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Abstract

We introduce a model of electoral competition with office-motivated candidates who are exogenously
committed to particular positions on some issues, while they choose positions for the remaining issues.
A position is majority-efficient if a candidate cannot make a majority of the electorate better off, given
his fixed positions. We characterize existence conditions for majority-efficient positions. The candidates’
fixed positions in our framework imply that only some voters are “swing voters,” and we analyze how the
distribution of swing voters determines whether candidates choose majority-efficient positions. We also
analyze plurality and runoff elections with multiple candidates in our framework.
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1. Introduction

The one-dimensional policy model with office motivated candidates based on the seminal
contributions of [17] and [14] is the most widely used and successful model framework for a
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formal analysis of political equilibria. We will call this model the standard model in the follow-
ing. Yet, there are some tensions within the model, and between the model and some real-world
observations.

First, in the one-dimensional standard model, there is a strong tendency for candidates to
converge to the same, moderate position that appeals to the “median voter,” mitigated only if
the candidates care about policy and to the extent that the position of the median is uncertain.
Furthermore, all voters, including those with extreme preferences, are, in equilibrium, indifferent
between the two candidates, as they propose the same policy. Yet, in reality, candidates often run
on considerably divergent policy platforms, and voters often intensely favor one candidate over
the other. Second, while the standard model is one-dimensional and continuous, in reality, there
are many policy issues, but each issue allows for only a limited number of distinct positions.

We develop a model in which policy is multidimensional and binary. Each dimension cor-
responds to a position on a particular policy issue, and each voter has a preferred position on
each issue. A voter’s utility from Candidate j is calculated by identifying those issues in which
candidate and voter agree, weighing them with a factor to measure the importance of each issue,
and adding up. Each candidate is exogenously fixed on some issues. Fixed positions can be in-
terpreted as characteristics of the candidate (such as party affiliation, incumbency, gender, race
or experience in previous elected office), or political issues on which a candidate has taken a
stand in the past and where commitment to a different position is not credible and/or not helpful.
On the remaining issues that are not fixed, candidates are free to choose any position. By devel-
oping a framework in which candidates have both fixed and selectable positions, we provide a
middle ground between Downsian models, in which candidates are free to choose any position,
and the citizen-candidate model, in which no commitment is possible.1 Moreover, we show that
this combination enhances our understanding of competition between political candidates signif-
icantly: Some core efficiency results of existing models depend on the (seemingly innocuous and
certainly unrealistic) assumption that all candidates share the same characteristics or positions
on fixed issues.

The most important result for political competition in the standard model is that office-
motivated candidates propose policies that appeal to the median voter. In our multidimensional
model, there is no geometric notion of a median, but our concept of majority-efficiency captures
the same fundamental idea of moderation. A policy is majority-efficient if a majority of voters
prefers the proposed policy to any other policy that a candidate could choose.

We show that majority-efficient policies exist in the binary policy model for many distribu-
tions of voter preferences, and we characterize necessary and sufficient conditions for existence.
If a majority-efficient position exists for a particular voter distribution, it generically also ex-
ists for a slightly perturbed distribution of voters. These existence results are interesting in their
own right. More importantly, they show that our central question — namely, whether candidates
choose majority-efficient policies in equilibrium — is meaningful in our framework. To include
at least one fixed and at least one flexible issue dimension, our model is necessarily multidimen-
sional. However, the multidimensional version of the standard model has the problem that a pure
equilibrium generically does not exist (see [27]). In that framework, it would therefore not be sur-
prising that candidates rarely choose majority-efficient policies. It is therefore essential for the in-
terpretation of our results that majority-efficient policies often do exist in the binary policy model.

! In the citizen-candidate literature pioneered by [24] and [4], candidates are policy motivated and cannot commit
to any other position than their ideal one. While the citizen-candidate model can, in principle, handle multiple policy
dimensions, most papers in this literature only look at a standard one-dimensional framework.
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The key to the existence result is the discreteness of our policy space. We choose a binary
setup (rather than a more general one where candidates have some finite number of feasible
positions on each issue) mainly for notational convenience, and because this is the simplest mul-
tidimensional framework for the analysis of the effects of fixed positions. Moreover, while many
economists are used to continuous choice variables, we would argue that a setup with very few
feasible positions on each issue is actually a quite realistic description of political campaigns.
A binary framework is implicitly behind several internet-based political comparison programs.
For example, smartvote.ch (a cooperation project of several Swiss universities) collects the po-
litical positions of candidates in national elections by asking candidates a number of yes/no
questions on different political issues. Voters can answer the same questions on a website (and
also choose a weight for each issue) and are given a list of those candidates who agree with
them most.? The restriction to a limited number of possible positions can be thought of as fol-
lows: Candidates can only communicate a limited amount of information in the campaigns and
therefore can commit only to clearly defined positions. In fact, candidates are typically not very
successful communicating nuanced positions to the electorate: Kerry’s attempt, in 2004, to ex-
plain his preferences over different types of funding the Iraq war to voters (“I voted for the 84
Billion Dollars before I voted against them”) demonstrates that point. Voters often like to know
clearly where a candidate stands on the issues. An alternative interpretation, which is backed up
by experiments in psychology, is that voters organize information in broad categories and have a
limited ability to understand and remember differences in policy proposals (see, for example, [22]
and the references therein). In this case, candidates can only choose to position themselves in one
of several categories.

In the standard model, the equilibrium policy is obviously majority-efficient. The same is
true in the binary policy model if there is no difference between the candidates’ fixed positions.
In contrast, however, the multidimensional nature of the binary policy model fundamentally
changes this, if candidates have different fixed positions. In equilibrium, a candidate may pro-
pose majority-inefficient policies, because adopting minority positions may increase his winning
probability.

If candidates differ in their fixed positions, some voters will strictly prefer one of the candi-
dates, no matter which policies the candidates choose on flexible issues. The candidates effec-
tively only compete for the votes of the remaining swing voters (i.e., those individuals whose vote
depends on the policies proposed by the two candidates). We identify two fundamental reasons
for inefficiency results. First, the preference distribution among swing voters may differ from
that of the population at-large. Since candidates care about pleasing swing voters, they may do
so even if such a position goes against the wishes of the majority of the overall electorate.

