Figure 6.3). Let & [L] denote the position of the nose of the particle relative to x = 0, and
let V;(&) [L3] denote the volume of the particle that is to the right of x = 0 as a function of &;. The
particle volume discharge Q;(t) across A is (Appendix D)

Qi(t) = Si(&i)uai (6.10)

where S;(¢;) = 0V;/0¢; [L?] is like a hypsometric function of the particle, equal to its cross-sectional
area on the surface A at x = 0, and u,; = d¢§;/dt [L. T~!] is its velocity parallel to z.

Consider, then, a cloud of equal-sized particles which are moving with varying velocities parallel
to x toward and through a surface A of width Ay positioned at x = 0 (Figure 6.3). Let N(t) denote

3Much of the material in this section and Appendix D comes from Furbish et al. (2012a).
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Figure 6.3: Definition diagram showing cloud of particles moving with varying velocities parallel to z
toward and through a control surface A positioned at x = 0, where & denotes the distance that the
nose of the ith particle is relative to x = 0.

the number of particles intersecting A at time ¢. If & denotes the distance between the nose of the ith
particle and z = 0, then the instantaneous volumetric flux ¢, across A is

N N
(t) = Aly ;Qi(t) = Aly ;Sz‘(&)uzi~ (6.11)

This is a discrete version of (6.9), where we note that N, S; and u,; are random variables. Each of
these quantities fluctuates with time. Also note that (6.11) is vertically integrated, so we are dividing
by the length Ay rather than the area A, as is conventional in describing the flux over a surface.

We now distinguish two distributions of particle velocities. Let f,, (v;) denote the distribution
of the velocities v, of all particles in the vicinity of the surface A. This is to be considered an
ensemble distribution with mean velocity (v;) (e.g. Fathel et al., 2015). In turn let f, ,(ug) denote
the distribution of all possible velocities u,; of particles that intersect the surface A at any instant, as
in (6.11). This distribution is to be considered a “sampling” distribution in the sense that it represents
a set of particle velocities drawn from the distribution f,,(v,), coinciding with particles that intersect
A. Under certain circumstances these two distributions are the same. But this is not generally the
case.

Letting an overline denote an average over N particles, the last part of (6.11) may be written as
Gz = (1/Ay)NS;(&)ugi. For equal-sized particles, moreover, it is reasonable to assume that S; and ug;
are uncorrelated, as there is no reason to suspect that, at any instant, particles intersecting A with
large or small cross-sectional area S; are any more or less likely to possess large or small velocity ug;.

In this case,
1 = S _

4(t) = ?yNSi(gi) i = 7 Ut = Vi (6.12)
The product NS;(&;) = S [L?] is the cross-sectional area of the N particles intersecting A, and the ratio
S/Ay =~ [L™Y] is equivalent to the particle activity, the volume of active particles per unit streambed
area. Specifically, this is a local “line” averaged activity. Because Sdz is equal to the volume of active
particles within a small spatial interval dz, Sdz/dzAy = S/Ay = ~ is the volume of active particles
within the small area dzAy. Then, if it is assumed that u; is equal to the average velocity (v,) of all
particles in the cloud in the vicinity of A, that is (v;) = Ug;, one may conclude that

dx = '7<Ux> , (6.13)
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which is the definition of the flux normally assumed for quasi-steady bed and transport conditions
(e.g. Bridge and Dominic, 1984; Wiberg and Smith, 1989; Seminara et al., 2002; Parker et al., 2003;
Francalanci and Solari, 2007; Wong et al., 2007; Lajeunesse et al., 2010). However, several caveats
must accompany this assessment of averages.

First, envision a uniform cloud of equal-sized particles moving with varying velocities parallel to x
toward and through a set of surfaces A located at various positions along z. By “uniform” we mean the
following. For a specified width Ay, let n,(x,t) [L™!] denote the number of particles per unit distance
parallel to x, such that n,(z,t)dz is the number of particles whose noses are located within any small
interval dz. Then, for a sufficiently large width Ay, assume that n,(x,t) varies negligibly with x. At
any instant the number of particles N and the corresponding particle area S = NS; intersecting each
surface is the same, although the detailed configuration of S varies from surface to surface. In this
situation the sampling distribution f,,, (uz;) is the same as the ensemble distribution f,, (v;) and the
surface average Tg; is equal to the ensemble average (v,). Because the cloud is uniform, each surface
A samples at any instant the full distribution of possible velocities (for sufficiently large width Ay), in
which case ug; = (v,) for all surfaces.

In contrast, envision a cloud of particles with average velocity (v,) whose concentration n,(x,t)
at some instant decreases with increasing distance x. Now, both the number of particles N and the
particle area S = N.S; intersecting each surface decrease with increasing 2. Moreover, in this case the
surface and ensemble averages of the velocity are not equivalent, with u;; > (v,). Here is why.

Let a prime denote a deviation about an average. Then, at any instant S; = S; + S!and uy =
(vg)+ul,;. Notice that we are defining the deviation u/,; with respect to the ensemble average (v,) rather

than the surface average ug;. In turn, ¢, = (1/Ay)N (E(vx) + S;ul ;4 (v:)S] + Shu! ) Consider a
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plot of u/,, versus S; at an instant (Figure 6.4), which provides a perspective as viewed by an observer
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Figure 6.4: Plots of deviation in particle velocity ufm = uy; — (vg) versus deviation in particle cross-
sectional area S’ = S; — S; as viewed by observer moving with the average velocity (v, ) for (A) uniform
particle cloud with uTM = 0 and uy; = (v,), and (B) particle cloud where the particle activity decreases
with increasing distance z with uTM > 0 and Ug; > (vg).

moving with the average velocity (v, ), although the conclusions presented next pertain equally to an
Eulerian frame of reference. During a small interval of time d¢, some points on this plot move to the
right as the cross-sectional area S! increases for particles that are beginning to cross A, and some
points move to the left as the cross-sectional area S/ decreases for particles that have mostly crossed
A. The rate of motion of the points to the right and left is proportional to the magnitude of the
particle velocity u/,;, so motion is faster near the top and bottom and slower near the middle of the
plot. Points at u!; = 0 along the S, axis do not move during d¢. Some points vanish as particles leave
A, and new points appear as particles arrive at and initially intersect A. Points arrive at the far left
of the second and third quadrants where the small areas of intersection of arriving particles are less
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than the average intersection area, and move to the far right of the first and fourth quadrants as their
fat middles exceed the average intersection area, and then move back to the far left of the second and
third quadrants because the intersection area of their exiting tails is less than the average intersection
area.

In the case of the uniform cloud of particles described above, the number of points and their scatter
is similar across all surfaces A and on each surface over time. Thus, u;; = (v,) with EUTM = <v$>§£ =

Siu’ . = 0 (Figure 6.4), so that ¢, = (1/Ay)NS;(&) Tz = YUz = v(vz) as in (6.12) or (6.13). In
the second case where the particle activity decreases with increasing x, this situation changes. At any
instant the number of particles to the immediate left of A is greater than the number to the immediate
right of A. The likelihood that a particle to the left or right of A will intersect A during a small
interval of time d¢, for a given magnitude of the velocity u/,, increases with its proximity to A, and, for
a given proximity to A, increases with the magnitude of its velocity /. Of the particles that are at
any given distance to the left of A, the faster ones (large positive u/,;) are more likely than are slower
ones to reach A. And, of the particles that are at any given distance to the right of A, the slower ones
(large negative u!;) are more likely than are faster ones to reach A. Because of the greater number
of particles to the left of A than to the right of A, the plot of u, versus S; becomes preferentially
populated by faster moving particles and depleted of slower moving particles. The effect is to shift the

surface-averaged velocity t; upward such that uTm is finite (Figure 6.4). That is, the surface A “sees”

an average velocity Uz > (vg) where Ug; = (vg) + ufm with <Ux>§{ = Slu!, = 0 for the same particle
surface area S = N S;. In turn, the flux

Qe = AlyN (5}(%) +5; ugm> = vy (vg) + YUl , (6.14)
in which an extra term involving velocity fluctuations about the mean appears in the definition of
¢z- Note that this is equivalent to g, = ug;, as it must be according to the definition (6.12). The
counterpart to this situation occurs when the particle activity + increases with distance x, in which
case Ug; < (Ug).

