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4. Our interest will be concentrated in this note on the conditions
in € and M, —mainly M,— when # is finite, but very great. This is an
approach to the study of the infinite dimensional, which differs essen-
tially from the usual one. The usual approach consists in studying an
actually infinite dimensional unitary space, i. e. the Hilbert space €_ .
as done loc. cit. . We wish to investigate instead the asymptotic
beliavior of G, and M_ for finite 7, when n—+ .

We think that the latter approach has heen unjustifiably neglected,
as compared with the former one. It is certainly not contained in it,
since it permits the use of the notions [[A]l and #(A), which, owing to
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Matrix algebras:

© A separable Il; factor N is said to be AFD (or hyperfinite) if it is the union of matrix
algebras: N = | JM,(C).
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Matrix algebras:

© A separable Il; factor N is said to be AFD (or hyperfinite) if it is the union of matrix
algebras: N = | JM,(C).

@ Theorem (Murray and von Neumann '43): unique separable Il; factor upto
*-isomorphism.

© Powers '67: continuum many non isomorphic hyperfinite type Il factors!

@ Connes '76: hyperfiniteness is equivalent to injectivity (amenability for group von
Neumann algebras: Schwartz '63).
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10. The present investigations were undertaken with a definite aim,
as mentioned at the end of Paragraph 4. The results of I". J. Murray
and the author on operator rings' led to various problems, of which
one seems to be of particular importance: Whether all those operator
rings in ITilbert space, which — in the terminology of the papers men-

tioned in¥ ' —belong to the «finite, continuous dimensional class»,

i. e. to the «class (II)», are isomorphic to each other or not.* We
surmise that they are not, and that the results of this paper may be
helpful in establishing this fact. This and other related aspects of the
subject will be dealt with in forthcoming publications of F. J. Murray
and the author. *
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Tracial Ultraproducts:

Let N; (i € N) be separable II; factors and let w € SN\ N. Denote the ultraproduct by

H N — {(x)ien | sup; ||xi|| < oo}

e {(xi)ien | limisy [|xill2 = 0}
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Tracial Ultraproducts

Let N; (i € N) be separable II; factors and let w € SN\ N. Denote the ultraproduct by

H N; = X, ieN | sup; ”X'” < OO}
{(xi)ien | limisy [|xill2 = 0}
I—}w
(see also Ocneanu, Udea, Ando-Haagerup and other works in the type Il setting which is
more subtle!)
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Ultraproducts in service of operator algebraists:
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Ultraproducts in service of operator algebraists:

© Roots: Kaplansky and Wright in early 1950’s. Sakai in 60’s studied asymptotical
models of Il; factors.

@ Flexibility: Dixmier-Lance '69, Zeller-Meier '69, McDuff '69 , Connes '76:
importance of property Gamma in the study of Il; factors.

© Structure: Popa '81 any ultrapower of a Il is prime and has no Cartan.

Q Positions and dynamics of separable subalgebras: Jung '07 (orbits module inner
conjugation), Brown '11 (convex structure), Popa '15 (free independence), A-KE '21
(ucp conjugation), KE'22 (diagonal embedding).

v

Srivatsav K E (IPAM) Matrices of high finite order May 2023 8/24



The matrix ultraproduct:

M =[] Mi(C)

i—w
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The matrix ultraproduct:
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Problem 1: The Uniqueness Problem

Let f : N — N strictly increasing.
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i—w

Srivatsav K E (IPAM) Matrices of high finite order May 2023 9/24



The matrix ultraproduct:

M =[] Mi(C)

i—w

Problem 1: The Uniqueness Problem

Let f : N — N strictly increasing.

M= ] Mg (C) = M2

i—w

Problem 2: The Connes Embedding Problem

Does every separable Il; factor embed into M.

Srivatsav K E (IPAM) Matrices of high finite order May 2023 9/24



The matrix ultraproduct:

M =[] Mi(C)

i—w

Problem 1: The Uniqueness Problem

Let f : N — N strictly increasing.