Second, and more surprisingly, majority-inefficient choices can even arise if the preference
distribution among swing voters is the same as in the population at large. The reason is that can-
didates compete for different groups of swing voters. If Candidate 0 has fewer swing voters who
prefer him than Candidate 1, if both choose the same policy on flexible issues, then Candidate 0
may benefit if he chooses to deviate to a minority position. While he will lose a majority of his
previous swing voter support, and win only a minority of his opponent’s previous supporters, the
asymmetry between different swing voter groups implies that the effect on Candidate 0’s total
vote, and thus on his probability of winning, may still be positive. We also show that asymmetric

2 Similar programs exist for Germany (http://www.wahl-o-mat.de), Austria (http://www.wahlkabine.at/) and the
Netherlands (http://www.stemwijzer.nl/).
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swing voter distributions arise very naturally even in a setting where all voters place the same
weight factors on the different issues, and ideal positions are independently distributed.

Our model also contributes to the interpretation of policy divergence. In the standard model,
neglecting the median voter in order to choose policies that please minorities reduces a can-
didate’s winning probability, so that platform divergence cannot be rationalized as an electoral
success strategy in that model. The observation that political candidates often propose divergent
policies has been interpreted in the sense that the fundamental assumptions in the basic stan-
dard model, in particular policy motivation of candidates, have to be modified in order to be
consistent with observed candidate behavior. For example, policy motivation of candidates and
uncertainty about the position of the median voter can generate policy divergence. In contrast,
in the binary policy model, policy divergence can arise in a complete information setting with
purely office-motivated candidates.

The binary policy model also yields novel results when comparing the performance of plu-
rality rule and runoff rule electoral systems in elections with more than two candidates. In most
models in the literature, candidates can either commit on all issues, or on none; in this case, we
show that runoff rule weakly dominates plurality rule: There are voter preference distributions
such that a majority of voters prefers the election outcome under runoff rule to the election out-
come under plurality rule, but never the reverse. In contrast, if candidates differ in their fixed
positions and can choose positions on some other issues, then the set of swing voters is smaller
than the total electorate. We show that there are instances in which candidates choose more mod-
erate positions under plurality rule, and where a majority of voters strictly prefers the election
outcome under plurality rule to the one under runoff rule. This result applies more generally.
While one electoral system may be more desirable than some other electoral system for any
given set of candidates (in the sense of selecting more often a candidate who is preferred by
a majority of the electorate), this relation may reverse once we take into account the effect of
the electoral system on the positions that candidates take. Thus, focusing on the likelihood of
selecting the Condorcet winner among a given set of candidates in comparing the performance
electoral systems is inherently problematic.

We present the model in the next section. In Section 3, we introduce the concept of majority-
efficiency and derive the main results for competition between two candidates. Section 4 analyzes
plurality rule and runoff rule in the binary policy model with three candidates. Section 5 con-
cludes. All proofs are in Appendix A.

2. The model
2.1. Setup

Two candidates, j =0, 1, compete in an election. Candidates are office-motivated and receive
utility 1, if elected, and utility 0, otherwise, independent of the implemented policy. There are 1
issues, and the set of issues is denoted by J = {1, ..., I'}. Candidate j, if elected, implements a
policy described by a/ = (a});e5 € A= {0, 1}’, where each a] € {0, 1} denotes Candidate ;’s
position on issue i (0 can be interpreted as opposition to a particular proposal, and 1 as support
of that proposal).

Candidate j can freely choose a policy on a subset of issues S/ C J, while no commitment
is possible on the remaining issues. Thus, Candidate j’s type is given by (aij )igsi» while his
platform is (aij );csi- Candidate j’s policy consists of the combination of his type and platform,
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so that his set of feasible policies is given by Al = {(ap)ieslai = aij for all i ¢ S/ and a; € {0, 1}
fori € S/3.

Let T be the set of voter preference types, with typical element 7 = (0,1) € A x Ri. We
allow T to be finite or infinite. Each voter type t has preferences on A of the form

I
ur(@) =~ rilf; —ail. M
i=1
We refer to such preferences as “weighted issue preferences.” The citizen has an ideal position
a; on each issue i and the importance of issue i is given by the weight A;.
Let p be the distribution of voter types. Note that this is just a frequency distribution that is
known to the candidates. If T is finite then w({t}) is the percent of voters in the population that
are of type t. The timing of the game is as follows:

Stage I Candidates j = 1,2 simultaneously announce policies a/ € A/. A mixed strategy by
agent j consists of a probability distribution o/ over A/.

Stage 2 Each individual votes for his preferred candidate, or abstains when he is indifferent be-
tween both candidates.? Candidate j wins if u({t | @/ =r a=/}) > n({r | a/ <; a7 7}).
In case of a tie between the candidates, each wins with probability 0.5.

Clearly, mixed strategy equilibria always exist since each S/ is finite.
2.2. Interpretation

We assume that, in each issue, candidates have (or take) one of two positions. A binary model
is the simplest way to capture the more general idea that the policy space consists of a set of finite
categories from which policy can be chosen, and another set on which candidates’ positions are
already determined. For issues where the candidates’ positions are fixed, the binary setup is
without loss of generality even if the space of generally feasible positions or characteristics is
larger. Consider, for example, voters’ ethnic or racial preferences. Each candidate belongs to
one of several different races, and individual voters have a (possibly strict) preference ranking
over all realizations of this characteristic. However, if (say) one of the candidates is white, while
the other one is African-American, then it is irrelevant how voters would feel about, say, an
Asian candidate. Thus, for a given pair of candidates, we can model the racial characteristics of
candidates as binary. This argument applies more generally for fixed positions.

The utility function (1) assumes that the issues enter in voters’ utility functions in a separa-
ble way, so that the position that is adopted on issue i does not affect a voter’s preferred policy
position on issue j. This assumption appears reasonable if we consider two completely separate
policy issues. For example, if a voter prefers school vouchers to be provided if candidates oppose
gun control, then this preference should not change if the candidates support gun control.* How-
ever, there are also cases in which complementarities between issues can yield non-separable

3 If a voter has a strict preference, then it is a weakly dominant strategy to vote for the preferred candidate. If an agent
is indifferent, he could in principle vote for any candidate or abstain, but the assumption of abstention is quite natural,
and none of the results in this paper depends critically on it.

4 Note that we do not assume anything about the correlation of ideal position on different issues. For example, it could
be the case that voters who support school vouchers are more likely to oppose gun control than those who oppose school
vouchers.
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utility functions. For example, in [18], we analyze a model in which a voter’s preferred policy
from a candidate depends on the candidate’s level of expertise, which is a fixed characteristic.
In summary, we think of weighted-issue preferences in the present model as a useful and simple
benchmark, rather than as a necessarily realistic assumption in all circumstances.

