
APPROXIMATING THE R - TRANSFORM



. Starting point : Itzykson - Zuber conjecture ( 19801

. Two -

species particle ensemble :

ai
" '

>.
. . .

a a ,Y '
and bins

. . .

> b.Y
'

,

N = 1,23 ,
...

. At time N
, system consists of N particles of

species a
,

and N particles

of
species b.

. e . . . e  . i



. Associated
sequence

of entire functions

En
: ¢ → ¢

,
N =L

, 2,3
,

...

,

defined by

E.G) =/
.

,ezTrl"
 "

iainlul
""iwtU"

du = fugihai
" "bi" luiitdu

. Significance :EnI z ) describes the interaction between unitarily invariant random

Hermitian matrices coupled in a chain

. { Coupmkaflncregndom } → {
2 's quantum gravity

coupled to  matter
}



. Hermitian one . matrix model : An

Matrix
density :

ETRYH

Eigenvalue density : ef " a "

# ( a ;
 . a ;) ?

. Hermitian two . matrix model : ( An ,Bn )

Matrix density :
et ( VHHWCB ) + ZAB )

Eigenvalue density :
efvkiltwlbi )

# ( a ;
 . g.)

2

( b
; .by/u.eyT

[
"

"

an ]u[
↳

" bntidu



. Suppose the system aims
...

a aim
,

bin 's
...

> b.Y
' has the following features :

COMPACTNESS : There exists M > 0 such that aims
...

a aim
,

bin 's
...

> b.Y
'

are

confined to FMVF
,

MVF ] ;

CONVERGENCE : For each KEN
,

the limits

aim aim

Xx - Him.PK#j"  

*
)

and y .
= Hy.PK#Hj' '

 ' k¥1

exist
,

where p ,<
( zi , ...

, -2N ) = -2kt
. .  .

+ EY
.



. Meaning : after renormalization by VIJ
,

the empirical distribution

of aim >
. . .

>
.

a ,Y
'

converges
to

a probability measure µ on [ - M
,

M]
,

and the empirical distribution of bin 's
...

> by
'

converges
to

a probability

measure v on [ - M
,
M ]

.

.

e=



Conjecture [ Itzykson - Zuber ( 1980 )
,

Collins ( 2006 ) ]

There exists e > 0 such that

f. log I. IH → Fez ,

as N→x
,

uniformly on compact subsets of { zee : Izke }
.

Moreover
,

for each DHN
,

the dth derivative of FHI at ⇐ 0 is a

polynomial function of x. , ... ,×d and y , , ...

, ya ,
bi homogeneous of degree d

with respect to the grading deg (a) = deglyk )=k ,
with integer coefficients

.



. Itzykson and Zuber were able to explicitly compute eight numbers :

tim Ni
2

log Into
" ( 0 )

,

D= 1,2 , 3,4 , 5. 6.7
,

8
.

N → x

. For example , they showed that the limit of Nt login
"

101 exists and equals

6×4%1 - 24×4 ysy,

- Rxyyi + 60×4 yzyi - 30×44,4

-

24×3×4,
+ 96×3 x. ysy, + 48×3×1%2 - 240×3x. yzyi + 120×3×44

- Rxiyy +48 xiyy , +18×22%2 - 108 xiyzyi + 54 xiy ,

"

+60×2×21/4 - 240×2×2 %y , -108×2×2%2 +576×2×2 yzyi - 288×2×4,4

-30×4 yy
+ 120×4 ysy , +54×4%2 - 288×4 yzyi + 144×4%4 .



.

"

Analysis first
"

approach to the IZ conjecture ( Matytsin ,
Guionnet - Zeitouni ) :

estimate log Intel

directly
. Upshot : Fez ) = firm Nt log IIH exists point. wise for z c- R

,
can be described as

the
unique

solution of
a complicated variational problem - optimal transport from

µ to
v with respect to

a complicated functional E. .

~# Fcz ) = inf Ez
Me MFM ,

M ]

. This approach has nothing to
say

about complex convergence , or about the

combinatorial part of the conjecture .



.

"

Combinator ics first
"

approach to IZ conjecture developed by Goulden
,

Guay - Paquet ,

and Novak

. Starting point : the entire function of ZNH complex variables defined by

Entzlabiiiiab
;) = u.fi#laiawlulbibnlwdu

. Harish
- Chandra / Itzykson - Zuber integral of rank N

.



