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¢ Transfer subfactor techniques to C*-algebras.

& Obtain class of C*-algebra inclusions admitting standard
invariant,

© Characterize C*-discreteness explicitly,
& Galois Correspondence for C*-discrete extensions,

<& Applications and examples.
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vN Algs & subfactors chronology

— C*-algebra classification is now leveled with Connes'—

o [Con76] Classification of injective factors.
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vN Algs & subfactors chronology

— C*-algebra classification is now leveled with Connes'—
o [Con76] Classification of injective factors.

e [Jons3] Index Rigidity Theorem:

[M:N]e {4cos2 (%)}HZ3U [4, 00).

> [Ocn88, Pop95a, Jon99]

N Cc M ~ Standard invariant

higher relative commutants

[Pop95b] Reconstruct amenable R C R from standard invariant.

» [Miig03] (NLZMN = QelC= <NL2MN, D, -, &N>)
~~ Classification small index subfactors N C M.
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Unitary tensor categories in Nature

e UTC:C=(C, o, ®, T, =, ®, 1¢, data/axioms).
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Unitary tensor categories in Nature

e UTC:C=(C, o, ®, T, =, ®, 1¢, data/axioms).
Sources of quantum symmetry:

{ Discrete groups:
Hilbs(T,w), Reps(G).

¢ Discrete quantum groups: Tannaka-Krein duality:

(G} +— { F : Rep/(G) 2 Hilby }

fiber functor

¢ Subfactors:

. . F .
Higher relative commutants ~» Cycp < Bimggp (N).

.. C acts on operator algebra A via generalized fiber functor:

F:C 2 Bimgg(A).

11/50



Discrete subfactors & quantum dynamics

Discrete subfactors:

E
(N,T)C M < NEEA(M)y = &y K®%  nx e NU{0}
N —

dfseraie Kelrr(Bimgg, (N))
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Discrete subfactors & quantum dynamics
Discrete subfactors: | |

E
(N,T)CM < NE(My = &y K®  nx e NU {0}
Kelrr(Bimgg, (N))

discrete

v

Theorem (| | Largest class admitting standard invariant)

E discrete,
{(N,T) c M‘ ,\;, e C} & {enem A N, M e wraig(e)}

.. Discrete subfactors determined by a quantum dynamics:
(NCM)=NCNxgM.

Construction /classification discrete subfactors

e Construct/classify quantum dynamics: C ~ N,
ee Describe W*Alg(C). (Internal to C)

4
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Quantum symmetries for C*-algebras

o [GLN14, EGLN15, Tww17] Elliott Program: K-theory & traces
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o [GLN14, EGLN15, Tww17] Elliott Program: K-theory & traces
e [Wat90, Kwoo] Index for C*-subalgebras:

E
Indyy <A C B) < 00 <= EI{(u,-, V,')}f Cc BxB

VbeB Y uiE(vib)=b="_ E(buj)y,.
» [cHPJP22] C*Alg is “Q-system complete’
= {Indyw (A C B) < oo} ¢ {[M : N] < oo}.

& [1zu98, HHP20, Jon21, CHPJ22, EP23] C*-algebras have quantum
symmetry!

Infinite index C*-subalgebras?
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Infinite index inclusions in practice

o The canonical B-A correspondence gBa:

E * ||HA
AC B ~ (bi|b = E(bby) ~ B = BQ
ACB (b1]b2) A (bib2) ~ B :

faithful
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Infinite index inclusions in practice

o The canonical B-A correspondence gBa:

E * ||HA
AC B ~ (bi|b = E(b;by) ~ B = BQ
ACB (b1]b2) A (byb2) :

faithful
o [Fkag] inf{c > 1| ||b|| < c||bQ2||a}pep+ < 00 & BQ = B,

o Projective quasi-normalizer:

AC B® :={be B| 3K € Bimgg,(A), bQ € K C BQ} C B.

Example (Reduced crossed products)

Given action F : C — Bimgg,(A) and C-graded C*-algebra:

Axp,,B=C;| € Fl(c)®B(c)
c€lrr(C)
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Synthetic examples

Reduced crossed products by outer group actions are C*-discrete:

o E
T A ~ {ACANQ,,/\} C C*Disc.
A<T
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Synthetic examples

Reduced crossed products by outer group actions are C*-discrete:

o E
T A ~ {ACANQ,, /\} C C*Disc.
A<T

» Genuine W* /C*-algebra objects are abundant:

ee G: CQG T Rep(G) ~ Hilb; P23 C[g,

oo N C M: discrete "5) B € W*Alg(Crem).

The C*-discrete family

{Axqa,T} C {IndW < oo} C {Axfg,B} C C*Disc

dlscrete groups Q- systems C*- alg objects
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» Crossed products are generic C*-discrete inclusions.

Discreteness for C*-subalgebras

E —
A C B is C*-discrete d(:>ef B<>” le = B.