A key ingredient of our model is the mix between fixed positions (as in the citizen-candidate
model) and flexible position as in the original Downsian model with office motivation. The no-
tion of fixed positions in our model is related to the valence literature that analyzes the effect of a
non-policy candidate characteristic such as competence that cannot be chosen by the candidates.
Indeed, [15], p. 862, argues that “if either candidate has an entrenched position on a past policy
issue, this may work like a valence advantage.” However, valence is a very special fixed charac-
teristic in that it is appreciated by all voters, while a particular fixed position on a policy issue
generally makes a candidate more popular with some voters and less popular with others. Our
results will show that this difference matters. In particular, being fixed to the majority-preferred
position while the opponent is fixed to the minority position is not equivalent to having some
valence advantage.

3. Majority-efficiency
3.1. Definition

The central result for political competition in the standard framework is that candidates pro-
pose policies that appeal to the median voter. This median voter result corresponds to a notion that
political competition forces candidates to propose “popular” policies in order to win elections.
“Moving toward the median” (from a non-median initial position) is popular in the standard
model because it is preferred by a majority of voters. While there is no geometric notion of a
“median voter” in our model, the following concept of majority-efficiency captures the same
fundamental idea. We first define majority preferences over policies.

Definition 1. Policy a is majority-preferred to a’, denoted by a >* a’, if and only if u({t|a >
a')) =z u({rla’ > a}).

Furthermore, if a >* a’ but not a’ >* a, we say that a is strictly majority-preferred to a’,
denoted by a =* a’.

We now define a candidate’s policy to be majority-efficient if a majority of voters prefers this
policy to any other policy that the candidate could choose. Thus, a majority-efficient policy is
the most popular policy a candidate can choose, subject to the constraints imposed by his fixed
positions. The central question of our analysis is whether candidates choose majority-efficient
positions in equilibrium.

Definition 2. Candidate j’s policy a* € A/ is majority-efficient if and only if a* >* a for all
aeAl

Clearly, the smaller is the set of feasible policies, the more likely it is that a majority-efficient
policy in such a set exists.

The reader may wonder whether majority-efficiency as a candidate-specific concept is neces-
sarily related to welfare properties of the equilibrium. For example, if a candidate is never elected
in any equilibrium, then his position is irrelevant and so it does not matter whether his proposed
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policy is majority-efficient. However, it is easy to see that if a candidate is a serious contender,
then majority-efficiency is equivalent with the winning policy being a Condorcet winner among
all feasible policies of all candidates. That is, in a pure strategy equilibrium, there is no feasible
policy for either candidate that would make a majority of the voters better off if and only if the
winner’s platform is majority-efficient. More formally we state this insight in the remark below.

Remark 1. Let (a°, a') be a pure strategy equilibrium and assume without loss of generality that
Candidate 0 wins the election, so that policy a” is implemented. There is no @ € A° U A! such
that @ >* a° if and only if a° is majority-efficient.

Note that we do not claim that the candidates’ equilibrium strategies are necessarily majority-
efficient. Indeed, we will show that this is not always the case, even in pure strategy equilibria.
Thus, in these cases the outcome is undesirable from a social perspective.

3.2. Existence

‘We now show that majority-efficient policies exist in all propositions and examples considered
in this paper. These existence results are interesting in their own right, but also are essential
for the interpretation of our main results in Sections 3.3 and 4, which deal with the question
whether candidates adopt majority-efficient policies in equilibrium. By showing that existence
of majority-efficient positions is robust in the binary policy model, we can conclude that adoption
of majority-inefficient positions is not caused by lack of existence of a majority-efficient policy.

Lemma 1 relates majority-efficiency to a property of the median of the distribution of ideal
points, weighted by issues weights A;.

Lemma 1. Suppose that preferences are given by (1) and that all voters have the same issue
weights L; for selectable issues i € S7. Let a’ € A’ and for every i € S/ define X;(0) =1if0; =
&ij and X;(0) =0, 0therwi§e. Then a' is majority-efficient if and only if median(} ;. pAi X;) >
0.5 ;cphiforall D C S/.

Intuitively, if the median of ), A; X; is greater than 0.5, then at least half of the popula-
tion prefers a to another policy that differs from a on issues in D. We use Lemma 1 to prove
Proposition 1 below, using the fact that a distribution F that first-order stochastically dominates
a distribution G has a higher median.

First, however, we apply Lemma 1 to the case of only two selectable issues. Under which con-
ditions is choosing 1 on both issues majority-efficient? By Lemma 1, the median of the weighted
distribution of ideal points, ;. , A;6; must have a median of at least 0.5) ", A; for any set of
selectable issues D C {1, 2}. If D consists of a single issue, then this property is satisfied if and
only if u({6; = 1}) > 0.5, i.e., if at least 50% of the population prefer 6; = 1 to 6; = 0. Now let
D ={iy, iz}, and suppose (without loss of generality) that A; > A>. Then 1161 + X206, has four
possible realizations 0 < Ay < A1 < A1 + A2. The median condition is therefore satisfied as long
as u({61 =6, =1}U {6 = 1,6, =0}) > 0.5, which is equivalent to w({#; = 1}) > 0.5 (and thus
does not impose an additional restriction). The argument generalizes immediately for arbitrary
al e AJ: The policy preferred by a majority on both issues is majority-efficient.

Corollary 1. Suppose that there are two selectable issues and that all voters have the same issue
weights A; for them. Then a’ € A/ is majority-efficient if and only if w({6; = C_Iij 1 =>0.5.
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The significance of Corollary 1 is that a number of interesting examples can already be gen-
erated with one or two flexible issues, and in all these applications, existence is guaranteed.’ If
there is only one selectable issue then a majority-efficient policy obviously always exists (even
if agents also differ by issue weights).

We now provide another result that can be used to characterize majority-efficient policies.

Proposition 1. Suppose that all voters have the same issue weights %;, i € J. Let al e AJ. For
everyi € S/ define X;(0) =11if0; = Ezi] and X;(0) = 0, otherwise, and let F be the distribution
of X = (X)ics).

1. If
F(x) < ]_[ 0.517%,  forallx {0, 1}, )
ieS/
then a’ is majority-efficient. ' _ '
2. Suppose that n({6; = a!} | {6;, # a;l v O # a{k}) > ud0; =al}), forall {iy,....ix} C

I\ {i}. Then the reverse implication is also true, i.e., if a’ is majority-efficient then (2) must
hold.