. The HCIZ integral of rank N has two basic symmetries

. First  is the 51N )×S( N ) symmetry

E
THEY

.it?EIl=EHlabi:iaIl

,

which follows from left tight invariance of Haar
measure

. Second is the 512 ) symmetryEutzlaiiiabi
I -

Elzlabiiiiab
;) ,

which follows from cyclic invariance of the trace
.



. Symmetries imply that Maclaurin series of EN
can be written

E.
lztabii:?I)= I

t.EE?gp.la......anlp.lb......bnlWnk.p1,

where Wnkpkwnffxl

. Integrality phenomenon observed by Itzykson - Zuber must be
coming

from

some combinatorial meaning
bundled in Wn ( ap )

.
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A fragment of S ( d )

4 3

34# z

%
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. Symmetries imply that Maclaurin series of In can be written

Enlzlabii
:?I)=lto§¥§.

p.la " ...

,
an )p .

(b
" ... ibn ) Wnkpl ,

where Wnkpkwnffx )
.

Theorem ( Goulden
, Guay - Paquet ,

N
.

,
2014 )

For
any

KOKN
,

we have

Wnk , B) = far?{ HTWNK'T .

where Ttrlx ,p ) is the number of r . step montone walks from G to Cp

on S( d)
.



. Symmetries imply that Maclaurin series of log EN can be written

log

Enlzlabl
ii.%) = I + a§Et§

.

p.la " ...

,
an )p .

(b
" ...

,bn )H.k.pl ,

where

Hnkpl
=

Hnffx
)

.

Theorem ( Leading Derivatives )

For
any

Kok N
,

we have

Hnk
, B) = ¥ IGHT

¥59
.

where ¥lap ) is the number of r . step montone walks from G to Cp

on S( d) whose steps and endpoints generate a transitive subgroup of Sld )
.



. The total number Hrlx ,p ) of r . step transitive walks from G to Cp is

a double Hurwitz number
.

. Enumerative geometry :
Hr ( a. B) counts isomorphism classes of pairs ( [

,

f)

consisting of
a compact Riemann surface { and a degree d hdomorphic

function f :[ → P
'

with r+2 branch points x. yi , ... ,ynzeP,

'

such that f has

cinching profile × over ×
, B over z

,
and ( 2,1 , ... ,

1) over each yi .↳

*
÷ Yesf



Theorem ( Okounkov
,

2001 )

The generating function

H=a⇐¥t§
,

.in/pEorFHrk.p)

is a solution of the ZD Toda lattice equations.

Hrlqp
)

Intersection theory on

,

Ehsv
, µy,

a

,
pj

 "Hr ( a
, p) < ,

Intersection theory on

moduli spaces
of curves ???

Hrliiil Hrld ,d )



. HCIZ integral : an approximate generating function for monotone double

Hurwitz numbers
.

log

Enlzt
III ) -l§¥y§apd¥rna⇒p

.tn#i*or?EotHrHTan+..

.

i In the N→ a limit
,

the logarithm of the HCIZ integral becomes the monotone

version of Okounkov's double Hurwitz generating function

. Conceptually , explains Itzykson - Zuber conjecture.



. Riemann
- Hurwitz

: HT x. B) non . zero if and only if r+2= 2g + lkltllp )
.

@ genus (E) =g

f

÷ yes r+2 branch pointsf
. Genus parameterization :

Hglap ) := 1452
" " #

( ap )
.



. Maclaurin series of log

ENIZ
)

,
initial form ( r=r ) :

log E.H - FEET§
.

.pdFi¥ '  .  '  . an'¥lp.tt#tInlEtItrtFkpI+.. .

. Maclaurin series of logEvlz)
, genus

form ( r=2g -2+11×1+81 ) :

log

EH
. IVEEIN G.

" ¥jjehY⇒B⇐÷jhY⇒ the.mg?q.IP+.. .



. For each fixed dem
,

tim
. .§aMT÷jiiIi⇒'BY÷feii¥"' the.mg?EHgYisn=f.x.y.HtntmEkn.