Here is an Eulerian interpretation. We again envision a situation in which the number density
ng(z) varies with x, but now is steady. For a fixed area A the particle area S = NS;. If n,(z) is
uniform, then for a sufficiently large width Ay the surface A samples all possible velocities with mean
(vy) such that the distributions f,,,(uz;) and f,, (v;) are the same and g; = (v,) with u/, = 0. At
any time t the particles intersecting A started their motions at time ¢ — dt from varying positions x;
upstream from A. These distances are z; = ugdt = ((vy) + ul,;)dt. Thus, z; is large with large g,
and v, > 0, and z; is small with small uy; and u/,; < 0. In this case ¢z = Y(vy).

In contrast, if n,(z) decreases with increasing x, then the average velocity of particles intersecting
A is Uz > (vg). At any time t particles intersecting A started their motions from varying distances
x; upstream. But now, because there are more active particles upstream from A than at A, the
number of particles reaching A at time ¢ which started “far” upstream increases. That is, a greater
proportion of the N particles intersecting A at time ¢ involves faster particles than with uniform n,(x),
and a smaller proportion involves slower particles. Relative to the ensemble distribution f,, (v;), the
distribution f,_, (ug;) of velocities uy; intersecting A is skewed to faster particles. As a consequence,
Ugi > (vg) and uTm > 0. Note that this effect is not because of a change in the ensemble distribution
of velocities with mean (v,). Rather, it is a consequence of the variation in the number density n,(z)
and thus the particle activity . The distribution f,, , (us;) of velocities ug; presented to A is different
than the distribution f,, (v,) of velocities of all particles in the vicinity of A.

This effect of an activity gradient vanishes in the absence of fluctuating particle velocities (i.e. if
uTm- = 0), and, as elaborated in Chapter 7, this effect represents diffusion when particle motions are cast
in probabilistic terms. We in fact show that whereas (1/Ay)NS;{v,) = v(v,) represents advection,
the product (1/Ay)NS;u/; = yu, represents a diffusive term that looks like —0(k7)/0x, where r [L?
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T~1] is an Eulerian particle diffusivity.

A second caveat concerns the particle activity. In the development above we imagined large Ay,
and therefore large N, in order to compare the sampling distribution f, , (uy;) with the ensemble
distribution f,, (v;). But recall that with finite length Ay, N and S;, and therefore S and =, are
random variables. As described in Chapter 7, this means that we must envision the flux as an ensemble
average and write it as

(@) = (V){va) = 5 (K(M) (6.15)

where now the activity is averaged. In turn, we must envision the flux given by (6.15) as representing
an expected value. As such (q,) does not describe what occurs within any individual realization. We
examine the implications of this at several points in the book. Moreover, we show in Chapter 7 that
the definition of the flux (6.15) also emerges from a master equation that describes the time evolution
of the probability distribution of active particle positions.

A third caveat that goes with the averaging above centers on particle size. As mentioned above, for
equal-sized particles it may be assumed that .S; and wu,; are uncorrelated. When considering a mixture
of particle sizes, however, the covariance between S; and u,; cannot be neglected inasmuch as some
particle sizes preferentially move faster than other sizes. As elaborated in Chapter 12, this means that
individual sizes must be treated separately.

For a given particle volume V;, the particle number flux g,,, [L~! T~!] is obtained by dividing (6.15)
by V,. This gives

(ane) = () (o) — - (5(0)) (6.16)

where (v,,) [L2] is the averaged particle number activity. In turn, (6.16) represents the expected value
for individual realizations of the averaged time series I given by (6.4), conditioned on the length Ay
and the averaging interval At.

As noted above the activity form of the particle flux, as a product of the locally averaged particle
activity and velocity, is continuum-like in its conceptualization. Nonetheless, the form given by (6.16)
embodies a fundamentally different behavior. In a continuum fluid, frequent particle—particle collisions
maintain uniform particle number densities at the continuum scale (Chapter 1). Fluctuations in number
density at a smaller scale are short-lived. This means that particle diffusion in a fluid is not relevant and
the continuum flux is entirely advective when viewed at the Knudsen scale or larger. This mechanism
of homogenization by particle—particle collisions does not occur in rarefied sediment systems, wherein
effects embodied in the diffusive term in (6.16) must be taken into account.

6.3.2 Entrainment Form

In contrast to the activity form of the particle flux, the entrainment form is centered on the kinematics
of particle motions in relation to entrainment and disentrainment.* This form therefore highlights the
elements of the phase transitions of transport as described in Chapter 1, and it embodies the idea of
“nonlocal” transport, to mean that the flux at a position x at time ¢ may be viewed as the outcome of
conditions that influence the entrainment of particles from upstream or upslope positions 2’ < x, as well
as their travel to and arrival at z at time ¢ (Section 6.5). In the following we assume ensemble behavior,
to mean that the probability distributions describing characteristic features of particle motions (e.g.
particle velocities, hop distances, and travel times) are a signature of the transport process for given
sediment properties and external controlling factors. For simplicity we focus on particle motions in
one direction.

Let sz,Tp(Lw,Tp;x’ ,t') denote the joint ensemble distribution of particle hop distances L, and
associated travel times Tj, for particles whose motions start at position z’ at time t’. These quantities

“Much of the material in this section comes from Furbish et al. (2017a).
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generally are correlated (Roseberry et al., 2012; Fathel et al., 2015; Wu et al., 2020). We now define a
conditional probability density as
fL T, (L:m Tp; JJ/? t/)
Ly|Ty; ! 1) = =222 , 6.17
folTp( $’ P Z ) pr(Tp;l'/,t/) ( )
where fr, (Tp;',t") is the marginal distribution of fr, 7 (Ls,Tp;2',t") representing the travel times
Tp. In turn we define a conditional survival function as Ry 7, (Le|Tp; o', ') = 1 — Fp 1, (Lo Ty 27, 1),
where

Ly
FLZ\TP (Lx’TpS ', t/) = ) fLm|Tp (L;;‘Tp5 a, t/) dL; (6.18)

is a conditional cumulative distribution function, and the prime on L, denotes this as the variable of in-
tegration. We now observe that, so long as frr, (Ly|Tp; 2, t') possesses finite first and second moments
(i.e. it is not heavy tailed), the conditionally expected hop distance, L1 (Tp; 2/, t" = E(Lg|Tp; 2, t'), is
given by (Furbish and Haff, 2010; Furbish and Roering 2013)

o
Lon(Thi !t = B(La| Ty !, #') = / Ry iz, (Lol Ty 2! ) Ly (6.19)
0
and the conditionally expected second moment, Lo (Ty;2',t') = E(L2|Tp; 2/, 1), is given by
o0
Loa(Tp; 2, ¢') = B(L2|Ty; o', t') = 2/ LoRp 7, (La| Ty 2 ') dL, (6.20)
0

These definitions become useful below.

Let E,(2',t") denote a Poisson-like rate of particle entrainment per unit sediment-surface area at
the position 2’ at time ¢’. This is an expected value that is either constant or changes vary slowly with
time, thus maintaining quasi-steady conditions. Then, during a small interval d#’ the expected number
of particles entrained from the sediment-surface area Aydz’ is Ayda’dt’ E(a’,t"). Of these entrained
particles, the number of particles that possess a travel time within the interval T}, to T}, + dT}, is
Ayda'dt' B, (2, t') fr, (Tp; 2/, 1')dT,, and the expected number of particles possessing this travel time
which also move at least as far as L, is

Ayda'dt By (a', 1) fr, (Tp; 2, ) AT Ry i1, (L | T 2, 1) (6.21)

The particles described by (6.21) by definition must move past the position z = 2’ + L, at times ¢ such
that ¢’ <t < t'4T,. That is, crossings of x generally do not occur at the same time. Nonetheless, with
steady entrainment and transport conditions, conservation of mass requires that particles entrained
within Aydz’ according to (6.21) must contribute a steady stream of particles moving past the position
x = o'+ L, during a specified interval of time d¢. Because the expected number is fixed for any specified
interval of time we may set dT,, = dt and consider all possible displacements L, and associated travel
times T, of particles entrained at all possible starting positions 2’ and times t'. The expected number
of particles crossing the position x during a small interval dt is then

t T
AN = Aydt / / Eo(e! ) 1, (Tys ' )Ry (Lo | Ty ! 1) da (6.22)
—0o0 —0o0
in which T, = ¢t — ¢ and L, = = — 2. That is, (6.22) accumulates the small number of particles dV

entrained from all possible positions x’ at previous times ¢’ which move at least as far as x by time ¢
during any interval d¢. Then, because the expected particle number flux (g, (z,t)) = (1/Ay)dN/d¢t,

t x
(s (2, 1)) = / / Eo(a! ) 1, (Tys ' )Ry, 1, (L Ty ! ') da’ (6.23)
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This is an expression of the entrainment form of the expected particle flux. It requires knowledge of
the entrainment rate, the distribution of particle travel times and the distribution of hop distances
conditioned on travel times, each of which may vary with position assuming quasi-steady conditions.