To get an intuition for Proposition 1, consider the case where Ezij =1 for all flexible issues
i € §7 is majority efficient. If the distribution of types @ is uniform in {0, 1}, then @’ (as well
as any other policy) is clearly majority-efficient. Now consider a new distribution of types that
first-order stochastically dominates the uniform distribution (i.e., we take some voters and switch
their preference on at least some issues from 0 to 1). The median of ), _,, A; X; must now be (at
least weakly) higher than under the uniform distribution (for every D), and thus (by Lemma 1),
a remains majority-efficient. The second part of Proposition 1 shows that, if there is a negative
correlation between the individual issues, then the condition is both necessary and sufficient.

An immediate consequence of Proposition 1 is that if the X; are independent, that @/ is

majority-efficient if and only if u({6; = Ezl.j }) > 0.5 for all i € S. We now state this result.

Corollary 2. Suppose that voters have the same issue weights and that all marginal distributions
of ideal points are independent, i.e., u({0; = a;,0; = a;}) = n({6; = a;Hu({0; = a;}) for all
ai,a; €{0,1}, i#j,i,j€ SJ. Then policy a’ is majority-efficient if and only if u({6; = L_ll-j}) >
0.5.

In summary, the results in this section suggest that the existence of majority-efficient poli-
cies is relatively robust in the binary policy model, in the sense that the distribution of voters
can be changed in a generic way without affecting the existence of a majority-efficient policy.
This robustness result contrasts with the generic non-existence of equilibrium multidimensional
Euclidean model of [27].°

5 A result similar to Corollary 1, but based on very different assumptions, is derived by [2]. Bade shows, in a two-
dimensional Euclidean model, that an equilibrium of the game between candidates exists (located at the median in each
dimension), if candidates are uncertain about the shape of voters’ indifference curves and are uncertainty-averse (rather
than expected-utility maximizers).

6 In [27], each voter is indifferent between all policies that have the same distance from Plott’s bliss point, and a
majority-efficient policy corresponds to a Condorcet winner (as there are no fixed positions). Plott shows that a Condorcet



S. Krasa, M. Polborn / Journal of Economic Theory 145 (2010) 661-688 669

3.3. Adoption of minority positions in the binary policy model

3.3.1. Identical fixed positions

To our knowledge, all existing deterministic voting models in which a majority-efficient plat-
form exists have the feature that both candidates choose that policy as their equilibrium platform.
This is certainly true for the one-dimensional Downsian model, in which both candidates choose
the median voter’s bliss point. Also, while a majority-efficient position rarely exists in a mul-
tidimensional Downsian model, if it does, then both candidates choose it as a platform. These
results suggest that, if candidates can choose majority-efficient positions, they will always do
so in equilibrium. Perhaps surprisingly, this conjecture turns out to be false in the binary policy
model, if candidates differ in their fixed positions. Only if candidates have exactly the same fixed
positions, then they are guaranteed to choose a majority-efficient platform, provided that one
exists.

Proposition 2. Suppose that A° = A':

1. Then (a°, a') is a pure strategy Nash equilibrium if and only if both a® and a' are majority-
efficient.

2. Suppose a majority-efficient policy exists. If (6°, o) is a mixed strategy equilibrium, then
every policy in the support of 0° and o' is majority-efficient.

Proposition 2 highlights the role of fixed positions for all majority-inefficiency results in
this paper, and indeed, for related results when voters do not necessarily have weighted-issue
preferences.” One interesting issue is, for example, whether there are any models in which office-
motivated candidates have a strict incentive to differentiate from their opponent for electoral
gain. Proposition 2, point 1, shows the crucial role of fixed positions for any such model. If
there are no differences between the candidates’ fixed positions, then a pure strategy equilibrium
with differentiation exists only if there are two (or more) majority-efficient policies. Moreover,
even in this case (say, there are two majority-efficient policies, a and b), there are also equilibria
in which both candidates choose the same policy (that is, (a,a) and (b, b) are equilibria), and
in all equilibria, candidates are indifferent between playing a and b, so there is never a strict in-
centive for candidates to differentiate. The same is obviously true for symmetric mixed strategy
equilibria.

3.3.2. Swing voters

We now analyze whether candidates select majority-efficient platforms if they differ in their
fixed positions. Our main points can already be made in a very simple setup where both can-
didates are flexible on only one (and the same) issue. However, it will be clear that the basic
principles identified here do not rely on this simple structure, but apply more generally.

winner exists if and only if the distribution of voter ideal points is radially symmetric around one voter’s ideal point (i.e.,
that voter is the “median in all directions”). This existence condition is highly non-generic: Starting from a radially
symmetric distribution and changing the ideal point of only one voter usually destroys radial symmetry. This is true even
if, in the spirit of our Proposition 1, we move that voter’s ideal point closer to the previous median, as long as we don’t
move it exactly on the line that connects the median with the voter’s previous ideal point.

7 The proof of Proposition 2 applies for general voter preferences, not just for weighted-issue preferences.

8 We are grateful to Ernesto Dal Bo for raising this question.
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Cand. 1
0 1
SVo,SV; &0SVo + &SV, (1 = &)SVo + (1 = €SV,

0
Cand. 0
I (1-&)SVo+(1-£&1)SV1,&SVp + &SV SV, SV,

Fig. 1. Swing voters voting for Candidates O and 1.

Without loss of generality, assume that both candidates are flexible on issue /, while they are
fixed in all of the first I — 1 issues. It is useful to define the notion of a swing voter as a marginal
supporter. We say that a voter is a swing voter for Candidate 1 if he prefers Candidate 1 if both
candidates choose the same policy on issue I, but prefers Candidate 2 if Candidate 2 proposes
the voter’s preferred position on issue / while Candidate 1 proposes the opposite position.

Definition 3. Voter type t = (A, 0) is a swing voter for Candidate j if

-1 -1 -1
—Zkkyek —ak_]‘ < —Zkk|9k —a]£| < —Zkk‘ek —ak_]| + Ag. 3)
k=1 k=1 k=1

Let SV; denote the number of swing voters for Candidate j, i.e., SV; = u({z |  satisfies (3)}).
Furthermore, let §; = u({t | T satisfies (3) and 6; = 0}) denote the percentage of voters who
prefer position 0 in issue / among the swing voters of Candidate j.

A voter is either a swing voter, or a core supporter of one of the candidates (i.e., prefers the
fixed positions of one candidate so much that he would never vote for his opponent, independent
of the candidates’ positions on the flexible issue). Without fixed issues, all voters are swing
voters. It is also important to note that the definition allows for voters to have different issue
weights.