. Means that each fixed derivative of EIH = Ntbg

Ek
)

converges ,

tie
.

E
"

lotfpaxaytttk
" " '

# kid

. Candidate for the Itzykson .
Zuber free

energy
:

FH =o§
,
ftp.x.ypttt.lt

'

# lap )
.



. What could
go wrong

?

1) The candidate FH=a⇐Et§ax%Hf"
+ " "

II. lap ) is not absolutely

summable
;

the numbers Ftok
, B) grow

too fast as d→x
.

2) The analytic functions Elzl = IF log EIZ ) don't have a common

domain of holomorphy ;
the zeros of Entz ) pinch the

origin as N → x.

. Neither of these occur .



Theorem I Hurwitz
,

1891 )

Holt
,

B) = Kalla + etstz ) ! d
" " IT the

.

Theorem ( Goulden
, Guay . Paquet

,
N

.

,
2012 )

II. tried = Kplkdttt
" →

them .



Theorem ( Vakil
,

2001 )

H.li ,
B) = Kalla + ein ! ET Ltd .

'Elders '

- dem
'

- Ehl lk -21 ! dltstke
. (p ) )

.

Theorem ( Goulden
, Guay . Paquet

,

N
.

,
2013 )

Hilla
,
B) = Kpl Mt 12kt . at ( (2d+HlF'

- 312am
'T

- l§Ilk-21 ! ( 2d+ it " he
,<

Ks - 1 ) )
.



Theorem ( Ekedahl
,

Lando
, Shapiro ,

Vainshtein
,

2001 )

For
any g-

2
,

the generating function

Hg=a§¥i §, ng .zFi+e. ) ! Haslip)

becomes rational after a complicated change of variables
.

Theorem ( Goulden
, Guay . Paquet,

N
.

,
2013 )

For
any g-

2
,

the generating function

→
a →

Hg
= ⇐ftp.?.YHgHP

)

becomes rational after a complicated change of variables
.



Theorem ( Goulden
, Guay . Paquet ,

N
.

,
2013 )

For
any g

> 2
,

the series

High . IEEIH's trim

is a rational function of slz )
,

where

stz ) = zF( 25 , ±z , Z ; Ezz )

and

zF( a
, b. c ; z ) = It if at + ¥,

alatahabnlbtt) + ¥,

alat ' I I at 2) blbtt )lb+2 )
+ . . .

C ( c + 1) ( C +2 )

is the Gauss hypergeometric function
.



Corollary

For
any g

> 0
,

the series Ftglz ) =o§,E÷ #gltil
"

) has radius of convergence
E-

Observation ( Di Francesco ) : Fix
a prime p . Higman proved

Him
.

Nt bgp GCN ) = ET ,

where G ( N ) is number of
groups

of order p
?

Theorem ( Goulden
, Guay - Paquet ,

N
,

2016 )

For
any g.

0
,

the series

tIgH=a§¥ fatigue)

has radius of
convergence

at least sty and at most 22T .



. Conclusion : the most obvious
necessary

condition for the Itzykson . Zuber

conjecture to hold is sufficient : if

inf { Izl : Entz )=O for some Ne IN} > 0
,

then I e > 0 such that

iv. log EH → FH=a€¥tfax%Ht
" " "

# lap )
,

uniformly on compact subsets of De (01

. Does the obvious
necessary

condition always hold ?



. Recall the expansions

Enlzlabiii:L ) = It ,§,¥n§e
,

paca " .  . anipplb " ... , bnlwnlap )

log Enlzlabii:L ) = !§E¥§ep×( a
" ....am#lb......bnlH.tap1

. Leading Derivatives Theorem describes N → a behavior of Wnk , B) and Hnkp )

for a ,ptd fixed

. We need information on d→x behavior with N fixed
.



Theorem

For
any

d
,

N e IN
,

we have

Wnlap ) = Kalal,↳l [ XYXIXYP ) t.INhas )
'

7 td

LAKN

where XYX ) is the trace of a permutation from (
×

in the
irrep

V

of S( d)
.



Theorem

For
any

d
,

N e IN
,

we have

Wnkip ) = El wYx)w' G) t.IN#,/lHkN1 ,

where 1 is a Plancherel - random Young diagram ,
PA ) =

(dingy't ,

and w
'

( x ) is the
eigenvalue of Ca acting in V !