Note that (6.23) is a nonlocal expression of the expected flux (see Section 6.5). It explicitly
acknowledges that particles contributing to the flux at x at time ¢ started their motions at upstream
or upslope positions #’ = = — L, at previous times ¢’ = t — T},. Further note that this expression is
scale independent.

Although (6.23) is a precise probabilistic description of the expected flux, it is not necessarily useful
in this form. Let us therefore consider an approximation of (6.23) having the form of an advection—
diffusion equation, which provides a valuable perspective on the idea of nonlocal transport (Section
6.5). With 2’ = x — L, and t' =t — T}, and noting that da’ = do = dL, and dt’ = dT}, then a change
of variables in (6.23) leads to

(g, 1)) =

oo o
/ / En(x — Ly, t — Ty) fr, (Tp; @ — Loyt — Tp) Ry yr, (Lol Tpi © — Ly, t — Tp) ALy ATy . (6.24)
0 0

Assuming that Ey, fr,(Tp) and Ry, 1, (L2|T},) change negligibly (or in a quasi-steady manner) with
time, we may neglect the time dependence in (6.24). We then expand the integrand as a Taylor series
to first order only with respect to x, and, with appropriate factoring obtain

(gna(@)) = Fn(2) / Jr.(Ty; ) / Ry, iz, (La|Tp: ) dLy dT,
0 0
0 E ~ T OOLR L. \T,:x)dL., dT, 0.25
_ agﬁ{ n<x>/0 F( p,x>/0 oRp, iz (La| Ty 2) ALy AT, | (6.25)

Using the definitions of expectations given by (6.19) and (6.20) together with the law of the unconscious
statistician (Chapter 2) then leads to

(@na(@) = EulLa) — 22 (B(12)) . (6.26)

2 0x
which is an advection-diffusion approximation of (6.23). Here it is important to recognize that (L2) is
the raw variance of the hop distances, that is, the second moment measured about the origin, rather
than the ordinary variance measured about the average.

The diffusive term in (6.26) is an approximation of the nonlocal behavior embodied in (6.23). In
effect this term “looks” at conditions upstream of x, and takes into account the effect of variations
in these conditions relative to those at . This term is not diffusive in the classic sense of molecular
diffusion. Although it describes effects of spatial variations in the excitation of particles (via E,) and
deviations in particle displacements about the average (via (L2)), analogous to molecular diffusion,
it is more accurate to think of this term as modulating the advective term in (6.26). Moreover, it is
possible to show (Chapter 8) that this approximation is very good so long as (L,) < A1, where the
characteristic length A; is defined as

|d (En(L2)) /da]

M= (B (B(L2)) /a2

(6.27)

which is a measure of the distance over which the gradient d (EML%)) /dz changes. Inasmuch as
the numerator in (6.27) is constant over a distance A\ > (L,), then in the limit of \; — oo, (6.26)
converges to the flux described by (6.23).
For nominally uniform, steady conditions (6.26) yields the definition of the flux introduced by
Einstein (1950). Namely,
(qne) = En(Ly) , (6.28)
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although Einstein did not formally treat this as the expected value of a stochastic process involving
an ensemble of possible realizations, as described in Chapter 4.

It is important to reemphasize that the Poisson-like entrainment rate F, is an expected value
and that the joint distribution of displacements L, and associated travel times 7}, is an ensemble
distribution. We are therefore envisioning the expected flux given by (6.26) as an abstraction such that
E,, and the moments (L,) and (L2) are, as ensemble averaged quantities, continuously differentiable
with respect to space.” As such, (g,,) does not describe what occurs within any individual realization.
Also recall from Section 6.2 that the probabilistic properties of such realizations hinge on the resolution
of measurements — the lengths Az and Ay, and the averaging interval At. We examine the implications
of this at several points in the book. Moreover, we show in Chapter 7 that the definition of the flux
(6.26) also emerges from a master equation used to obtain the entrainment form of the Exner equation.

6.3.3 Key Contrasts and Applications

The two definitions of the particle flux presented above represent fundamentally different kinematic
views of the transport process. Here we highlight key contrasts in these definitions, and then return
to them when we obtain definitions of the particle flux that emerge from master equations centered on
probabilistic descriptions of particle positions and motions (Chapter 7).

The particle flux is of course a rate, which is emphasized when we refer to it as a particle number
or a particle volume per unit length per unit time. This attribute is embedded differently in the two
definitions of the flux. In the activity form the rate attribute is contained in the particle velocity (v,)
[L T~!]. In the entrainment form the rate attribute is contained in the entrainment rate FE, [L~2
T—!]. The activity definition thus views the speed of the process, the flux, as being set by the particle
velocity in concert with the number of active particles. The entrainment definition instead views the
speed of the process as being set by the rate of particle excitation, that is, the rate at which particles
are set in motion in concert with their displacements.

In the definition of the activity form of the particle flux given by (6.15) or (6.16), the product of the
particle activity and the average particle velocity is continuum-like in concept. This product is a purely
kinematic expression of what is occurring, on average, at a control surface A. Each of the particles
reaching the surface A and contributing to these averages possesses a unique history consisting of its
starting position with entrainment, its velocity fluctuations in response to particle—surface collisions
or turbulence, or both, and its travel distance and associated travel time. Yet the averages in (6.15)
or (6.16) reflect nothing about these individual histories that occur upstream or upslope from the
surface A, nor anything about the collective (averaged) history of the particles. The diffusive term,
via the derivative, indeed “looks“ upstream or upslope to register spatial variations in active particle
numbers. But this is the only information regarding conditions “far” from the surface A that influence
the flux at A. As a consequence, the activity form of the flux is effectively removed from the physics
of the phase transitions — entrainment and disentrainment — that fundamentally regulate rarefied
particle transport (Chapter 1). The particle activity must be described separately in relation to particle
entrainment and deposition (Chapters 7 and 12), and similarly the average particle velocity must be
obtained separately from considerations of the statistical mechanics of particle velocity states (Chapter
12). The activity definition is then just the algebraic relation required to give the expected flux.

In contrast, the processes of entraiment and disentrainment are central to the definition (6.23) of
the entrainment form of the particle flux and its advection—diffusion approximation (6.26). This defi-
nition explicitly “looks” at upstream or upslope conditions, including starting positions, and provides
the kinematic basis for describing particle disentrainment as manifest in the distribution of particle
displacements L, and thus the exceedance probability function Ry 1, (Lz|T}). However, by focusing

5This does not imply continuum-like conditions. Indeed, the entrainment rate E,, is resolved at lengths Az and Ay
and is undefined in the limit of Az, Ay — 0.
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on the phase transitions, this definition says little about the particle activity; and in focusing on in-
tegrated quantities (displacements), it says little about the details of particle motions in reaching a
surface A. This information is embedded in separate descriptions of the statistical mechanics of disen-
trainment leading to the distribution of particle displacements, as previously outlined in our description
of survival analysis (Chapter 4).

With rarefied particle motions on hillslopes (Chapter 10), particle excitation generally is patchy
and highly intermittent. Particle travel times are negligible relative to the reciprocal of the excitation
recurrence frequency. The idea of an average particle activity associated with coordinate position
therefore is not meaningful, and particle velocities only figure into the mechanics of disentrainment.
Likewise, with rain splash transport, particle displacements following raindrop impacts occur within
one-tenth of a second, an interval that is negligible relative to the reciprocal of the impact frequency
within an area comparable to the square of the average particle displacement (Chapter 11). Moreover,
despite our intuition that raindrops during a heavy storm quickly fill a specified area of the land surface,
in fact impact locations are highly patchy relative to the scale of most particle motions. Again, the
idea of an average particle activity associated with coordinate position is an abstraction, and particle
velocities only figure into descriptions of particle displacements.® For these reasons the entrainment
form of the particle flux is the unambiguous choice, as this definition explicitly addresses the essential
elements involved: the excitation and travel distances of the particles, taking into account upslope and
downslope conditions that influence these distances. Clarifying the mechanics and rates of particle
excitation constitutes the foremost challenge in describing these processes.