Obviously, equilibria with minority positions can occur if one candidate is so much stronger
than his opponent that he wins, no matter what his policy positions are. To rule out such trivial
cases of majority-inefficient equilibria, we introduce the following refinement:

Definition 4. An equilibrium (a°, a') satisfies the vote-maximization property if there is no strat-
egy for either candidate that increases the number of votes he receives.

A way of justifying this refinement is to embed our model in one where there is, in addition to
the rational voters modeled here, a random number of “noise voters” who vote for Candidate O
with probability p and for Candidate 1 with probability 1 — p, irrespective of the policy positions
that the candidates take. In such a framework, both candidates maximize their overall winning
probability by maximizing the number of votes they receive from rational voters.

Since the number of core-supporters does not depend on the platforms, we can focus on swing
voters for the determination of vote-maximizing equilibria. The number of swing voters who
vote for the two candidates, depending on their platforms, is given by Fig. 1. For example, if
Candidate 0 plays 0 and Candidate 1 plays 1, then all swing voters who prefer 0 on issue I vote
for Candidate 0 and vice versa.

The following Proposition 3 states necessary and sufficient conditions for equilibria that sat-
isfy the vote-maximizing property.
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Proposition 3. Suppose that candidates are flexible only in issue I. (0, 0) is an equilibrium that
satisfies the vote-maximizing property if and only if

sVi _ [ I—& & }
SVo g 1=&]
(1, 1) is an equilibrium that satisfies the vote-maximizing property if and only if
sV _ [ o 1- Eo}
SVo LI-&" & |
(0, 1) and (1, 0) are equilibria that satisfy the vote-maximizing property if and only if
SV =SVy and & +& =1. (6)

In the latter case, (0,0) and (1, 1) are also equilibria.

“4)

®)

Clearly, (6) holds only in highly non-generic circumstances. Disregarding this case, at most
one of Egs. (4) and (5) can hold, since the lower limit of the interval in (4) is the upper limit of
the interval in (5), and vice versa (so that, generically, one of the two intervals is an empty set, as
its lower limit is a higher number than its upper limit). Without loss of generality, suppose that
the interval on the right-hand side of (4) is non-empty. The proposition tells us that, for (0, 0)
to be an equilibrium, the ratio of swing voters must neither be too low nor too high. We now
use Proposition 3 to identify two fundamentally different incentives for candidates to choose
majority-inefficient policies in equilibrium.

3.3.3. Non-representative swing voters

The first reason for equilibrium majority-inefficiency is quite straightforward: The preferences
of swing voters (as captured by &y and £;) may not be representative for the preferences of the
population at large. The following example illustrates this point.

Example 1. There are two issues. In the first issue, Candidate O is fixed at 0 and Candidate 1
at 1. Both are flexible on issue 2. Voter types are given by (A1, A2, 01, 62). Suppose there are
only four types T = {t1, 10, 13, T4}, Where 11 = ()_»,&, 0,0), o = (X, A, 1,0), 3 = (A, %, 0,1),
and 7y = (A, Xl 1), and x> M. That is, 71 and 1 consider the first, fixed issue, to be the more
important one and therefore are core supporters of the candidates. In particular, t; always votes
for Candidate O and 7, always votes for Candidate 1, no matter what policies the candidates
choose on issue 2. In contrast, t3 and 74 put a high weight on issue 2 and are thus the swing
voters for Candidate 0 and 1, respectively: If candidates choose different positions on issue 2,
they would vote for the candidate who picks their preferred position.

Since all swing voters prefer ax = 1 (i.e., §o = &1 = 0), it is clear that both candidates choose
a> = 1 in the unique vote-maximizing equilibrium. Candidate O receives the votes of types 71 and
73, while Candidate 1 receives the votes of 12 and 4. This equilibrium is not majority-efficient, if
a majority of voters prefers position 0 on the second issue (i.e., if u({r1}U{2}) > n({r3}U{z4})).

The effect of Example 1 is also present in the probabilistic voting model (henceforth PVM)
pioneered by [19],? in which both candidates choose the same policy platform that maximizes a

9 In the PVM, voters are divided in different groups according to their utility from policies (that are choice variables
for candidates). In addition, all voters receive a common utility shock (like valence), and an idiosyncratic “ideology”
shock. See also [11,20] or [26] for a review of the various developments of this literature.
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net gain
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Fig. 2. Net preference distribution for Candidate 1.

weighted sum of utility of different groups in society. The weight of a group in the candidates’
objective function is higher than its population share, if voters in the group are more “movable,”
i.e., if they are relatively likely to switch to a candidate who offers them a more favorable policy
position. Example 1 is based on an analogous effect, but provides the result in a simpler and
deterministic setting: In the PVM, there are a number of exogenous random shocks, and members
of a group with the same interests about issues must be sufficiently differentiated “ideologically”
(i.e., in a dimension that cannot be addressed by the candidates) for an equilibrium to exist.'®

3.3.4. Asymmetric swing voter distribution

Even if preferences of swing voters are representative, majority-inefficient policies may be
adopted. For example, suppose that 60% of the population prefers position O on issue I, and
that the same is true among swing voters, i.e., &y = &1 = 0.6. If the distribution of swing voters
is sufficiently balanced (i.e., if 2/3 < SV|/SV( < 1.5), then, (0, 0) is an equilibrium. However,
if Candidate j has 1/3 fewer swing voters to defend than his opponent, then Candidate j will
deviate and select position 1 on issue /.

Consider Fig. 2, where we focus only on swing voters. Panel (A) shows the distribution of
swing voters when both candidates adopt the majority-efficient position 0 on issue /. The black
part of each bar indicates the voters who prefer position 0 on issue /, whereas the gray por-
tion stands for the minority that prefers position 1. All swing voters to the left of the dashed
vertical line vote for Candidate O, while those to the right vote for Candidate 1. Now suppose
that Candidate O adopts policy 1 on issue /. Then he loses the black parts of both swing voter
groups, and wins both gray parts. Since Candidate 1 starts out with more swing voters in (A),
this results in the net gain of votes for Candidate O indicated in (B). Moreover, it is clear that
this net gain of votes may also be enough to swing the election, in which case the deviation to
majority-inefficient policies strictly increases the payoff of Candidate 0.