. This conditional expectation can be analyzed for N fixed
,

d→a
.



Theorem

There exists e > 0 such that

i. bgfuejtrla
"?*M"

 "

' biitwdu
→ {,¥n§→×.y.

theaters
'

II. cap )

as N→x
, uniformly on compact subsets of { zee : Izke }

.



CONJECTURE

There
exists e > 0 such that

a

t.bg/u.yzTrlai?a:tulbMib:twdu~g.%BfE

's

uniformly on compact subsets of { z£E : lzke }
,

where

EH - €
,

?I§→×ay.
the "t" '

Ftgkp )
.



. Return to formulation of Itzykson - Zuber conjecture ,

alter it

. Single species particle ensemble :

bins
. . .

> b.in
'

,

N = 1,23 ,
...

. At time N
, system consists of N particles .

.  e . i



. Associated
sequence

of entire functions

In

:[
"

→ ¢
,

N =L
, 2.3

,
...

,

defined by

Inlz ; a " ...

,
an)=few,eZTr[

"

"

a .

]U(
" "

t.b.eu/U
"

du

. Significance : let X
"

'=[Xii
"

]#= ,

be uniformly random sample from the compact

symplectic manifold

On = { ulbi
"

'

:* Du
"

: Uc. UWB
.

Then Ilzia " ...

, an ) is the Laplace transform of XY
'

, ... ,

XIY
,

In ( z ; a , , ...

,
an ) = fit

( a '×" +
'  '  '

+ an Xnn )
d×

.

%



. Fix
he IN

,

set In ( z ; a " ...

, an ) :=In ( z ; a , , . .

, an ,O ,
...

,
0 )

.

. Want N→x asymptotic of I. 1£
,

a
" ...

,
an )

.

. Want to understand

dependence
on Nt 's behaviour of the system

bins
. . .

> b.Y
'

,

N = 1,2
,

}
,

... .



. If
you

know the Leading Derivatives Theorem
,

it's
easy

to see scaling limits
.

. Maclaurin series of log In ( Z ; a
" ...

, an ) is

IE¥nN§µMan"iiianpdbiieiiib# the
" " "

'#gEo #

list ...

"

E. ¥nN§µman"iiiai'pe⇐ijeiiib÷'t the.ME#stgm+.. .



. Maclaurin series of log In ( z ; a
" ...

, an ) is

iE¥N§µman"iiiai'pe⇐ijiiib÷'t the.ME#stgm+...

. If the limit yk
= tip

, .ME#j.  '¥¥ exists
,

then

him
, .§e

.

Hajek :" BFF'eiii¥%the.mg?q#dn9ftf.p.ia.....any.tHtmtIupi.



Theorem : There exists e > 0 such that
,

as N→x
,

b- log Inlz ; a
" ...

,
an ) →

Flz;a
, ,

...

, an )
,

uniformly on compact subsets of { G. a
" ... ,

an ) c- En
"

: Izaike }
,

where
Flz
; a , , ...

, an ) = Qlza ,
) +

. . .

+ Qlzan ) and

ZQn. ¥

ftp.yptttt
" '

HE His )

is a generating function for the
genus

zero one - part monotone double

Hurwitz numbers
.



. In this
new regime ,

the Itzykson - Zuber free
energy

Foia
is replaced by a

multivariate analytic function

Folz
; a

" ... , an ) .

. But
,Folz; a , , ...

, an )=§y Qlzait

. Whereas Euis a generating function for the monotone double Hurwitz numbers HIKP)
,

which are complicated , Qcz, is a generating function for the
one . part monotone double

Hurwitz numbers Ito ( dif )
,

which are much

simpler
Theorem : IIold ,p ) = I d- III. TH Cats

, ,

.



Theorem : IIold ,p ) = 1 d- Ill.lt#lCata... .

Definition : The free cumalants of
y , ,y . , y , , ...

are the numbers f. f. f , ...

defined

recursively by

YK =p.§u
,

the f. i

The generating function

R ( z ) = f
,

+ zf
.

+ Ef
,

t
. . .

is the R - transform
.

Corollary : § ,
yp th

" " '

ITold ,p) = I at ) ! fa
.