With soil particles, including tracer particles, conditions are continuum-like with respect to particle
numbers, but only in the sense of an ensemble averaged configuration and behavior (Chapter 14), not
as we might envision with an individual realization of a granular fluid. The entrainment form of the
flux, focused on particle exchanges at a sediment—fluid interface, is not meaningful. Here a suitable
form of the activity definition of the flux is the appropriate choice, although this requires taking into
account the highly intermittent excitation of particles by disturbances in concert with athermal granular
creep. The particle activity defined above in relation to a sediment—fluid interface is replaced with a
volumetric version, and the averaged velocity is redefined as a virtual particle velocity. Because of the
relatively slow pace of collective soil particle motions combined with the patchiness and intermittency
of disturbances, ensemble averaging becomes essential in the interpretation of the particle flux and the
behavior of tracer particles.

With bed load transport, the two definitions of the particle flux in fact point to certain elements of
particle motions that require clarification for understanding transport. The entrainment definition is in
many respects ideally suited to rarefied transport conditions. It provides the basis for treating the flux
as a counting process, querying upstream conditions that influence particle motions. A current weak-
ness resides in specifying the stochastic structure of the entrainment rate in relation to flow conditions
and bed-surface structure; and particle excitation may in part depend on the particle activity inasmuch
as moving particles are involved in collective entrainment. In addition, much still needs to be learned
about the mechanics of particle disentrainment in setting the distributions of particle displacements.
Likewise the particle activity depends on entrainment in competition with deposition, and particle
velocities are not just related to near-bed flow conditions. Particle velocities are strongly influenced
by particle—surface interactions in concert with flow and thus share the mechanics of disentrainment
(Chapter 12). As with transport on hillslopes, clarifying the mechanics and rates of particle excitation
constitutes a primary challenge in describing bed load transport, notably in considering transport at
time scales much larger than experimental time scales.

SWhereas rain splash transport can be formally described in terms of the activity form of the particle flux (Furbish et
al., 2009a), the kinematic elements of the entrainment form provide a more tangible physical interpretation of the flux.
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6.4 Properties of Time Averaging

6.4.1 Uncertainty with Time Averaging

An oft reported observation is that measurements of bed load transport obtained at relatively high
temporal resolution characteristically exhibit large fluctuations over a broad range of frequencies (e.g.
Gomez and Church, 1989; Hassan and Church, 2000; Singh et al., 2009; Dhont and Ancey, 2018;
Chartrand, 2017; Ancey and Pascal, 2020; Hassan et al., 2022; Fan et al., 2023; Li et al., 2023).
Various factors contribute to these fluctuations in transport. Importantly, as should now be clear
from material presented in previous chapters, such fluctuations must be viewed as an inherent feature
of transport owing in part to the small numbers of particles involved in rarefied conditions. This
variability does not merely represent effects of unexplained stochastic influences — “noise” — about
deterministically conceptualized descriptions of the transport rate.

On this matter, measurements of time series of sediment transport involve a compelling problem:
how the measurement interval At influences our understanding and interpretation of the particle flux.
This notably includes how averaging over At influences the rate of convergence of estimates of the flux
to the expected value (Ancey and Pascal, 2020; Furbish and Doane, 2021; Figures 1.1, 1.2 and 6.2), and
the related observation that the variance of the flux systematically varies with the sampling interval At
(Singh et al., 2009; Ma et al., 2014). For bed load transport in particular, Ma et al. (2014) suggest that
the variance of the flux scales differently over three characteristic time scales: a short “intermittent
stage” in which crossing events appear Poissonian; an “invariant stage” in which effects of burstiness
increase the strength of the fluctuations in the flux; and a “memoryless stage” in which the variance of
the averaged flux again grows linearly with increasing sampling time in a Poissonian manner. Based
on the stochastic birth-death formulation of transport developed by Ancey et al. (2008; see Chapter
12) they describe the flux as a Cox process (or doubly stochastic Poisson process), which is basically
an inhomogeneous Poisson process in which the Poisson rate A\(t) is itself a stochastic process. A key
ingredient leading to this scaling behavior in their analysis is collective entrainment (Ancey et al., 2008;
Ancey and Heyman, 2014; Lee and Jerolmack, 2018) related to hydrodynamic interactions between
moving particles and the bed, particle-bed collisions, and possibly cascading effects of adjustments in
surface texture and configuration (e.g. Singh et al., 2009; Masteller and Finnegan, 2017; Yager et al.,
2018) including migration of bedforms or bedform-like features.

In later chapters we examine several counting processes in describing the particle flux and its
divergence, and associated uncertainties, including the behavior described by Ma et al. (2014). Here
we start by illustrating how the expected value and the variance of realizations of the number N (At)
and the particle flux ¢, (At) vary with the measurement interval At. We compare properties of
homogeneous Poisson and compound Poisson processes, and a simple homogeneous renewal process.
We then turn to simple inhomogeneous processes and show that the essence of the behavior described
by Ma et al. (2014), as summarized above, generally occurs with a time-varying Poisson intensity A(t),
whether as a deterministic function or as a stochastic process. Our objective is to highlight shared
properties of these processes in aiming at interpretations of time series of particle transport, with clear
implications for sampling.

Homogeneous Conditions

This brief section on homogeneous conditions is in part a review of material covered in Chapter 4, as
context for what follows. A homogeneous Poisson process serves as the starting point. The distribution
fw(w) of independent wait times w (or inter-arrival or inter-event times) between successive events is
exponential with mean fi,, and variance 02, = p2,. The Poisson intensity A\ = 1/,,. For a fixed Poisson
intensity A and interval At the number of events N(At) is described by a Poisson distribution with
expected value E[N(At)] = MAAt and variance Var[N(At)] = AAt (Figure 6.5). In turn, the variance
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Figure 6.5: Plot of (left) expected value E[N(At)] and variance Var[N(At)] of the number N(At)
versus time interval At for a homogeneous Poisson process with intensity A\ = 1 s™! together with
synthetically generated expected values (black circles) and variances (red circles); and plot of (right)
coefficient of variation Cy,,, of the flux g, versus time interval At together with synthetically generated
values (circles).

of the flux Var[g,,(At)] = A/At and the coefficient of variation is (Figure 6.5)

1

Cona Novh (6.29)
Note the large uncertainty at small At as measured by C,,,, in this example decreasing to 0.1 only
by At = 100 s and to 0.01 only by At = 10000 s, or 2.8 hr. Values of Cy,, are displaced upward
with decreasing intensity A and downward with increasing A. The synthetic values in this figure are
calculated for non-overlapping intervals At in a long series of total length T'. Because the number
of intervals n decreases with increasing At as n = T/At, some variability from predicted values is
apparent at large At.

These results provide a baseline for other processes. Also note that we focus here on the coefficient
of variation (rather than just the variance) because this coefficient converges to zero at the same rate
as the so-called standard error of the estimate of the mean.

Consider a homogeneous compound Poisson process with event rate A.. Let py (nc) denote the
compounding distribution of the number of particles n. = 1,2, 3, ... associated with each Poisson event.
This number is independent of the Poisson events. It has the expected value (n.) and variance 072%. If

Nc(t) is the number of Poisson events at time ¢ with N.(0) = 0, then the total number N (¢) of crossing
events of a compound Poisson process is defined as

N¢(t)

Nt)= > nei. (6.30)
=1

For a measurement interval At the expected number E[N (At)] = (nc)A\cAt and the variance Var[ N (At)] =

(n2)AcAt with raw variance (n2) = (nc)* + o5, (Figure 6.6). In turn the variance of the particle flux

Var|gn. (At)] = (n?)A./At and the coefficient of variation is (Figure 6.6)

(6.31)
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Figure 6.6: Plot of (left, black lines) expected value E[N(At)] and variance Var[N(At)] of the number
N (At) versus time interval At for a homogeneous compound Poisson process with (blue line) Poisson
intensity A. = 1 s~! together with synthetically generated expected values (black circles) and variances
(red circles), where the compounding distribution is geometric with mean (n.) = 1.5; and plot of (right)
coefficient of variation Cy,, of the flux gy, versus time interval At together with synthetically generated
values (circles).

Because /1 + 02_/(n¢)? > 1 the coefficient of variation generally converges to zero more slowly than
in the case of a Poisson process (Figure 6.5). When py (nc) = 1 for any n, > 1 with o2 = 0 then
(6.31) reduces to (6.29).

