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critical spin chain 141D CFT
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conformal data: 141D Ising CFT
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critical spin chain
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critical spin chain 141D CFT
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“lattice conformal conformal transformations
transformations” acting on the CFT Hilbert space
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critical Ising spin chain 141D Ising CFT
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outline

We show how “lattice Virasoro generators” can be used to..

1. ..systematically identify low-energy eigenstates of
critical spin chains with energy eigenstates in the CFT,

2. find “lattice primary field operators” that approximately
obey the correct operator algebra,

3. identify emergent conformal transformations in Tensor
Networks (e.g. MERA) that describe critical systems.

“detailed emergence of conformal symmetry in lattice systems”



lattice Virasoro generators

and extracting conformal data

AM, G. Vidal, Phys. Rev. B 96 245105 (2017)
Y. Zou, AM, G. Vidal, PRL 121, 230402 (2018)
Y. Zou, AM, G. Vidal, arXiv:1901.06439 (2019)



extracting conformal data

critical spin chain 141D CFT

low-energy spectrum
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identifying primary states on the lattice

critical spin chain
N
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“lattice Virasoro generators”
distinguish
“lattice primary states”

Koo & Saleur (1994)

AM & G. Vidal, PRB 96, 245105 (2017)
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extracting conformal data

critical spin chain 141D CFT

low-energy spectrum
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lattice primary operators and OPE coefficients

critical spin chain
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extracting conformal data

critical spin chain 141D CFT

low-energy spectrum
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extracting precise conformal data using puMPS

Critical Ising model
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the story so far

critical quantum spin chain Hamiltonian

\ 4

lattice Virasoro generators + low-energy eigenstates

\ 4

complete conformal data

also:
identification of each low-energy lattice eigenstate
with a CFT scaling operator/state
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tensor networks as conformal transformations

AM & G. Vidal
arXiv: 1805.12524, 1807.02501, 1812.00529 (2018)



tensor networks are powerful computational tools for
characterizing critical systems (see e.g. DMRG, MERA)

we identify emergent conformal transformations in
Tensor Networks (e.g. MERA) that describe critical systems



“euclideon’ tensor



exp(—0H)

(transfer matrix / euclidean-time propagator)
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“path integral”
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MERA
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MERA

Z = exp(—BE(c))

variational optimization
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a layer of MERA behaves like a dilation
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G. Vidal 2007, R. Pfeifer et al. 2009



MERA

as a coarse-graining map on operators
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MERA

as a coarse-graining map on operators
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MERA

as a coarse-graining map on operators
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MERA

as a coarse-graining map on operators
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MERA

as a coarse-graining map on operators




MERA

critical spin chains

dimensions (approx.)
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critical spin chain

141D CFT
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low-energy
eigenstates
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matrix elements in low-energy subspace
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(critical Ising numerics)
AM & G. Vidal, arXiv: 1812.00529 (2018)



local euclidean evolution (translation)

compare with:

AM & G. Vidal, arXiv: 1805.12524 (2018)
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local rescaling of space
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connection to Thompson’s group(s)

unitary representation?
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variational critical Ising MERA fulfills these approximately

(numerically) exact non-tree solutions exist



summary

We show how “lattice Virasoro generators” can be used to..

1. ..systematically identify low-energy eigenstates of
critical spin chains with energy eigenstates in the CFT,

2. find “lattice primary field operators” that approximately
obey the correct operator algebra,

3. identify emergent conformal transformations in Tensor
Networks (e.g. MERA) that describe critical systems.

“detailed emergence of conformal symmetry in lattice systems”



extension to richer symmetry

we assumed only conformal symmetry:

L L] = (= m) L, + 250 = Diagmg

if there is more symmetry (e.g. SUSY, U(1), SU(N)...),
we can extract even more data!



