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Introduction

Partial latin squares

Definition 1
A partial latin square (PLS) of order n is an n x n array of n symbols in

which each symbol occurs at most once in each row and column.
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Definition 2
A PLS of order n is called a latin square (LS) of order n if each cell is
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Introduction

Partial latin squares

Definition 1

A partial latin square (PLS) of order n is an n x n array of n symbols in
which each symbol occurs at most once in each row and column.

.

Definition 2

A PLS of order n is called a latin square (LS) of order n if each cell is
nonempty.

1 4 1123|145
2 3 2/4(1]5|3
1 3 5/1(2|3|4

2 5 413|512

3 1 3|/5/4|2]|1
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Completing PLS

Definition 3
A PLS P is called completable if there is a LS of the same order

containing P.
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Completing PLS

Definition 3
A PLS P is called completable if there is a LS of the same order
containing P.

1 3 112|345
2 3 2/4(1]5|3
1 3 5/1(2|3|4

5 2 4,/3[5]|1]2

3 1 3/5/4|2|1

Jaromy Kuhl (UWF) Completing Partial Latin Squares 5/57



Introduction

Completing PLS

When can a PLS be completed?

Jaromy Kuhl (UWF) Completing Partial Latin Squares



Completing PLS

When can a PLS be completed?

1 3
2 3
2/413|5
5 2
3 1

Jaromy Kuhl (UWF) Completing Partial Latin Squares
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When can a PLS be completed?

1 3
2 3
2/413|5
5 2
3 1

@ The problem of completing PLSs is NP-complete. (Colbourn,
1984)
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Completing PLS

When can a PLS be completed?

1 3
2 3
2/413|5
5 2
3 1

@ The problem of completing PLSs is NP-complete. (Colbourn,
1984)

@ A good characterization of completable partial latin square is
unlikely.
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Equivalent Objects

A PLS P of order nis a subset of [n] x [n] x [n] in which (r,c,s) € P if
and only if symbol s occurs in cell (r, c).
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Equivalent Objects

A PLS P of order nis a subset of [n] x [n] x [n] in which (r,c,s) € P if
and only if symbol s occurs in cell (r, c).

1 3
2 3
P= [1 3 (2,1,2),(4,3,5) € P
5 2
3 1
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Equivalent Objects

A LS of order n is equivalent to a properly n-edge-colored Kj, 5.
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A LS of order n is equivalent to a properly n-edge-colored Kj, 5.

11213
L=]2|3]|1
3112
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Equivalent Objects

A LS of order n is equivalent to a properly n-edge-colored Kj, 5.

1123
L=|2|3]|1
3|12
Theorem 1
Let G be a bipartite graph with A(G) = m. Then x'(G) = m. J
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Introduction
Isotopisms and Congujates

Let P € PLS(n) and S, be the symmetric group acting on [n].
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Let P € PLS(n) and S, be the symmetric group acting on [n].
Letd = (047/8,')/) € Sn X Sn X Sn.
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Isotopisms and Congujates

Let P € PLS(n) and S, be the symmetric group acting on [n].

Letd = ((X,/B,'y) € Sn X Sn X Sn.
The PLS in which the rows, columns, and symbols of P are permuted
according to «, /3, and  respectively is §(P) € PLS(n).
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Let P € PLS(n) and S, be the symmetric group acting on [n].

Letd = ((X,/B,'y) € Snx Snx Sn.

The PLS in which the rows, columns, and symbols of P are permuted
according to «, /3, and  respectively is §(P) € PLS(n).

The mapping 6 is called an isotopism, and P and 6(P) are said to be
isotopic.

1 3 3 1
2 3 2 1
P= (1] |3 0Py = [3] |1
5 2 5 2
3 1 1 3
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Introduction
Isotopisms and Congujates

Let P € PLS(n) and S, be the symmetric group acting on [n].

Letd = ((X,/B,'y) € Snx Snx Sn.

The PLS in which the rows, columns, and symbols of P are permuted
according to «, /3, and  respectively is §(P) € PLS(n).

The mapping 6 is called an isotopism, and P and 6(P) are said to be
isotopic.

1 3 113
2 3 2 3
P=[ [1[ |3 o(P) =1 3
5 2 5
3 1 3 1
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Isotopisms and Congujates

The PLS in which the coordinates of each triple of P are uniformly
permuted is called a conjugate of P.
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Introduction
Isotopisms and Congujates

The PLS in which the coordinates of each triple of P are uniformly
permuted is called a conjugate of P.

1 112 4

P= 1 plre) —
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Introduction
Isotopisms and Congujates

The PLS in which the coordinates of each triple of P are uniformly
permuted is called a conjugate of P.