10 Besley and Coate in [S] present a model in which parties choose candidates to maximize the utility of the majority
of their members. The electorate consists of rational voters (who are influenced by the candidates’ platforms) and noise
voters who vote randomly. Besley and Coate show that parties may choose majority-inefficient positions in equilibrium
if there are no swing voters, or if a majority of rational swing voters prefer the minority position.
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To analyze this effect in more detail, consider a situation in which the distribution of prefer-
ences over issues is independent (as in Corollary 2). Thus, the percentage of voters in the general
electorate who prefer position 0 on issue / is equal to the corresponding percentage among both
swing voter groups, i.e., u({t|6; = 0}) = &y = &;. Proposition 4 first provides sufficient condi-
tions that guarantee that a candidate can win by choosing a majority-efficient policy. In general,
each candidate will have some “strong” characteristics, i.e., those issues on which a majority
prefers his fixed positions. Intuitively, a candidate is the better, the more important these issues
are and the higher the majority that supports the candidate’s position. Suppose that issues can be
paired such that, for each issue in which Candidate O is weak, there is another, more important
(in terms of 1) issue in which he is strong, and the majority preferring Candidate O in his strong
issue is larger than the majority favoring his opponent in Candidate 0’s weak issue. In this case,
Proposition 4 shows that Candidate O can win by choosing a majority-efficient policy.

In contrast, if such a ranking of candidates is not possible, the distribution of swing voters can
be sufficiently asymmetric such that the candidate who would lose the election if both candidates
adopt the majority-efficient position can win by choosing a majority-inefficient policy. Obvi-
ously, both candidates choosing a majority-efficient policy is then not an equilibrium. Moreover,
the cases are robust in the sense that, for any distribution of ideal points, there exists an open set
of issue weights for which this phenomenon arises.

Proposition 4. Suppose that voters have the same issue weights so that type space T = 6.
Assume that all marginal distributions e, are independent, and that SO = S = §. Suppose
that, for each issue i € 7\ S on which Candidate 1 is fixed to the majority preferred position
(i.e., u({016; = al.l D = 0.5), there exists an issue ¢ (i) € Z \ S on which Candidate 0’s position is
preferred by a larger majority (i.e., ({60|0y) = ag(i)}) > u({016; = al-l})), where ¢ is a one-to-
one mapping.

1. If gy > A for all i with n({6 | 6; = ai]}) > 0.5 then Candidate 0 wins by choosing a
majority-efficient policy.

2. Let j € 8. There exists an open set A x M; C Ri x (0.5, 1] such that for all utility weights
(A1, ..., A1) € Aand all u with u({010; = a;}) € Mj, the following holds:
If Candidate 1 selects a majority-efficient policy, then Candidate O wins if and only if he
selects a majority-inefficient policy.

To get an intuition for Proposition 4, it is useful to consider special cases with only a few fixed
positions. First, consider the case of only one fixed position. (In order to make this situation fit the
condition in Proposition 4, we can add a spurious second issue with A, = 0.) It is easy to see that
Candidate 0, who has the advantage on the fixed issue, can guarantee himself a victory by choos-
ing the majority-preferred position on the flexible issue: His opponent can either also choose the
majority-preferred position on issue 3, in which case Candidate 0 wins with the support of the
majority that prefers his fixed position; or Candidate 1 can take the other position on issue 3, in
which case, either nothing changes (if A1 > A3), or, if A; < A3, Candidate O is supported by the
majority of people who prefer the majority-preferred position on issue 3.!!

A special case of this example is a model with valence differences between candidates (i.e., all voters prefer the
“fixed position” of one candidate over the one of his competitor).
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Fig. 3. Illustration of Example 2.

Second, consider the case of two fixed positions and one flexible one. Suppose that Candi-
date 0 is fixed to (0, 0), while Candidate 1 is fixed to (1, 1). Except for relabeling of candidates,
there are three possibilities: (a) for both issues 0 is preferred by majority of voters; (b) a majority
prefers O on the first and a smaller majority prefers 1 on the second issue, and A; > X2; (c) a
majority prefers O on the first and a smaller majority prefers 1 on the second issue, and A| < A>.
Proposition 4 implies that Candidate 0 wins using a majority-efficient position on the third issue
in cases (a) and (b), no matter what Candidate 1 does. We now focus on case (c) which provides
an example for the second statement of Proposition 4.

Example 2. Suppose that (710 =0) = 0.7, u(r|62 = 1) = 0.6 and u(r]|03 = 1) = 0.55, that
A1 < A2 and that Ay — A1 < A3 < Az + Aq. Thus, issue 3 will not sway voters who prefer one
of the candidates in both of the first two issues, but has potentially an effect on those who have
mixed preferences on the first two issues. The percentages of voters of each type are given in
Fig. 3. Candidate O is fixed to 0 and Candidate 1 to 1 on the first two issues, i.e., Candidate O
can choose between (0,0, 0) and (0, 0, 1), while Candidate 1 can choose between (1, 1,0) or
(1, 1, 1). In Fig. 3, a citizen votes for the candidate whose policy is closer in distance, where the
distance in the vertical (second) dimension is larger than those in the other two directions.

Note that 60% prefer Candidate 1’s position on issue 2 which is more important to voters
because of the higher weight, but an even larger majority of 70% prefers Candidate O on the less
important issue 1. If both candidates adopt the majority-efficient position a3 = 1, then Candi-
date 1 receives the votes of all 6, = 1 types, because issue 2 is more important to voters than
issue 1, and wins with 60% of the vote (see left panel of Fig. 3). Types (1,0,0) and (1,0, 1)
prefer Candidate O to Candidate 1 even though they are the same number of nodes away from
either candidate, because the vertical distance is larger. For similar reasons, types (0, 1, 0) and
(0, 1, 1) are better off with Candidate 1.

Note that these four voter types are the swing voters for Candidate 0 ((1,0,0) and (1,0, 1))
and Candidate 1 ((0, 1,0) and (0, 1, 1)), respectively. As the right panel of Fig. 3 indicates, it
is attractive for Candidate O to adopt the majority-inefficient policy (0, 0, 0). Now, each candi-
date receives the vote of those citizens in the neighboring nodes. Thus, Candidate 0 wins swing
voters (0, 1,0) (which is less than half of Candidate 1’s swing voters) and loses swing voters
(1, 0, 1) (which is more than half of his), but the net gain of 18.9 — 6.6 = 12.3% is sufficient for
Candidate O to win the election.
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More generally, one can check that Candidate 0 wins votes by adopting the majority-
inefficient position 0 as long as u(r |63 = 1) € (1/2,7/9). The additional votes are sufficient
to swing the election in Candidate O’s favor as long as u(t | 63 = 1) € (1/2,16/27). In this
case, candidates play effectively a matching pennies game in which Candidate 1 (0) wins if
the candidates choose the same (different, respectively) positions. Thus, both candidates choose
the majority-inefficient position with probability 1/2, and the election winner implements the
majority-inefficient position with probability 1/2.