Theorem ([HPN23])

V

{A ¢ B‘ C*-discrete A' N B = (C} o {c AA Be C*AIg(C)}

V.
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Characterizing C*-discreteness

» Crossed products are generic C*-discrete inclusions.

Discreteness for C*-subalgebras

E —
A C B is C*-discrete d(:>ef B<>” le = B.

Theorem ([HPN23])

E
{A c B‘ C*-discrete A' N B = (C} o {c AA Be C*AIg(C)}
El
(<) : take reduced crossed product A C A xr , B.
(:>) :F: CACB — Bimfgp(A),

B =~ @ K ® Homa_a(K — BQ) C B.
Kelrr(Bimgg,(A))

*-subalgebra!

WV
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Eg: Cores of Cuntz algebras

neN, T~ O, ~ OF 2 UHF,~ =: A
~——

gauge

~s <UHFnoo 5(’)“) irred C*-discrete
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Eg: Cores of Cuntz algebras

neN, T~ O, ~ OF 2 UHF,~ =: A
~——

gauge

~s <UHFnoo g(’),,) irred C*-discrete

b2 s1bst  ~» Fy: Hilb(Z) — Bimegp(A), k > (s157)x, [Ala.

one-sided Bernoull

dense

0% =« —Alg({s;}7) C O,.
. Op 2 UHF 0 x5, C[Z).

V.
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Eg: A-valued semicircular systems

» Some examples from free probability:
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Eg: A-valued semicircular systems

» Some examples from free probability:

{77:'1' A A}i,je/ ~ n={n;}: A= A End(¢3(])).

covariance matrix

.

36/50



Eg: A-valued semicircular systems

» Some examples from free probability:

{77:'1' A A}, oy = {n;i}: A— A®End(¢3(1)).
I,Je
covariance matrix
e 7 faithful compatible trace: 7(n;(x)y) = 7(xnij(y))
and A®;, . A € Bimeg,(A)

= A C &(An) = C* (AU {U(E) + €(&)}1) € End!(F(n)a).
~—_——

C*-discrete
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Eg: A-valued semicircular systems

» Some examples from free probability:

{77:'1' A A}, oy = {n;i}: A— A®End(¢3(1)).
I,Je
covariance matrix
e 7 faithful compatible trace: 7(n;(x)y) = 7(xnij(y))
and A®;, . A € Bimeg,(A)

= A C &(An) = C* (AU {U(E) + €(&)}1) € End!(F(n)a).
~—_——

C*-discrete
e Assuming #/ € N:
A C ®(A, n) irreducible < F(n)* = C.

~

. ®(A, n) yields irreducible C*-discrete extension

realized as a crossed product!
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Galois Correspondence
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Galois Correspondence
Theorem ([HPN23])

E
Given A C B irreducible C*-discrete:
— {]D)
> {D

ACDCB

Elp
A C D e C*Disc

D

Cac-graded C*-alg obj

1CDCB

ACDCBEB

}

JEE . B - D, EgoE:E}'

V.
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Galois Correspondence

Theorem ([HPN23])

E
Given A C B irreducible C*-discrete:

ACDCB
Elp — {]D)

A C D e C*Disc
> {D
Discrete Groups

e Our Theorem categorifies [CS19].
e If Ais simple, C-S show correspondence is tight.

D

Cac-graded C*-alg obj
1CDCB

ACDCB
JEE-B—D, EBocE=E|

V.
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Galois Correspondence

Theorem ([HPN23])

E
Given A C B irreducible C*-discrete:

D

ACDCB
D
{ 1CDCB

Elp
> {D
Discrete Groups

A C D e C*Disc
e Our Theorem categorifies [CS19].
e If Ais simple, C-S show correspondence is tight.

Cacp-graded C*-alg obj}

ACDCB
JEE-B—D, EBocE=E|

V.

Cores of Cuntz Algebras

e [Rp21] shows Correspondence is tight and C*-irreducible.
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C*-discrete extensions & simplicity

Free UTC-action:

F : C — Bimggp(A) is free iff Vc € C,V¢ € F(c):

inf{‘ZaTDﬁQa; ‘ {ai}] C A, Za;‘aizl} =0.
1 1
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C*-discrete extensions & simplicity

Free UTC-action:

F : C — Bimggp(A) is free iff Vc € C,V¢ € F(c):

inf{‘ZaTDﬁQa; ‘ {aj}] C A, Za;‘aizl} =0.
1 1

Theorem ([HPN23])

Let 1 € A be simple, C rFx A be free and outer, and B € C*Alg(C).
Then A xf , B remains simple.
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Perspectives and future work

o Is freeness automatic for outer UTC-actions?
e When is the Galois correspondence tight?
ee Characterize C*-discrete extensions by TLJ(§) GJS-actions by
K-theory.
e e ¢ Approximation properties for C*-discrte inclusions in terms of
their C*-algebra objects.

e ¢ 00 Are C*-discrete extensions of classifiable C*-algebras
classifiable?

Thank you!
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