Theorem [ Guionnet - Maida
,

2006 ] : There exists e > 0 such that
,

as Ntx
,

#
og

In ( z ; a
" ...

,
an ) →

Flz;a
, ,

...

, an )
,

uniformly on compact subsets of { G. a
" ... ,

an ) c- En
"

: Izaike }
,

where
Flz
; a , , ...

, an ) = Qlza ,
) +

. . .

+ Qlzan ) andQn=§e¥fa
is the anti derivative of the R - transform

"

The R - transform is a limit of orbital Laplace transforms
"



CONJECTURE : There exists e > 0 such that
,

as N→x
,

Ttloginlzia
" ...

,
an

)~§g
Frltjajrnanl

uniformly on compact subsets of { G. a
" ... ,

an ) c- En
"

: Izaike }
,

where

Frlzia " ...

, an )=§yE÷[ plan ... , anlyp t.tl#mFtgk.p )
.

xp ,g
2g - Itlkkr

. Remark : second order term only receives genus
zero contributions

. Beginnings of a new approach to higher - order freeness
...



. We have seen that the R - transform arises as a particular scaling

limit of the HCIZ integral

. Combinatorial ly ,
free cumulants arise as degenerations of

genus zero

Hurwitz numbers

. Let
us use

the HCIZ integral to
peer even deeper

into the mysterious

mind of Dan - Virgil Voiculescu
. . .



. Schur :

up
to isomorphism ,

irreducible rational representations of GL
, ,

(E)

are parameterized by configurations b
,

>
. . .

> bn of N hard particles

on Z

. For example ,
N - I > N -2 >

. . .

> 0 corresponds to the trivial representation AHI
.

The configuration N > N -2 > N -3 >
. . .

> 0 corresponds to the tautological rep.
At ' A.

. Schur 's character Formula : if ( V. p ) is the
irrep corresponding

to b
,

>
. . . > bn ,

then

Trp (A) =

det[ zibi ]

det[ zing
'

where Z
, , ... ,z we E× are the eigenvalues of A

.



. Given a particle ensemble bi
"

>
. . .

> BY
'

,
NHN

,
have an associated

sequence of functions Kn : ( E)
"

→ Cl defined by

Knlz , ,
. .

.z
. ) =

Trplbintobii 's (
Zi

.

.

z
.

)

Trplbintobii 's [
'

...

,
|

'

. Voiculescu 's problem ( as reinterpreted by kerov and Vershik ) : classify all

particle ensembles such that
,

for each fixed he IN
,

the functions

Knlz , , ... ,zn ) = Kn ( z
, , ... in ,

I
,

...

,

I )
,

N e IN

converge uniformly on compact subsets of a neighborhood of ( I
, ... ,

1) e ¢
.

For each such
sequence , compute klzi

, ... ,zn ) = fins
.

knlzn . . an )
.





. A new perspective : instead of using
Schur 's character formula

,
use the

Harish - Chandra character formula

. If At GL
,
.( E) has eigenvalues Ea '

, ...

,

Ian E ¢×
,

then normalized

character of A in irrep
labelled by b

,
>

. . .

> bn is

↳ Gia " ...

,
an ) = MEEEE,

. fyjnrla
" :anH"

 

"
ibintu

"

du

. Can use this to analyze N → a asymptotic of Gln ( E) characters
.



. For simplicity ,

look at the
case n=l

,
i. e. asymptotes of normalized

characters of matrices of the form

e.it
. Have

↳ H = ( e÷
,
ftp.gttrtilulbi?.b:fuju

. Thus

log ↳ I z ) = logfemttrl
'%M"

 "

" biitwdu
. Nlogl ⇐ ) + log ( e÷ )

.



. Thus

log ↳ I z ) = logf.eu#tiMb*ibiitwdu.Nlogl # ) + log ( e÷ )
.

/ l
Q transform

N times Q - transform of U[ 0,1 ]

. Get
convergence precisely when the first two terms cancel

.

Theorem
: Uniform . on . compact convergence

of the
sequence

of Gln ( 6) characters

corresponding to bi
"

>
. . .

> BY
'

occurs precisely when the limit

distribution of b¥'s .  . .

> b¥
'

is uniform on
[ 0,11

- END -