While Example 2, like the rest of the paper, considers binary positions on each issue, the fun-
damental reason why it may be optimal for a candidate to choose a majority-inefficient position
is robust in more general settings. Consider, for example, a setup where the position on the flex-
ible issue can be chosen from a continuum, such that the median position is majority-efficient.
Suppose that, if both candidates choose the same position on the flexible issue, then the number
of voters who barely prefer Candidate 1 is larger than the number of voters who barely prefer
Candidate 0. Furthermore, suppose that the preferred position on the flexible issue is indepen-
dently distributed of the voter’s net preference for one of the candidates that arises from their
fixed positions. In such a situation, Candidate 0 has the same incentive as in Example 2 to de-
viate from the majority-efficient position, since he can attract a larger number of Candidate 1’s
swing voters than he loses of his own swing voters.

Proposition 4 also demonstrates clear differences between the PVM and the binary policy
model. In the PVM, candidates choose the same policy in equilibrium, and the only reason for
why candidates may “cater” to particular groups (more than corresponds to these groups’ pop-
ulation weights) is that they may care more about a particular issue and hence are electorally
more responsive than the general population. In contrast, all voters in the binary policy model
have the same issue weights in their utility functions. Thus, the result that it may be optimal for
a candidate to cater to the minority is based on a different reasoning. Also, an equilibrium in
which one candidate has an incentive to cater to a minority is in mixed strategies, and therefore
candidates’ proposed policies diverge with probability 1/2.

The multidimensional structure of our model is crucial for the potential optimality of majority-
inefficient positions for candidates. In the one-dimensional standard model, there is only one
group of swing voters (i.e., those at or close to the median of the distribution). Note that this is
true even if candidates are constrained to choose their position only from a subset of the policy
interval. Candidates have to deliver a policy that is popular with the median voter. Furthermore,
a policy that the median voter likes is also preferred by a majority of the population. Therefore,
in the equilibrium of the standard model, candidates choose majority-efficient policies in order
to maximize their chance of winning. This leads to a presumption that candidates should pick
popular positions in order to maximize their probability of winning, but this argument logically
only applies in a one-dimensional framework.

There is a large literature that tries to explain, within the Downsian model, the empirical ob-
servation that candidates often propose considerably divergent policies. Candidates may diverge
even though this decreases their winning probability, because they care about the implemented
policy (see, e.g., [9,16,21,28,30]). Other papers obtain policy divergence with office-motivated
candidates, but assume incomplete information among voters about candidates characteristics
(e.g. [8]) or among candidates about the position of the median voter [1,3,10].)2 In contrast to

12° A third branch of literature, which is less directly related to this paper, explains policy divergence as entry deterrence
by two dominant parties (e.g., [7,25]).
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all previous papers, policy divergence can arise in the binary policy model in a full informa-
tion environment, and, unlike in models with policy-motivated candidates, divergence increases
a candidate’s probability of winning.

4. Plurality versus runoff elections
4.1. Motivation

In this section, we depart from the two-candidate setting in order to provide another applica-
tion in which the binary policy model provides novel results. When three or more candidates run
for election, the problem arises that the Condorcet winner (i.e., the candidate who is preferred by
a majority against any opponent) may not win the election. While “third party candidates” (i.e.,
in the US, candidates neither belonging to the Democratic nor the Republican party) often attract
only a small number of votes, they can still affect the election outcome. For example, in the 1992,
1996 and 2000 US presidential elections, the election winner did not receive an absolute majority
of the votes cast, indicating the importance of votes for third party candidates. This has created
concern that “spoiler candidates” can, in general, change the election outcome under plurality
rule away from the Condorcet winner.

A number of alternative electoral systems have been proposed to deal with this perceived
problem of plurality rule. For example, several local jurisdictions in the US have switched to
“instant runoff voting” (IRV) as electoral system for municipal elections (e.g. Minneapolis, San
Francisco, Oakland).'®> Another electoral system that has many supporters in the academic com-
munity is approval voting.'#

Our analysis differs in two respects from the existing literature: First, virtually all comparisons
of alternative voting institutions and the effects of third-party candidates are set within a one-
dimensional framework. Second, candidates are either assumed to be able to commit to any
position, or not at all. In contrast, we can analyze both the effect of the electoral system on the
election winner, and the effect of a third party candidate on the endogenous part of the platforms
of major party candidates. This new endogenous effect can be of crucial importance as it can
overturn the standard welfare comparison of runoff versus plurality electoral systems.

4.2. Plurality versus runoff when all positions or no positions can be chosen

As a benchmark for our analysis, we start with the Downsian assumption that candidates can
choose all of their positions (or, equivalently, that all candidates have the same fixed positions).
In all of the following, we assume that voters vote “sincerely,” i.e., for their most preferred
candidate. If voters are indifferent between several candidates, then they are equally likely to

I3 IRV is a voting system for single winner elections in which voters rank candidates in order of preference. If no
candidate receives an overall majority of first preferences in an IRV election, the candidate with the fewest votes is
eliminated, and his votes are transferred according to his voters’ second preference. All votes are retallied, and the
procedure is repeated until one candidate achieves a majority.

14 See, e.g., [6,12,23]. Under approval voting, each voter is free to vote for as many candidates as he chooses. The
candidate with the most votes is elected. The intuition for the advantage of approval voting is as follows: Under plurality
rule, voters may ignore a moderate candidate and focus on two extreme candidates, if they fear that the moderate has no
chance of winning. In contrast, under approval voting, voters can vote for both their preferred extreme candidate and the
moderate candidate, so that they don’t have to fear to waste their vote. This should make it easier for moderate candidates
to win.
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cast their vote for each of them. In elections with three or more candidates, there are usually
many Nash equilibria in undominated strategies. However, the equilibrium in which voters vote
sincerely is a natural focal point.!> Note that Propositions 5 and 6 in this section hold for any
general voter preferences, not just when voters have weighted-issue preferences.

