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SOME UNITARY REPRESENTATIONS OF THOMPSON’S
GROUPS F AND T.

VAUGHAN F. R. JONES
VANDERBILT UNIVERSITY

ApsTRACT. In a “naive” attempt to create algebraic quantum field theories on
the circle, we obtain a family of unitary representations of Thompson's groups T
and F for any subfactor. The Thompson group elements are the “local scale trans-
formations” of the theory. In a simple case the coefficients of the representations
are polynomial invariants of links. We show that all links arise and introduce new

“oriented” subgroups F < F and T < T which allow us to produce all oriented
knots and links.

1. INTRODUCTION

This paper is part of an ongoing effort to construct a conformal field theory for
every finite index subfactor in such a way that the standard invariant of the subfactor,
or at least its quantum double, can be recovered from the CF'T. There is no doubt that
interesting subfactors arise in CF'T nor that in some cases the numerical data of the
subfactor appears as numerical data in the CF'T. But there are supposedly “exotic”
subfactors for which no CFT is known to exist, the first of which was constructed by
Haagerup in a tour de force in [14],[1]. But in the last few years ideas of Evans and

Gannon (see [8]) have made it seem plausible that CFT’s exist for the Haagerup and
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Subfactors — CFTs

S. Doplicher and J. E. Roberts (1989)
M. Bischoff (2015)



Haagerup subfactor

(first irreducible finite-depth subfactor with Jones index>4)

M. Asaeda and U. Haagerup (1999)
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Haagerup — CFT



Royal road: build a
"Haagerup”
microscopic model &

find 2"d order phase
transition



(2"d order phase
transitions “=" CFTs)
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The H3 Fusion Category
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The H3 golden chain: Hilbert space

> |x1Xp o Xpq)

Fusion paths: x; € {1,a,a”, p, ap, a”p}



The H3 golden chain: Hamiltonian
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The H3 golden chain: Hamiltonian
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The Pentagon Equation

XyZ _ yzw Xyz
(Fu )da(FuaZW)cb — Z(Fd )Ce(Fuer)db(Fb )ea
e
objects: a, b, ... € {1,a,a",p,ap,a*p}
= 41391 equations

= 1431 variables



Trivalent categories
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Trivalent categories
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Trivalent categories




Finding solutions

» Equations with one variable
» Gauge freedom

» Small solvable subsystems
» Unitarity



Two parameters: py,p, € {—1,+1}
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https://github.com/R8monaW/H3Fsymbols




The H3 golden chain: Hamiltonian

J

Eigenvalues? Eigenvectors?
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\V//E Mor(p™ & p™, p™)




€ Mor(p* ® p*,p")



Conformal field theory?

conf(R!+1) =

i, (ST)x diff,(57)




(Semi)continuous limit



Standard dyadic interval:

interval of form [2‘;, ‘;;11]
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Standard dyadic partitions:

partitions [0,1] into std. dyadic
intervals

D =< . —H+— —+4 .. ;




It P,Q € D say
"P < Q" to mean partition
Q is a refinement of P

(Q has more cells)



Standard dyadic partition:
directed set D




Standard dyadic partitions:
representation via trees

[0,1]

/N

[0,2] [z 1]




Standard dyadic partitions:
representation via trees

NN
NN




Hilbert space structure




it P < Qidentity Hp C Hg
via Isometry:

TQI;:’HP%’HQ




How to build isometries?
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Equivalence: [p)p ~ |Y),
if AR

TR |P)p = TRQWJ)Q




Semicontinuous limit: Extrapolate!
T, embeds into arbitrarily

fine (std. dyadic) lattices
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Definition: let (D, <) be a directed set. Let a
hilbert space Hp be given foreach P €D
Forall P <@ let T : Hp — Ho be an
Isometry such that:

(1) T% istheidentity
(2) TRTS =T, VP<Q<R

hen (#p,Ty) is a directed system.



Semicontinuous limit:

H

.

lim
im #Hp
PcP

( the disjoint union of Hp overall P € P
modulo the equivalence relation [¢)p ~ [)g
if thereis R = P and R = Q such that

TE19)e = TP

\

V. F. R. Jones, arXiv:1412.7740 (2014)
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Residents of

[1P)e] = {l$)g = Tg [¥)p)



Each hilbert space Hp is a natural
subspace of H:

Hp & H
VIa

[Y)p — [[Y)p]



Thompson’s group 7: generated by A(x), B(x),

and C(x) under composition

A(x) B(x) C(x)

J. W. Cannon, W. J. Floyd, and W. R. Parry, Enseign. Math., vol. 42, no. 3—4, pp. 215 — 256, 1996



Proposition (“well known”): let f € diff (S!). Then
3 sequence A,(x) €T s.t. ||Ay — flleo = 0.

f(x) A1 (x)

see e.g., D. Stiegemann , arXiv:1810.11041
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Elements of Fand 7T’



Pairs of std. dyadic partitions/trees

S
N

J. W. Cannon, W. J. Floyd, and W. R. Parry, Enseign. Math., vol. 42, no. 3—4, pp. 215 — 256, 1996

B(x)



Pairs of std. dyadic partitions/trees
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J. W. Cannon, W. J. Floyd, and W. R. Parry, Enseign. Math., vol. 42, no. 3—4, pp. 215 — 256, 1996



Representing Fand T on H
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V. Jones (2014)



Representing F and 7 on H
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Perfect tensors and PSL(2,Z) invariance
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Perfect tensors and PSL(2,Z) invariance

(QU(a)|Q) =QUD)|Q) =1
a* = (ab)>=1

a=ACb=CA"1C



Observables:
“Thompson field

theory”



Definition: an ascending operator
U, € B(H) is an eigenvector of the
ascending channel:

VT(//‘Cx R DV = Aqu”




Definition: the discretised field operator of

type a at z € S with respect to a partition
P=(41,..,1,)is

bp(z) = EIEPI[Z e ] (,1“)1082(”')#,“

TJO and D. Stiegemann, arXiv:1903.00318
See also A. Brothier and A. Stottmeister, arXiv:1901.0490



Definition (product of field operators): let
(x4, X5, ..., Xy ) be a tuple of positions and a =
(ay, as, ..., ay) a tuple of types, and P a
partition.

Mg(xl'xZJ ,Xn) = ngl (x1)¢g2 (XZ) ngn(xn)

TJO and D. Stiegemann, arXiv:1903.00318
See also A. Brothier and A. Stottmeister, arXiv:1901.0490



Theorem: the limit
CH(xq, X9, e, Xp) = lilgn(QPr\M,‘}(x) |Qpr)

exists and may be calculated using O(log(n))
operations.

TJO and D. Stiegemann, arXiv:1903.00318



Conjecture (reconstruction):

Ca(xl'x2' 'xn) = <Q|$a1 (xl) $an(xn)|ﬂ>

TJO and D. Stiegemann, arXiv:1903.00318



C(%, x) = lilgn(qbgl (%)qbgz (x)):
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Lemma: let x and y be two dyadic fractions
Ca,B (x’ y) — C(C(, ,B, )/) D (x’ y)log Agtlog Ag—log 4,

where D (x, y) is the coarse graining distance.

TJO and D. Stiegemann, arXiv:1903.00318



Short distance expansion:

B ()PP () ~ £F D (x, y)rhahs Y (y)
A

“OPE” coefficients

TJO and D. Stiegemann, arXiv:1903.00318
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