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Defects - open case

x

y

φ̃(x) ≡ φ(x)

φ̃(y) ≡ ψ(x)

What’s Z̃ or S̃?

What’s 〈φ̃(x)φ̃(y)〉?
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Defects - open case

x

y

φ̃(x) ≡ φ(x)

φ̃(y) ≡ ψ(x)

x

y

φ̃n(x) ≡ φn(x)

φ̃n(y) ≡ ψn(x)

J.Belletête Ipht



Introduction Temperley-Lieb algebras Defects in TL lattice models

Defects - open case

x

y

φ̃n(x) ≡ φn(x)

φ̃n(y) ≡ ψn(x)

Not all continuous maps are
allowed.

Width of strips is not free.

The continuous limit of Zn is
invariant under deformations.
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Defects - open case

x

y

φ̃n(x) ≡ φn(x)

φ̃n(y) ≡ ψn(x)

Not all continuous maps are
allowed.

Width of strips is not free.

The continuous limit of Zn is
invariant under deformations.

Equivalent to choosing
boundary conditions!
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The defects - the closed case

Cross Channel Direct Channel
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Product of defects

D1 ◦ D2(Z ) =
∑
k

λkDk(Z )

Unitary, rational CFTs: Di � Prim. fields, product → faithful rep of
fusion ring.
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Example I: The Ap RSOS models

Includes Ising (p = 3), tri-critical Ising (p = 4), 3-states Potts (p = 5),
etc.

1 2 1 2 1

2 3 2 1 2

3 2 1 2 3

2 1 2 3 2

1 2 1 2 1 Heights 1, 2, . . . , p, q ≡ e i
π

p+1

a b

d c
=

qx−1 − q−1x

q− q−1
δa,c +

x − x−1

q− q−1
δb,d

Zn,m = Tr(Tn)m

〈a1, . . . , a6|Tn|b1, b2, . . . , b6〉 =

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6
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Example I: The Ap RSOS models

1 2 1 2 1

2 3 2 1 2

3 2 1 2 3

2 1 2 3 2

1 2 1 2 1 The width k = 0, 1, 2, . . . , p − 2

a b

d c
= lim

x→0

∑
f1,...,fk
g1,...,gk

λf1,...,fk
g1,...,gk

(a, b, c , d)

a bf1 f2 . . . fr

g1 g2 . . . grd c

Z̃n,m(k) = Tr(T̃n(k))m

The functions λf1,...,fk
g1,...,gk

(a, b, c , d) are implicitly given as products of

components of the eigenvectors of some matrix.
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Example I: The Ap RSOS models

1 2 1 2 1

2 3 2 1 2

3 2 1 2 3

2 1 2 3 2

1 2 1 2 1 The width k = 0, 1, 2, . . . , p − 2

a b

d c
= lim

x→∞

∑
f1,...,fk
g1,...,gk

λf1,...,fk
g1,...,gk

(a, b, c , d)

a bf1 f2 . . . fr

g1 g2 . . . grd c

Z̃n,m(k) = Tr(T̃n(k))m

The functions λf1,...,fk
g1,...,gk

(a, b, c , d) are implicitly given as products of

components of the eigenvectors of some matrix.
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Example I: The Ap RSOS models

Continuum limit: Virasoro minimal model M(p + 1, p)

H ∼
p⊕

s=1

p−1⊕
r=1

(φr ,s ⊗ φ̄r ,s) (1)

H̃(k) ∼
p⊕

s=1

p−1⊕
r=1

((

Virasoro fusion!︷ ︸︸ ︷
φr ,s ×f φ1,k+1)⊗ φ̄r ,s).

Defects give the twisted-boundary RSOS models.

Computing products require extensive numerics.

What’s the meaning of the λs? How to generalize to other models?
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The Temperley-Lieb algebras

Affine n-diagrams:

≡ (−q)1/2 +(−q)−1/2

≡ (q + q−1)
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The Temperley-Lieb algebras

Type A or regular
i = 1, 2, . . . , n − 1

ei =
. . .

i-1

. . .

n-i-1

eiei = (q + q−1)ei ,

eiei±1ei = ei ,

eiej = ejei if |i − j | ≥ 2

Type B or affine

b = (−q)−3/2 . . .
. . .

n-1

e1be1 =

−Y︷ ︸︸ ︷
(qb + q−1b−1) e1,

eib = bei i 6= 1

Two Hoop operators:

Y = . . .
. . .

n-1

Ȳ = . . .
. . .

n-1
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The TL Tower structure

φo : aTLn ⊗C TLm → aTLn+m

⊗C →

φu : aTLn ⊗C TLm → aTLn+m

⊗C →

For any V ∈ mod(TLm), aTLn+m ⊗TLm V is a ( aTLn+m, aTLn)-bimodule
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TL fusions

Mn ≡ mod(aTLn), V ∈ mod(TLm)

Mn−1 Mn Mn+1 . . . Mn+m−1 Mn+m Mn+m+1 . . .⊂ ⊂ ⊂ ⊂ ⊂⊂ ⊂

−×u/o
f V

−÷u/o
f V

M ×u/o
f V ≡ (aTLn+m ⊗TLm V )⊗aTLn M, Fusion product

M̄ ÷u/o
f V ≡ HomaTLn+m

(
aTLn+m ⊗TLm V , M̄

)
, Fusion quotient
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The TL Transfer matrix

Tn(x) = . . .x x x x x x ,

x = (−q)−1/2x − (−q)1/2x−1 .

x
k

k = (−q)−1/2x k − (−q)1/2x−1 k

The box k is the Jones-Wenzl projector: unique ρk ∈ TLk s.t. ρ2
k = ρk

and eiρk = 0 for all i = 1, . . . , k − 1. Only exists for k = 1, . . . , p − 1
(q = e iπ/(p+1)).
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The Hamiltonian

Classical: Hn =
∑n

i=1 ei

ei =
. . .

i-1

. . .

n-i-1

en =
. . .

n

. . .

With a defect H̃k
n =

∑n−1
i=1 ẽi ,

ei = k
. . .

. . .
. . .

i-1

. . .

n-i-1

en =

k

. . .

. . .
. . .

n

. . .
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The theorem

For M ∈ mod(aTLn+m), let M̃ ≡ φu(1aTLn ⊗ ρk)M, then

H̃k
n |M̃ ∼ Hn|M÷u

f TLkρk or Hn|M÷o
f TLkρk

T̃ k
n |M̃ ∼ Tn|M÷u

f TLkρk or Tn|M÷o
f TLkρk .

In particular,
Z̃ k
n |M = Zn|M÷u

f TLkρk or Zn|M÷o
f TLkρk ,

i.e. if M describe some model, M ÷u/o
f V describes the same model with

a V -defect.
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Pros and cons

Pros

Reps can be arranged in families A[n], B[n], etc. which describes the
regulariz. of the same sector of the CFT.

A[n + m]÷u/o
f B[m] ' A[n + k]÷u/o

f B[k],

Products of defects are easy

(A÷u
f B)÷u

f C ' A÷u
f (B ⊗ C )︸ ︷︷ ︸

Tensor prod. of the TL cat.

.

Cons

Any info. that is basis dependent is lost.

Computing the iso-class of a fusion quotient is (relatively) easy,
finding what it is is difficult.

J.Belletête Ipht
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Example I: Twisted RSOS on Ap

Closed︷ ︸︸ ︷
Y = . . .

. . .︸ ︷︷ ︸
qx+q−x

Ȳ = . . .
. . .︸ ︷︷ ︸

qy+q−y

Open︷ ︸︸ ︷
F = . . .︸ ︷︷ ︸

qz+q−z
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Example I: Twisted RSOS on Ap

Closed︷ ︸︸ ︷
Y = . . .

. . .︸ ︷︷ ︸
qx+q−x

Ȳ = . . .
. . .︸ ︷︷ ︸

qy+q−y

Open︷ ︸︸ ︷
F = . . .︸ ︷︷ ︸

qz+q−z

(x , y)÷o
f (z) '

min(x+z−1,2(p+1)−(x+z)−1)∑
k=|x−z|+1

step = 2

(k, y) ,

(x , y)÷u
f (z) '

min(y+z−1,2(p+1)−(y+z)−1)∑
k=|y−z|+1

step = 2

(x , k) ,

((1, 1)÷o
f (x))÷u

f (y) ' (x , y) .
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Example I: Twisted RSOS on Ap

Closed︷ ︸︸ ︷
Y = . . .