M= ] Mg (C) = M2

i—w

Problem 2: The Connes Embedding Problem

Does every separable Il; factor embed into M.

Problem 3: The Pseudocompactness Problem

Classify Il; factors N such that N = M.
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Theorem (von Neumann '42):

For any € > 0 there is 6 > 0 and a sequence of matrices A; € M;(C) such that if
B € M,(C)* with ||[B, As]|l2 < d then ||B — 7(B)|]2 < €.
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Theorem (von Neumann '42):

For any € > 0 there is 6 > 0 and a sequence of matrices A; € M;(C) such that if
B € M,(C)* with ||[B, An]|l2 < d then ||B — 7(B)||2 < e.

Let N be any Il; factor with property Gamma. Then N“ 2 M; for any f. I
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11. The method by which our results —i.e. those enumerated in
Paragraph 9 — will be obtained consists mainly in computing and com-
paring volumes. The space M, of all »-th order matrices may be looked
at as a 2n*-dimensional real Fuclidean space: The matrix A=(a,,),
%z,2=1, .,n, being identified with a point whose 2»* (real) coordi-
nates are the #a,, and Ja,, ,*" z,2=1,...,n. Then volumes can be
defined in M in the usual way. Now if we could prove that the volume
of the set of those A in M, which do not possess the desired proper-
ties (cf. Paragraph 9), is smaller than the Volume of the pseudo sphere
[l A ]| =1, then this would constitute a proof of the existence of elements
Ain M_ with || A[|=1 and of the desired kind.
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Question (Farah-Hart-Sherman 10, Hart '14):

Does there exist a separable non Gamma factor N that is not pseudocompact.
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Question (Farah-Hart-Sherman 10, Hart '14):

Does there exist a separable non Gamma factor N that is not pseudocompact.

Theorem (C-I-KE '22):

There exists a separable non Gamma factor N that is not pseudocompact. Moreover,
N 2 L(F2)“ giving the first two explicit examples of non-elementary equivalent non
Gamma factors.

Srivatsav K E (IPAM) Matrices of high finite order May 2023 12/24



LER

Srivatsav K E (IPAM) Matrices of high finite order 13/2




Voiculescu's microstate space
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Voiculescu's microstate space

Let (M, ) be a diffuse tracial von Neumann algebra, and X C Mk, finite such that
Ix]| < R for all x € X. For each weak™ neighborhood O of ¢x and n € N, we define

r(X;0) = {AeML(C)X: | tac O,|A| <R}
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Voiculescu's microstate space

Let (M, ) be a diffuse tracial von Neumann algebra, and X C Mk, finite such that
Ix]| < R for all x € X. For each weak™ neighborhood O of ¢x and n € N, we define

r(X;0) = {AeML(C)X: | tac O,|A| <R}

Jung and Hayes' 1-bounded entropy invariant

© Asymptotic normalized logarithm of the orbital packing number of Voiculescu's
microstate space.

@ M is strongly 1-bounded if h(M) < co. Example: hyperfinite vNa's.
© Voiculescu, Hayes: h(L(F2)”) = oo
Q Jekel '22: h(My) = oo.

Crucial property:
If Ni,N; C M and N1 N Ns is diffuse then h(N1 V Nz) < h(Nl) + h(Nz)

Srivatsav K E (IPAM) Matrices of high finite order May 2023 14 /24



—~—

The invariant: Property Gamma

For every e > 0, and every ui, u» € U(M) such that uf =1, 13 =1 and {u1}’ L {w}"

there exists Haar unitaries vi, v» € U(M) satisfying ||uj, vi||2 < € for each i = 1,2 and
[lvi, vl < e
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Step 1: Lifting

M has Property G/a_r;;a if and only if M“ has Property G/a_l;;r;a.
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In progress and/or future work:

© Connes embeddability of our N!
@ Finite index subfactors of matrix ultraproducts.

© Finding three full factors with non isomorphic ultrapowers!

0 L(F2)” = M;?
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