Consider a simple renewal process, and recall from Chapter 4 that this is a counting process in which
the distribution f,,(w) of wait times w has any form with positive support that is not exponential,
so long as its mean u,, is finite. A Poisson processes thus may be considered a special case of a
renewal process, and a renewal process may be compounded (e.g. Ancey and Pascal, 2020). Also
recall that the expected rate converges to A, = 1/u,, at large times, analogous to a homogeneous
Poisson process (e.g. Nakagawa, 2011). The expected number E[N(At)] = A\ At and the variance
Var[N(At)] = (02 /ud ) At = (02,/u2) N\ At (Figure 6.7). In this example of a Weibull process, events
are sufficiently sparse that the smallest intervals At mostly contain no events or only one event, and
the distribution of events is indistinguishable from a Poisson process with expected value A\ At and
variance A\;At. With increasing intervals At the occurrence of events within the intervals increases,
the numbers N(At) increasingly reflect variations expected from the distribution of wait times, and
the variance Var[N(At)] converges to values expected for large times. This effect, that the occurrence
of events is Poisson-like for small intervals At, is more pronounced with decreasing intensity A.. Note
also that the variance may fall above or below the expected value depending on the ratio o2 /u2,; and
if wait times are exponentially distributed such that o2 /u2 = 1, then A, = X is the rate of a Poisson
process. If the process is compounded, then the expected values and variances are displaced upward
like a compound Poisson process (Figure 6.6).

In turn the variance of the particle flux Var|g,,(At)] = (¢2,/u2 )/ At and the coefficient of varia-
tion is (Figure 6.7)

ow 1
Cpe = o VAL (6.32)
If the distribution f,(w) of wait times gives 02 /u2 > 1 (for example, a Weibull distribution with
shape parameter a < 1) then the coefficient of variation converges to zero more slowly than in the case
of a Poisson process (Figure 6.5). If 02 /u2, < 1 (a Weibull distribution with a > 1) then it converges
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Figure 6.7: Plot of (left) expected value E[N(At)] and variance Var[N(At)] of the number N(At)
versus time interval At for a homogeneous Weibull renewal process (shape parameter o« = 0.7) with
intensity A\, = 1 s~! together with synthetically generated expected values (black circles) and variances
(red circles); and plot of (right) coefficient of variation Cj,, of the flux g, versus time interval At
together with synthetically generated values (circles).

faster. Also recall that a Weibull process with shape parameter o < 1 is equivalent to a Cox process
(Yannaros, 1994) and yields bursty time series of events.

The properties described above lead to a key point. For homogeneous conditions the expected
number E[N(At)] and the variance Var[N(At)| increase linearly with the time interval At. For a
Poisson process the expected number and the variance are equal. For a compound Poisson process the
variance is larger than the expected value, and for a simple renewal process the variance may be larger
or smaller than the expected value depending on the form of the distribution of wait times (Figure
6.7). (As described in Chapter 12, this information helps constrain the form of possible distributions
of wait times w.) In all cases the variance of the flux decreases as ~ (At)~! and the coefficient of
variation decreases as ~ (At)_l/ 2. Thus, whereas for a compound Poisson or renewal process the
rate of convergence is modulated by the compounding distribution or the variance of wait times, these
factors do not change the time dependence of the convergence. This means that the intensity of particle
excitation — the entrainment rate F, — leading to the value of A\, A\ or A; is the principal factor
controlling, indeed limiting, the convergence of estimates of the flux to the ensemble expected value.
We illustrate this key point in later chapters. Meanwhile we now turn to unsteady conditions.

Inhomogeneous Conditions

Focusing on the examples of rain splash transport and bed load transport, both generally involve
unsteady conditions at many time scales. Rain splash transport varies with changing rainfall intensity
and storm frequency, and bed load transport varies with changing flow and streambed configurations.
In Chapter 11 we show how the magnitude and uncertainty of the particle flux due to rain splash is
influenced by unsteady rainstorm conditions. In Chapter 12, focused on bed load transport, we show
that with complex rearrangements of the bed-surface texture during transport of a gravel mixture, some
particle sizes exhibit unsteady transport despite fixed (steady) controlling factors. As one example,
the experiments reported by Li et al. (2023) involve a mixture of two sizes (D = 1 mm and D = 3
mm) and clearly exhibit unsteady transport conditions as illustrated in their Figures 12a and 13.
Recall from Chapter 4 that, for an inhomogeneous Poisson process with time varying intensity
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A(t), the number of events N (t) occurring within an interval (0,¢] is a Poisson random variable with
expectation,

A(t) = /Ot A(t)dt'. (6.33)

That is, E[N(t)] = Var[N(t)] = A(t). Notice that we may replace this with a time average, namely,
A(t) = At. Thus, E[N(t)] = Var[N ()] = Xt

Consider a total interval of time T consisting of n non-overlapping intervals of length At such that
T = nAt. Then A(T) = AT and likewise A;(At) = \;At, where )\; is the average rate over the ith
interval. That is, the number of events N(At) in each interval of length At is described by a Poisson
distribution py;(N;\;, At) with expected value A;(At) = \;At and variance A;(At) = \;At. The
number of events N (At) in the set of n intervals is then described by a mixture distribution py(N; At)
consisting of n Poisson distributions. That is,

1 ¢ -
N;At) = — z‘N; i,At, .34
PY(N; AN = T3 iV X, A1) (6.34)

where the ratio 1/n indicates that the intervals of length At are equally weighted. Here it is important
to appreciate that pn(N; At) is the ensemble distribution of all possible realizations N (At) consisting
of the equally weighted ensemble of all possible realizations N (At) in each of the n intervals. We now
want to know the expected value and the variance of this distribution as these vary with the interval
At. Before proceeding, note that if the rate A\(¢) — X is fixed, then the distribution pyx(N; At) just
becomes the Poisson distribution py(NV; A, At).

We can obtain expressions for the moments of the mixture distribution py (N, At) using (2.87) and
(2.88) from Chapter 2. For clarity, here we explicitly show the necessary calculations. The expected
value is

E[N(At)] = ) Npn(N;At)
N=0

= %Z > Npwi(N; Ai, At)

i=1 N=0
1 1 ~~ -
= - Z(N}Z- = Z NiAt = AAL, (6.35)
=1 =1
where angle brackets denote an average over the ith interval. Note that the last sum in (6.35) gives

ﬁ: Ai(At) = A(T) = AT, (6.36)
=1

with T = nAt. That is, the sum of the expected values of the intervals must sum to the expected value
of the entire series of length 7. These results indicate that the expected number E[N(At)] increases
linearly with the time interval At at a rate equal to the average rate \.

The variance Var[N(At)] of the number N(At) is

Var[N(At)] = > N?py(N;At) — (E[N(At)))?

A (A2, (6.37)
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This leads to
1< —9
N(At)] = = N2Y — X (At)?. .
Vel (80 = £ 30 (V) = X (80 (6.38)

Note that (N?) = XAt +X?(At)2 so

n

Var[N(Af)] = % S [Rad+ R(an?] - X(an? (6.39)
i=1
This gives
VarlN(AD] = Aat+ ((37) =37 (a?
= AL+ V,(At)(At)?, (6.40)

where double angle brackets denote an average over the n intervals so that Vy(At) = <<X12 >> — N s

the variance of the n values of the rate \;.

As written, the expected value E[N(At)] given by (6.35), and the variances Var[N(At)] and V(At)
given by (6.40), are very general. These are agnostic to the specific structure of the intensity A(¢),
which may be monotonic or non-monotonic. To illustrate this point we consider two cases. The first is
when the intensity A\(¢) varies linearly, increasing or decreasing, over a finite period 7', and the second
case is when A(t) varies as a sinusoidal function, as suggested by particle flux signals presented in
Chapter 12.

For the linear case, let T = nAt denote the total sampling period involving n intervals of length
At. We then assume that A(t) = by + byt for 0 < t < T, where by is the starting rate A(0) at time t = 0
and b; is the rate of change in A(t). The variance V(At) is then (Appendix D)

b2
Vy(At) = ﬁ [T% — (At)?] . (6.41)
In turn the variance of N(At) becomes
_ b2
Var[N(At)] = MAt + ﬁ [T% — (At)?] (At)?. (6.42)

Thus, the variance Var[IN(At)] systematically increases with increasing interval At then goes to
E[N(T)] = AT in the limit of At — T (Figure 6.8). This result occurs for positive or negative
change of rate b;.

Consider a sinusoidal signal, where it is convenient to choose a cosine function. The ensemble of
possible realizations is defined by A(t) = \g + A cos(wt + ¢) with average rate \g, amplitude A, angular
frequency w = 27 /T) for period T), and uniformly distributed phase ¢ = U(—n < ¢ < 7). Because this
signal is strictly stationary, the phase does not influence the ensemble expected values. For simplicity
we therefore choose ¢ = 0 so that A(t) = \g + Acos(wt). Note also that the results are insensitive
to a nonzero phase ¢ for a finite interval 1" so long as T spans a large proportion of the period T)
(Appendix D). The variance V(At) is given by

AQ
In turn the variance of N(At) becomes
2
2
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Figure 6.8: Plots of (left) expected value E[N(At)] (straight line) and variance Var[N(At)] of the
number N (At) versus time interval At for (blue line) linear variation in rate A(t) over interval 7' = 2 000
s and (black line) sinusoidal variations in rate A(¢) with period T) = 2000 s; and (right) plot of
sinusoidal case together with synthetically generated expected values (black circles) and variances (red
circles).