. . .︸ ︷︷ ︸
qx+q−x

Ȳ = . . .
. . .︸ ︷︷ ︸

qy+q−y

Open︷ ︸︸ ︷
F = . . .︸ ︷︷ ︸

qz+q−z

Non-unitary simple reps:

Closed: ( ξ︸︷︷︸
∈C

; α︸︷︷︸
∈Z

) , Open: ( z︸︷︷︸
∈Z≥1

).

(qx + q−x ; x − y)︸ ︷︷ ︸
RSOS rep.

÷u
f (z) ' 0 unless z ≤ p.
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Example II: The XXZ spin-chain

The Hilbert space is C⊗n2 and

Hn(Q) =
n∑

j=1

(
σ−j σ

+
j+1 + σ−j+1σ

+
j +

q + q−1

4

(
σz
j σ

z
j+1 − 1

))
,

σz
n+1 ≡ σz

1 , σ±n+1 ≡ Q∓2σ±1 .

Y = (−1)n
(
qSzQ−1 + q−SzQ

)
, Ȳ = qSzQ + q−SzQ−1,
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Example II: The XXZ spin-chain

Hu
n−1(Q) =

n−1∑
j

(a−j a
+
j+1 + a−j+1a

+
j +

q + q−1

4

(
azj a

z
j+1 − 1

)
)

+
(

(1− q2az1 )a−n−1 + Q2(1− q−2azn−1 )a−1

)
σ+
n ,

∼

(. . .)⊗ | ↑〉 (. . .)⊗ | ↓〉(
Hn−1(−Qq−1/2) ∆

0 Hn−1(−Qq1/2)

)
,

∆ = (1− q2az1 )a−n−1 + Q2(1− q−2azn−1 )a−1

where akj = σk
j , k = z ,±, j = 1, 2, . . . n − 1, and

azn ≡ az1, a±n ≡ (Q2q−σ
z
n )∓1a±1 . (2)
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Example II: The XXZ spin-chain

Y = (−1)n(qSzQ−1 + q−SzQ),

Ȳ ∼

(. . .)⊗ | ↑〉 (. . .)⊗ | ↓〉(
Q−q

S̃z + Q−1
− q−S̃z Q(q− q−1)2S̃−

0 Q+q
S̃z + Q−1

+ q−S̃z

)
,

where Q± ≡ −Qq±1/2, and S̃−, q±S̃z are the standard Uq(sl2) generators
on n − 1 spins.
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Example III: The XX spin chain

Let fi , f
+
i , i = 1, 2, . . . be a family of fermion operators, i.e.

{fi , f +
j } = δi,j , {fi , fj} = {f +

i , f
+
j } = 0.

The twisted XX spin chain is defined by the Hamiltonian

Hn =
n∑

j=1

−i(gj + igj+1)(g+
j + ig+

j+1), (2)

where gj ≡ fj for all j = 1, . . . , n and boundary conditions:

gn+1 ≡ e iθg1,

gn+1 ≡ e iθg1 + 2ign+1,

gn+1 ≡ e iθg1,

gn+1 ≡ e iθg1 − 2ign+2,

g+
n+1 ≡ e−iθg+

1

g+
n+1 ≡ e−iθg+

1

g+
n+1 ≡ e−iθg+

1 + 2ig+
n+1

g+
n+1 ≡ e−iθg+

1 + 2ig+
n+1

(Classical)

(Spin-1/2 u-defect)

(Spin-1/2 o-defect)

(Double Spin-1/2 defect)
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Example III: The XX spin chain

gn+1 ≡ e iθg1,

gn+1 ≡ e iθg1 + 2ign+1,

gn+1 ≡ e iθg1,

gn+1 ≡ e iθg1 − 2ign+2,

g+
n+1 ≡ e−iθg+

1

g+
n+1 ≡ e−iθg+

1

g+
n+1 ≡ e−iθg+

1 + 2ig+
n+1

g+
n+1 ≡ e−iθg+

1 + 2ig+
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(Classical)

(Spin-1/2 u-defect)

(Spin-1/2 o-defect)

(Double Spin-1/2 defect)

Eigenvalues are real if and only if θ ∈ R,

Models with defects are diagonalizable if and only if

θ 6= (2m + 1)

2
πn for any m ∈ Z.

They all have the same spectrum (with double or quadruple
multiplicities with defects).
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So what now?

Modular transformations?

Massive gap in the rep. theory of aTL at root of unity.

Rep. theory when hoops are non-diagonal is (mostly) in-existent.

Physical meaning of those new boundary conditions?
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The end

Thank you!
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