1 113 5
2 3 2
P= 1 p(rs) — 2
5
4 1
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Introduction
Isotopisms and Congujates

Theorem 2
A PLS P is completable if and only if an isotopism of P is completable. J
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Introduction
Isotopisms and Congujates

Theorem 2
A PLS P is completable if and only if an isotopism of P is completable. J

Theorem 3
A PLS P is completable if and only if a conjugate of P is completable. J
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Classical Results
Hall’s Theorem

Theorem 4 (Hall's Theorem, 1940)

Letr,n e Z such thatr < n. Let P € PLS(n) with r completed rows and
n— r empty rows. Then P can be completed to a LS of order n.
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Classical Results
Hall’s Theorem

Theorem 4 (Hall's Theorem, 1940)

Letr,n e Z such thatr < n. Let P € PLS(n) with r completed rows and
n— r empty rows. Then P can be completed to a LS of order n.

Rows can be replaced with columns or symbols.
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Classical Results
Hall’s Theorem

N OO AW =
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Classical Results
Hall’s Theorem

11213
21 |1 3
3,112
1123
3| |21
3 112
3121
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Classical Results
Ryser's Theorem

Theorem 5 (Ryser’s Theorem, 1950)

Letr,s,ne€ 7Z such thatr,s < n. Let P € PLS(n) with ar x s block of
symbols and empty cells elsewhere. Then P can be completed if and
only if each symbol occurs r + s — n times in P.
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Classical Results
Ryser's Theorem

Theorem 5 (Ryser’s Theorem, 1950)

Letr,s,ne€ 7Z such thatr,s < n. Let P € PLS(n) with ar x s block of
symbols and empty cells elsewhere. Then P can be completed if and
only if each symbol occurs r + s — n times in P.

1 2 3 1 2 3 7 1 2 3 5
2 4 5 2 4 5 6 2 4 5 6
5 1 2 5 1 2 4 5 1 2 4

3 5 6 1 3 5 6 1
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Classical Results
Evans’ Conjecture

Theorem 6

If P € PLS(n) with at most n — 1 non-empty cells, then P can be
completed.
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Classical Results
Evans’ Conjecture

Theorem 6

If P € PLS(n) with at most n — 1 non-empty cells, then P can be
completed.

Confirmed independently by:
@ Haggkvist (1979) for n > 1111
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Classical Results
Evans’ Conjecture
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Classical Results
Evans’ Conjecture
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Classical Results
Evans’ Conjecture

1 112|4|5|6 |7
415 217(5|1|4 6
5 5|46 |2 117
3 651 4|7
1 716 411152
4 716 2|1
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415 217(5|1|4 6
5 5|46 |2 117
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Classical Results
Evans’ Conjecture

1 112|4|5|6 |7
415 217(5|1|4 6
5 5|46 |2 117
3 651 714|2
1 716 41251
4 716|521

Jaromy Kuhl (UWF) Completing Partial Latin Squares



Classical Results
Evans’ Conjecture

1 112|4|5|6 |7
415 217(5|1|4 6
5 5|46 |2 117
3 651 714|2
1 716 41251
4 716|125
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Classical Results
Evans’ Conjecture

1 1124|5673
415 217(5|114|3]|6

5 54|62 3|17
3 65(1|3|7|4]|2

1 7/6(3|4|2|5]|1
413|761 ]2]|5
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Classical Results

There are incompletable PLSs of order n with n non-empty cells.
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Classical Results

There are incompletable PLSs of order n with n non-empty cells.

11234 1

BN =
—_
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Classical Results

There are incompletable PLSs of order n with n non-empty cells.

1 11234 1
2 5 1
3 1
4 1

5 2
1 11213 1
2 4 1
3 5 1

415 2

3
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Classical Results

There are incompletable PLSs of order n with n non-empty cells.

1 11234 1
2 5 1
3 1
4 1

5 2
1 11213 1
2 4 1
3 5 1

415 2

3

Let Bk » € PLS(n) with symbol 1 in the first k diagonal cells and symbols
2,3,...,n— k+1inthelast n — k cells of column k + 1.

Jaromy Kuhl (UWF) Completing Partial Latin Squares 30/57



Classical Results

Theorem 7 (Andersen and Hilton, 1983)

Let P € PLS(n) with exactly n non-empty cells. Then P can be
completed if and only if P is not a species of By , for each k < n.
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?

2145|673
5/1(3|6]|4

N AW oo =
W= o0~
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?

2145|673
5/1(3|6]|4

N AW oo =
W= o0~

@ Buchanan found all such PLSs fora= b =2 in a 100 page
dissertation (2007)
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When can a PLS with exactly a rows and b columns be completed?

2145|673
5/1(3|6]|4

N AW oo =
W= o0~

@ Buchanan found all such PLSs fora= b =2 in a 100 page
dissertation (2007)

@ Adam, Bryant, and Buchanan shortened Buchanan’s case
analysis to 25 pages (2008)
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?