Thus, the variance Var[N(At)] systematically increases with increasing At then oscillates above the
expected value with fixed amplitude and period with frequency 1/7T) for At > T (Figure 6.8).

For later reference, consider a signal A(t) composed of m independent harmonics with amplitudes
A; and angular frequencies w;. A straightforward derivation (Appendix D) gives

V(AL =) mu — cos(w;At)] . (6.45)
j=1"J

The variance of N(At) becomes

Var[N(At)] = At + ) mu — cos(w;At)](At)2 (6.46)
j=1"J

With a mixture of periods and phases the variance Var[N(At)] generally remains larger than the
expected value E[N(At)] at large At.

Focusing on the variances given by (6.40), in general the variance V)(At) is a maximum in the
limit of At — 0 then monotonically decreases with increasing interval At (Figure 6.9). Nonetheless,
with small time intervals At the variance Var[N(At)] increases nearly linearly, then the quadratic term
in (6.40) dominates with increasing At (Figure 6.8). This occurs for both the linear and sinusoidal
functions A(¢). This hand off from the linear term with small intervals At to the nonlinear term with
increasing intervals can be explained as follows. For small intervals At the variance Var[IN(At)] is
sensitive to chance differences in the sets of wait times between events and the associated numbers
N(At) within the n intervals. Despite different rates \; across the n intervals, these intervals are
sufficiently small that most of them contain no events or only one event. The mixture distribution
pn(N; At), representing mostly zeros, is indistinguishable from a Poisson distribution with expected
value AAt. This represents the intermittent stage defined by Ma et al. (2014). With increasing
intervals At, variations in the numbers N(At) are due less to chance differences in the sets of wait
times and more to differences in the average rates A; over the n intervals due to fluctuations in the
numbers of crossing events as reflected by the variance V(At). This represents the invariant stage
described by Ma et al. (2014). As described further below and in Chapter 12, the nonlinear variation
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Figure 6.9: Plot of variance V) (At) for (blue line) linear variation in rate A(t) over interval 7' = 2000 s
and (black line) sinusoidal variation in rate A(¢) with period T = 2000 s, both normalized by variance

V(0.

of Var[N(At)] in Figure 6.8 for these two stages is insensitive to the specific structure of the rate A(t).
With large intervals At, however, the specifics of A\(t) matter.

Specifically, the functional form of the variance V)(At) depends on the structure of A(t) (Figure
6.9) and this becomes manifest at large intervals At. If A(¢) is a linear function over a total time
T = nAt then V,(At) is quadratic in At such that the variance Var[/N(At)] necessarily returns to the
expected value E[N(At)] in the limit of At — T (Figure 6.8). If \(¢) is a strictly stationary sinusoid
then V)(At) is a cosine function such that the variance Var[IN(At)] oscillates above the expected
value E[N(At)] with fixed period (Figure 6.8). If A(¢) is a stationary mixture of sinusoids then the
variance Var[N(At)] remains above the expected value with magnitude reflecting the total variance of
the mixture. In the analysis of Ma et al. (2014) the rate A\(t) is treated as a stochastic rather than
deterministic process such that the variance Var[N(At)] grows linearly with large At in a Poissonian
manner, albeit at a rate larger than the expected rate \.

We also can write the coefficient of variation of the flux, C
over the total period T',

(At). For a linear variation in A(t)

nT

Cy (A) = — [14 B8 1 gy (6.47)
dnx - /XAt 12X . :
For a sinusoidal variation in A(t),
1 LA
Cyno (AL) = 1+ —[1— At)] . 6.48
Qnm( ) \/m ; )\OW‘?At[ COS(w] )] ( )

These results have important implications for assessing the uncertainty of time-averaged estimates of
the particle flux. With inhomogeneous conditions, convergence may not occur with increasing intervals
At. The uncertainty measured by Cy, for a specific averaging interval At can be much larger than
that associated with homogeneous conditions at large At (Figure 6.10). Thus, achieving a specific
level of uncertainty might require long averaging times. It is possible to generalize this result to other
processes, for example, an inhomogeneous compound Poisson or a simple renewal process (Chapter
12).

The developments above describe ensemble conditions whereas normally we have a single experi-
mental time series. Nonetheless, because intervals of length At are non-overlapping we can straightaway
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Figure 6.10: Plot of (left) coefficient of variation C, (At) of the particle number flux gy, versus
time interval At for (blue line) linear variation in rate A(¢) over interval 7' = 2000 s and (black line)
sinusoidal variation in rate A(t) with period T) = 2000 s, where black straight line represents coefficient
of variation for a homogeneous Poisson process with rate equal to the average \; and (right) plot of
sinusoidal case together with synthetically generated values (circles).

estimate values of E[N(At)] and Var[N (At)] for a sufficiently long experimental series (Ma et al., 2014;
Allen, 2023; Li et al., 2023; Chapter 12). In effect this is occurring with the synthetic series presented
in the figures above. Confidence in the estimates necessarily decrease with large At as the number n
of intervals decreases.

As elaborated in Chapter 11, whereas raindrop impacts are Poisson in space and time, the time
series of the number of entrained particles is a compound Poisson process, as is the time series of
the number of particles that cross a specified coordinate position. In addition the expectation given
by (6.35) is particularly relevant to unsteady conditions of rain splash transport where for typical
rainfall intensities the convergence of realizations of the particle flux to an ensemble expected value
cannot occur over rainstorm time scales. Similarly, we may in the simplest case envision entrainment
of bed load particles as being Poisson in space and time (Einstein, 1950), although in detail this likely
is more complicated with effects of turbulence structures and collective entrainment (e.g. Roseberry
et al., 2012; Heyman et al., 2013; Ancey and Heyman, 2014; Ma et al., 2014; Fathel et al., 2015;
Lee and Jerolmack, 2018; see Chapter 12). Owing to randomization effects of finite travel times with
displacements, the form of the distribution of wait times associated with crossing events may not match
that of the entrainment events. We show in Chapter 12 that crossing events of relatively coarse gravel
particles are consistent with a Poisson process, and that the time series of smaller gravel particles are
consistent with inhomogeneous conditions, likely involving a simple compound or renewal process. The
results depicted in Figures 6.5, 6.6, 6.7 and 6.8 provide particularly useful diagnostics for interpreting
the experimental times series of bed load particle transport.

6.4.2 Moving Average

In the literature the local particle flux often is straightaway treated as a deterministic continuum-
like quantity, particularly when used with the Exner equation, without reference to time averaging
or spatial resolution. This notably includes work on the initial instability and formation of bedforms
(see reviews by: Nelson, 1990; Charu et al., 2013; Andreotti and Claudin, 2015; Bohorquez et al.,
2025) and descriptions of rill and gully development on hillslopes in response to surface flows and
rain splash transport (e.g. McGuire et al., 2013; Hancock and Willgoose, 2021). This practice hinges
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on curious — indeed contradictory — reasoning because deterministic semi-empirical formulations
of the flux as embodied in (1.6) or (1.7) invariably are experimentally calibrated and tested with
time-averaged values of the flux, as such averaging is necessary to provide convergence to steady
(deterministic-like) values which are then related functionally to selected controlling factors (e.g. the
bed stress). Based on conversations with colleagues, some researchers acknowledge the particle flux is
a time-averaged quantity with uncertainty, then use it in a deterministic manner by conceptualizing
it as a moving average analogous to what we might envision in appealing to a Reynolds-averaged flow
velocity, albeit without reference to the spatial resolution involved. We thus turn to the consequences
of this conceptualization of the particle flux for rarefied conditions, focusing on bed load, with specific
relevance to interpretations of the Exner equation (Chapters 7 and 13).

For a specified resolution Ay or Az the time average over an interval At in (6.4) or (6.5) can be
reinterpreted as a moving average. Physical interpretability suggests that we should look backward in
time, and we therefore rewrite (6.4) as

]' ! !/ /

In this view the flux evaluated at time t represents an arithmetically weighted memory of previous
crossing events, where the appearance of At in the functional notation highlights the dependence on
this selected (fixed) interval. Now the problem becomes one of signal analysis. Here we highlight
essential consequences with examples, noting the similarity with the smoothing of experimental data
performed by Li et al. (2023).