2145|673
5/1(3|6]|4

N AW oo =
W= o0~

@ Buchanan found all such PLSs fora= b =2 in a 100 page
dissertation (2007)

@ Adam, Bryant, and Buchanan shortened Buchanan’s case
analysis to 25 pages (2008)

@ Kuhl and McGinn proved the same result and more (2017)
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Recent Results
Completed Rows and Columns
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Recent Results
Completed Rows and Columns

157314 1123|145
34211 3(1/2|5|4
2|3
4 1 415
5|4
Let I' denote the set of all isotopisms of Y and Z.

Theorem 8

Letn> 2 and A € PLS(2,2; n). The partial latin square A can be
completed ifand only if A ¢ T.
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Recent Results
Completed Rows and Columns

Suppose there is a filled cell of A € PLS(2,2; n) not in an intercalate.
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Recent Results
Completed Rows and Columns

Suppose there is a filled cell of A € PLS(2,2; n) not in an intercalate.
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Recent Results
Completed Rows and Columns
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Recent Results
Completed Rows and Columns
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Recent Results
Completed Rows and Columns
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Recent Results
Completed Rows and Columns

112|567 |3|4 112|5]6(7|3
217(1|3|6|4]|5 2|7(1|3]|6 5
713 71321 6|5
65 6|53 2117
3|6 3|6 511|127
5|4 5 612|371
411

Jaromy Kuhl (UWF) Completing Partial Latin Squares 39/57
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112|567 |3|4 112|5]6(7|3
217(1|3|6|4]|5 2|7(1|3]|6 5
713 71321 5|6
65 6|53 2117
3|6 3|6 715121
5|4 5 612|173
411
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Recent Results
Completed Rows and Columns
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Recent Results
Completed Rows and Columns
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Recent Results
Completed Rows and Columns
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Recent Results
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Recent Results
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Recent Results
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Recent Results

112 415|167 413(1|6|5]|2
2/3(1|5|4|7]|6 3|/1|2|4|6 5
31 112315 6|4
6|4 5164 2131
416 215 3/1|4|6
517 6 512|314
715
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31 112315 6|4
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517 6 512413
715

Jaromy Kuhl (UWF) Completing Partial Latin Squares 48 /57



=
>
173
o)
o
<
@
o
o)
o

N S [~ | M (A
AN O M |+~ (O
OO NN~ (™
(<ol ol Yol D [ep QNN R o
— N[ [<F | WO [©
™ |~ [N (O IO | <
< | [+ (IO | |© |~
N |©
O |~
o <
< |©
™ |~
Al M [+ [ |© IO
— [N MO [T (1O |~

49 /57

Completing Partial Latin Squares

Jaromy Kuhl (UWF)



Recent Results

Theorem 9 (Kuhl and McGinn, 2017)

Let A € PLS(2, b; n) and cells [2] x [b] consist only of symbols from [b].

If n > 2b? —2b +5 and o 4([n]\[b]) contains a cycle of length at least
o3 then A can be completed.
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Recent Results

Theorem 9 (Kuhl and McGinn, 2017)

Let A € PLS(2, b; n) and cells [2] x [b] consist only of symbols from [b].
If n > 2b? —2b +5 and o 4([n]\[b]) contains a cycle of length at least
o3 then A can be completed.

Conijecture 1
Let A€ PLS(2,b;n). If n> 2b + 2, then A can be completed.
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One Nonempty Row, Column, and Symbol

Theorem 10 (Kuhl and Schroeder, 2016)

Letr,c,s e {1,2,...,n} and let P € PLS(n) in which each nonempty
cell lies in row r, column c, or contains symbol s. If n ¢ {3,4,5} and

row r, column ¢, and symbol s can be completed in P, then a
completion of P exists.
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One Nonempty Row, Column, and Symbol

Theorem 10 (Kuhl and Schroeder, 2016)

Letr,c,s e {1,2,...,n} and let P € PLS(n) in which each nonempty
cell lies in row r, column c, or contains symbol s. If n ¢ {3,4,5} and
row r, column ¢, and symbol s can be completed in P, then a
completion of P exists.

113|2(4|5] 2|3 4|5
1 3 ; :13 412 2|1 1
211 3 ] 3 1 3 1
3 1 I 3 4 1 4 1

5 1 5 1
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One Nonempty Row, Column, and Symbol
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One Nonempty Row, Column, and Symbol
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One Nonempty Row, Column, and Symbol

1]5]2]6[7|3]4]|1|5]|2|7|6|3|4
2|1 2|1

3 1 5 11 4

4 1 3 41 1

5 1 4 1

6 1 6 1
7 1] [7 ]
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One Nonempty Row, Column, and Symbol

1/5[2[6]7]3[4][1][5]2]7][6][3]4
2 1 2 [ 1

3 1 5 ][4

1 1 3] |41 7
5 i 4 16
6 1 6 41
/ 1] [7 3 i
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Recent Results

One Nonempty Row, Column, and Symbol
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