The time averaging in (6.49) represents a low-pass filter. The effect of increasing At is to in-
creasingly suppress higher frequency fluctuations and pass lower frequency variations. A nominally
instantaneous estimate of the flux at time ¢ is replaced with an average over previous times to t — At.
If for fixed controlling factors (flow, flow depth, water-surface slope, sediment properties and so on)
the interval At is sufficiently large that convergence of the flux ¢, to a value with small uncertainty
occurs, then presumably this is a good estimate of the expected value (gn,) to go with the specified
controlling factors. With small At, however, the estimate given by (6.49) merely represents an outcome
associated with the variability in the numbers of crossings of a particular realization, and not the value
that we might deterministically expect for the imposed conditions.

Consider statistically steady transport. For simplicity of illustration we choose a Weibull renewal
process with rate A\; = (gnz)Ay. As described above (Section 6.4.1) the standard deviation of the set
of realizations about the expected value is (04 / )V A/VAt and the coefficient of variation C,,, =

(0w/tw)/VAcAt. Thus,

o/t oo/ 1y
At = —wllw . __“wllw (6.50)
Ci.A O (ana)Ay

is the averaging interval required to achieve a particular level of uncertainty represented by the value
of Cy, .. This highlights the role of the spatial resolution represented by the length Ay. For example,
arate A, = 1 s7! could be associated with an expected flux (gn,,) =1 m~! s~ with Ay = 1 m, or an
expected flux (gn;) = 10 m~! s7! with Ay = 0.1 m, and so on.

With A\, = 2 s7!, a value that is consistent with measurements of gravel transport reported by
Chartrand (2017), the estimated rate ¢, Ay fluctuates significantly about the expected value for small
averaging intervals At (Figure 6.11). A flux signal that we might consider as being reasonably smooth
emerges only with At = 1000 s (= 17 minutes) with Cy,, ~ 0.03. As indicated by (6.50), for an
uncertainty specified by Cy,, the rate of convergence increases with increasing rate A;.

Consider unsteady conditions in which the expected rate A, increases linearly with time (Figure
6.12). As with the example above involving a fixed rate, the estimated flux fluctuates significantly

about the expected value for small averaging intervals At. In addition, because the expected value is
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continuously changing, the moving average can never converge. The averaging is aimed at a moving
target and the averaged flux mostly lags the expected flux. This becomes increasingly pronounced
with an increasing rate of change in A;. In this example the moving average in effect is an estimate of
the average rate \, for the preceding interval At, as described in Section 6.4.1.

Note that this linear variation in the rate A\, (Figure 6.12) is essentially the increasing part of a
sinusoid with a much longer period. We show in Appendix D that, as a one-sided low-pass filter, (6.49)
has the effect of attenuating the amplitude of a sinusoidal signal and adding a phase shift relative to
the expected rate. This effect becomes pronounced when the averaging interval At approaches the
period of the signal.

These points lead to the idea of quasi-steady conditions. We start by defining a characteristic time
scale of change in the expected rate A,

A
YR

If the averaging interval At < T), then we may assume that quasi-steady conditions exist. However,
the interval At must be sufficiently large to achieve a desired degree of convergence, thus requiring a
compromise. Whereas a short averaging interval gives large uncertainty about the expected rate, a
long averaging interval might give small apparent uncertainty, but it cannot resolve the expected rate
if this rate changes over a time scale T) that is on the same order or shorter than the averaging interval
At.

Returning to the conceptualization of the expected flux as a moving average, unless experimental
measurement techniques allow it, we do not observe the fluctuating, albeit smoothed, time series
in Figure 6.11 and Figure 6.12 representing an example of actual conditions. Meanwhile, the solid

Ty (6.51)
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Figure 6.12: Plot of rate g,,Ay with expected rate A\; = {gn,)Ay that increases linearly (red line) for
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line is what we might imagine is occurring based on a deterministic prediction of the transport rate
for specific controlling factors at any instant, assuming this expectation is unique to these factors.
(Uniqueness is reasonable for rain splash transport, but is questionable for bed load transport; see
Chapter 12.) To conceptualize a deterministically specified value as a moving average does not imply
that it coincides with actual conditions. With nominally steady transport it may represent, with
uncertainty, time averaged conditions in the same sense that the logarithmic velocity law represents
the Reynolds-averaged fluid velocity u(z) at a position z above the boundary. But the specified value
does not represent what occurs at time ¢ in any realization, just as the logarithmic velocity law says
nothing about the instantaneous velocity u(z,t) at z. With unsteady conditions the specified value
might represent, with uncertainty, quasi-steady averaged conditions, but only if these change slowly
relative to the averaging time. In this situation it might correctly “predict” averaged conditions at
time t + &t for small 0¢. But it most certainly cannot predict in a deterministic manner what occurs
at time t + §t in any realization.

Real time series of transport often exhibit fluctuations that are larger than those depicted in
the idealized examples above (Figure 6.11 and Figure 6.12). With reference to Figure 6.10, and as
illustrated in Chapter 12, with inhomogeneous transport conditions the uncertainty measured by Cg,, .
for a specific averaging interval At can be much larger than that associated with a simple renewal
process as depicted in Figures 6.11 and 6.12.

6.5 Local Versus Nonlocal Transport

Nonlocal transport refers to the physical concept that attributes of particle motions used in defining
the flux or its divergence at a position z depend on conditions “far” from this position. Local transport



6.5. LOCAL VERSUS NONLOCAL TRANSPORT 187

then loosely refers to a mathematical concept, that the flux at a position x is expressed in terms of
quantities that are evaluated locally at this position. To be clear, in this view of things local transport
does not actually refer to a physical thing. Rather, it refers to the familiar idea of a local function,
to mean that the flux depends only on quantities, and derivatives of these quantities, defined precisely
(locally) at x. Indeed, these two points are readily illustrated by the entrainment form of the flux as
embodied in (6.23) and (6.26), as follows.

According to (6.23) the expected flux (g,,) at a position x explicitly depends on the rate of particle
entrainment E,, at positions 2’ upslope or upstream of z, that is, involving conditions far from z that
lead to entrainment. The expected flux also explicitly depends on the distribution of travel distances
L, and the exceedance probability function Ry 7, conditioned on travel times T}, again involving
conditions far from x that set the form of this distribution and its moments — notably including the
detailed statistical mechanics of particle—surface interactions that particles experience in moving from
any position 2/ = x — L, to x. Thus, the integral form of (6.23) quintessentially represents a nonlocal
description of the particle flux, in that particles contributing to the flux at x are mechanically influenced
by conditions far from z, and this influence is integrated over all possible upslope or upstream starting
positions.

Note, then, that when (6.23) is approximated as an advection—diffusion equation as in (6.26), this
still implies the existence of the underlying nonlocal physical behavior as summarized above. Yet now
we must concede that the advective and diffusive terms in (6.26) are mathematically local expressions,
each evaluated at the position z. To emphasize this point we might choose to explicitly use the
functional notation E,(x), (L;)(z) and (L2)(x) and rewrite (6.26) as

10

(na () = En(2){La)() = 55— [En(2){L3)(2)] - (6.52)

To be clear, (6.52) is a mathematically local expression of transport that represents, as an approxi-
mation, the physical reality of nonlocal transport as embodied in the integral expression (6.23). In
particular, we may view the diffusive term in (6.52) as registering information on how the entrainment
rate or the raw variance of particle displacements, or both, vary in the vicinity of z (i.e. nonlocally),
whence this term approximates the effects of these variations on the local flux at x.

A similar perspective pertains to the advective and diffusive terms of the activity form of the
particle flux given by (6.16). Namely, we show in Chapter 7 that (6.16) derives as an approximation of
a nonlocal integral expression analogous to (6.23). We might then use functional notation and rewrite
(6.16) as

{gna(2)) = (yn) () (vz) (2) — aax k() () ()], (6.53)

thereby highlighting that the advective and diffusive terms are evaluated at the position z. Yet this
mathematically local expression of transport represents the physical reality of nonlocal transport as
embodied in a master equation — a convolution integral — describing the evolution of the probability
distribution of particle positions (Chapter 7).

The idea of local versus nonlocal transport as summarized above is the view adopted throughout this
book, namely, that sediment transport is effectively nonlocal when viewed from a physical perspective
(Furbish et al., 2017b; Doane, 2018; Furbish and Doane, 2021). Nonetheless, different interpretations
of local versus nonlocal transport have emerged in the literature, specifically in relation to particle
transport on hillslopes and tracer particle motions in rivers (Schumer et al., 2009; Foufoula-Georgiou
et al., 2010; Furbish and Haff, 2010; Furbish and Roering, 2013; Doane et al., 2018, 2019; Furbish et
al., 2021a). This specifically echoes ideas centered on Lévy motions during transport in porous media
as described using methods of fractional calculus (Benson et al., 2000, 2001; Schumer et al., 2003),
thence adapted to descriptions of sediment tracer particles (e.g. Schumer et al., 2009).
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To illustrate this point, let us start by taking the divergence of the activity form of the flux as
described by (6.53) to give

a<7n> . 8<7n> 82<7n>
o~ el Ty TR

where for simplicity we are assuming a constant mean velocity and diffusivity, and we are neglecting
source or sink terms (Chapter 7). Then suppose for comparison that the underlying distribution
of particle displacements is heavy-tailed with undefined variance. Recall from Chapter 3 that the
generalized central limit theorem leads to the possibility of anomalous diffusion, wherein the advection—
diffusion equation describing the evolution of the distribution of particle positions f;(z,t) involves a
fractional derivative. Namely,

Of(x)) Ofu(x,t)  0%fu(z,1)
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(6.54)

(6.55)

with 1 < a < 2 denoting the stability parameter of an a-stable distribution that represents superdif-
fusive particle spreading owing to the heavy-tailed form of the distribution of particle displacements.
In this situation the fractional derivative operator DY = 9%/dz® is nonlocal. It is symbolic, to mean a
weighted integral evaluated over the domain of the function f,(z,t). Specifically, for a function f(x)
that is continuous over (0,00), then one example is the Caputo derivative defined as

1 z () (2
DS f(x) = T —a) /0 @ f Z)(()H-)l—n dz, (6.56)
with variable of integration z, where n —1 < a < n € N. If in contrast to an ordinary advection-
diffusion equation we claim that (6.55) represents nonlocal transport as a consequence of the underlying
presence of a heavy-tailed distribution of particle displacements (e.g. Schumer et al., 2009), then it
becomes clear that this claim pertains to the mathematics — the nonlocal derivative operator — not to
the physical phenomenon of transport. Indeed, from a physical perspective this purely mathematical
distinction between local and nonlocal transport as decided by the form of the underlying distribution
of particle displacements — light-tailed versus heavy-tailed — is arbitrary.

To wit, consider the example in which particle displacements > 0 on a hillslope (Chapter 10) are
described by a generalized Pareto distribution f,(r; A, B) with shape parameter A and scale parameter
B. Recall from Chapter 2 that when A = 0 this distribution reduces to an exponential distribution.
When A < 0 this distribution is bounded at » = B/|A|. When A > 1/2 the variance is undefined, and
when A > 1 the mean is undefined. As described in Chapter 10, the generalized Pareto distribution
reflects the statistical physics of particle disentrainment in which, following entrainment, the cessation
of motion within any interval downslope is probabilistic. The form and parametric values of the
distribution reflect the energetics of particle-surface collisions during downslope movement, specifically
the balance between the particle kinetic energy gained from gravitational potential energy and the
extraction of kinetic energy by collisions.

Now consider the mechanical conditions associated with values of +A infinitesimally close to A =0
separating bounded and heavy-tailed forms of f,.(r; A, B). In fact, there are no meaningful differences
in the detailed statistical mechanics of particle motions associated with these different values of +A
(Furbish et al., 2021¢; Furbish and Doane, 2021). And, in practical terms the two conditions would
be statistically indistinguishable. Similarly, there are no meaningful (measurable) differences in the
statistical mechanics of particle motions associated with the transition marked by A = 1/2 at which
the variance of the distribution f,(r; A, B) is defined or undefined. In other words, all situations involve
nonlocal transport when viewed from a physical perspective, such that a distinction between local and
nonlocal transport based on the mathematical form of the distribution f,(r) is arbitrary. Moreover,
we reach identical conclusions for bed load transport when considering the essential role of the detailed
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statistical mechanics of particle-bed collisions that contribute to variations in the distributions of
particle velocities and hop distances (Chapter 12).

Recall that the starting point of this chapter — our description of the particle flux as a counting
process (Section 6.2.1) — together with our descriptions of the activity and entrainment forms of the
flux (Section 6.3) refers to specific processes, for example, rain splash and bed load transport, and
thus to the spatial scales inherent to these processes. Nonetheless, the derived kinematic expressions
are in fact agnostic to scale. That is, the expressions of the particle number flux — (6.3), (6.4) and
(6.5) — and the expressions of the expected flux — (6.16) and (6.26) — are all independent of scale.
With reference to Figure 6.1, the depiction of particles crossing the control surface A could represent
the scale of atoms in a gas, or equally, the scale of coarse gravel exiting a flume. As a consequence,
when viewed at the scale of particle motions the physical idea of nonlocal transport as embodied in
the various expressions of the particle flux is scale independent.

To illustrate this point at the smallest relevant scale, consider an elementary area A located at a
coordinate position z within a continuum fluid through which particles are moving. A particle that
crosses A at time t with velocity v, is counted as part of the flux of particles through A. Such a particle
started its motion toward A from a collision with another particle at a distance, on average, equal to
the mean free path. Of course, particles that cross A during a small interval dt¢ started their motions
from collisions at distances smaller than and larger than the mean free path. Nonetheless, inasmuch as
particle transport is characterized by the particle flux through A, we must conclude that the particle
velocities contributing to this flux during d¢ are determined by collisions with other particles “far”
from A. Indeed, choosing air at normal pressure—temperature conditions, the mean free path is about
103 larger than the effective particle diameter. If we imagine a soccer ball as an air molecule, then
it went into the goal after traveling a distance, on average, equal to twice the length of the soccer
field. Viewed from a physical perspective, the particle flux at A therefore is the outcome of decidedly
nonlocal particle—particle interactions. When we back out to the Knudsen scale where we no longer
see the particles, the continuum flux at a position x becomes a local mathematical expression — the
product of the average particle velocity and the number concentration. This is afforded by continuum
conditions; but the detailed particle kinematics contributing to the flux are nonetheless nonlocal when
viewed at the scale of particle motions.

To reinforce this point, consider tracer particles within a continuum fluid. The behavior of the
particles is described by an ordinary advection—diffusion equation involving Fickian diffusion. This
equation is obtained from a master equation whose integral form is essentially the same as that used in
describing conservation of sediment particles (Chapter 7) leading to the advection—diffusion equation
(6.54). Moreover, as in the description above regarding sediment particle diffusion, the local derivative
Oc(x,t)/0x of the concentration c(x,t) of tracer particles, as it appears in Fick’s first law, registers
information on how the number of tracer particles varies in the vicinity of the position z (i.e. nonlo-
cally), and approximates the effects of this variation on the local flux at 2. Then, anomalous diffusion
at this molecular scale is something that is not Fickian, perhaps due to a difference in the distribution
of particle velocities, but it is no more nonlocal from a physical perspective than is Fickian diffusion.

For completeness let us note that ideas of locality also appear in granular physics in relation to
nonlocal effects in the rheological behavior of dense granular materials during creep and flow (Pouliquen
and Forterre, 2009; Kamrin and Koval, 2012; Henann and Kamrin, 2013; Bouzid et al., 2015; Tang
et al., 2018; Fazelpour and Daniels, 2023). For example, one can envision that local particle-particle
contact forces and interactions during bulk strain may be influenced nonlocally inasmuch as forces
can be transmitted over relatively large distances via granular force chains and their networks. In
this vein, Pouliquen and Forterre (2009) conceptualize local particle rearrangements as a self-activated
process during shear, such that a “rearrangement at one position is triggered by the stress fluctuations
induced by rearrangements elsewhere in the material... [whence| the constitutive law, which gives the
relation between the shear rate and the stress distribution, is written as an integral over the entire
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flow.” Descriptions of nonlocal rheology also focus on the concept of granular fluidity (e.g. Bocquet
et al., 2009; see review by Bouzid et al., 2015), which is the reciprocal of the viscosity p as defined
by, say, a u(I) rheology that varies with the inertial number I. One approach involves envisioning
the occurrence of plastic rearrangements over a characteristic length £ during shear, where nonlocal
behavior is then described by a diffusive term acting normal to shear, £20%p/922, which is added to a
“local” expression of fluidity (Kamrin and Koval, 2012; Hennan and Kamrin, 2013, 2014). Importantly,
these conceptualizations are centered on a physical (mechanical) interpretation of nonlocal behavior,
which then points to the mathematics used.
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