Proposition 5. Suppose that there are n candidates with the same choice set: A = Al = ... =
A", Assume that there exists a unique majority-efficient position a* € AP,

1. Under runoff rule, there exists an equilibrium in which all candidates choose a*.

2. Let A be the set of all policies that are preferred to a* by more than 1/n of the voters. IfA is
non-empty, then there is no equilibrium under plurality rule such that all candidates always
play a*, and the probability that a candidate with a majority-inefficient position wins the
election is strictly positive.

When all opponents choose a* under runoff rule, then the best response is to play a* as well:
Clearly, there is no majority-inefficient policy with which a candidate could win an outright
majority in the first round, and to have a chance of winning in the second round against an
opponent who chooses a*, a candidate has to choose a* as well.

In contrast, there is usually no equilibrium under plurality rule in which all candidates choose
majority-efficient positions. If all n» — 1 opponents choose the majority-efficient position, then
a candidate can win for sure by playing some element of A. Thus, there is no pure strategy
equilibrium in which all candidates play a*, and as a consequence, the winning position under
plurality rule is majority-inefficient with a strictly positive probability.

As an example, suppose that there are three candidates and only one issue, and that a propor-
tion p € (1/2,2/3) prefers position 0, while the remainder of the electorate prefers position 1.
Under runoff rule, the unique equilibrium is that all three candidates choose position 0. Under
plurality rule, a candidate is guaranteed to win if both opponents take the opposite position,
and each candidate wins with probability 1/3 if all candidates take the same position. Clearly,
there is no pure strategy equilibrium. From the symmetry of the two strategies with respect to
the candidates’ winning chance, it is easy to see that each candidate randomizes between both
policies with probability 1/2 each in the unique mixed strategy equilibrium. Consequently, the
probability that the majority-inefficient policy 1 wins is 1/2 in equilibrium.

We now turn to the case that politicians differ in their fixed positions and cannot choose
positions on any issue. Again, runoff rule leads to (weakly) better results than plurality rule in
this setup.

Proposition 6. Let a’ denote the entirely fixed position of Candidate j, and suppose that there
is a Condorcet loser a” (i.e., Candidate n would lose a two-way race against any other candi-
date).'® Under plurality rule, the election winner may be any policy, while a™ is not a possible
election outcome under runoff rule. Also, the election outcome under runoff rule, ar, is weakly
majority preferred to the election outcome under plurality rule, ap.

15 Degan and Merlo in [13] suggest that, empirically, most observed voting behavior is consistent with the assumption
that voters vote sincerely.

16 This assumption is clearly satisfied if there is a transitive majority preference ranking of candidates a
-+« >* q", but our assumption is more general.

0>*a1 ok
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Table 1

Voter distribution.

Proportion Preferred policy A A A3

26% 0,0,0) 2 5 1

24% (1,0,0) 2 5 1
10% 0,0,0) 1 5 2

10% (1,0,0) 1 5 2
6% 0,0,1) 1 5 2
6% (1,0, 1) 1 5 2
9% 0,1, 1) 1 5 2
7% (1,1, 1) 1 5 2
2% (1,1,0) 1 5 2

The Condorcet loser a” can certainly have the most first preferences in the electorate (and
hence win under plurality rule), but cannot receive an outright majority in the first round of a
runoff system, and loses the runoff against any opponent (hence, cannot win in a runoff system).
The intuition for why ag is always (at least weakly) preferred to ap is that the plurality rule
winner is at least guaranteed to proceed to the second round in a runoff system; thus, for a
majority of voters, the outcome under runoff is at least as good as the plurality outcome.

4.3. Runoff versus plurality with some fixed and some flexible positions

Together, the results of the previous section show that runoff rule weakly dominates plurality
rule in terms of electoral outcome, if candidates can either choose all of their positions, or none of
them. It is therefore tempting to conclude that runoff rule is generally (at least weakly) better for
society than plurality rule. However, our results so far warn against drawing such a conclusion
prematurely. Indeed, we now show that, if candidates differ in their sets of feasible policies,
then qualitatively different results can arise in our model. The intuition is that the set of relevant
swing voters differs between plurality rule and runoff rule. In Example 3, the set of swing voters
is smaller under plurality rule than under runoff rule, but it is nevertheless more representative
for the population at large.

The example is a somewhat more elaborate version of Example 1, in which the two candidates
cater to the minority, because minority types are more willing to change their voting behavior
than majority types. In other words, among swing voters, the (overall) minority is the majority.
We then introduce a third candidate who has no chance of winning, but changes the composition
of swing voters who are relevant for the two main candidates in a way that now the overall
majority in the population is also the majority of swing voters; thus, under plurality rule, the
main candidates now choose the majority-efficient policy. In contrast, under runoff rule, the main
candidates essentially ignore the third candidate because they care only about their showdown
against each other in the second round, after the third candidate is eliminated, and the equilibrium
has the same inefficient features of Example 1.

Example 3. Candidate O is fixed to (0, 0), and Candidate 1 is fixed to (1, 0), on the first two
issues. Both these candidates can freely choose their position on the third issue. Candidate 2 is
fixed at (1, 1, 1). Table 1 gives the proportions and issue weights of all voter types.

Note that 82% of the population strongly dislike Candidate 2’s position on the second issue
and issue two is very important compared to the other issues. Thus, Candidate 2 is truly a “spoil-
er” who has no hope of actually winning the election: Only 18% of the population would ever
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Table 2
Candidates’ vote shares.

(1,0,0) (1,0, 1)

(0,0,0) 51%, 49% 48%, 52%
(0,0,1) 54%, 46% 51%, 49%

vote for Candidate 2, so he can neither be the top vote getter in a plurality election nor win the
first or second round in a runoff system. On the third issue, 72% of the population prefer policy O
while 28% prefer policy 1, so that policy 0 is majority-efficient (for both Candidates O and 1).

If only the first two candidates stand for election, the first two voter types will always vote
for their respective candidate, independent of the positions that candidates take on issue 3; in
contrast, the remaining voters are the potential swing voters between Candidates 0 and 1. Note
also that, among swing voters, a majority (28% versus 22%) prefers policy 1 on the third issue.
Depending on the policies that the candidates choose, the vote shares are given in Table 2. Note
that a candidate’s vote share is always 3 percentage points higher when he chooses a3 = 1. Thus,
in vote shares, policy a3 = 1 is strictly dominant, and it is weakly dominant in terms of the
winning probability. In the equilibrium in weakly dominant strategies, both candidates therefore
choose policy a3 = 1.7

Under runoff rule with three candidates, the same logic applies for the policy choice of Can-
didates O and 1: Both are guaranteed to proceed into the second round, because each has a core
support (from one of the first two types) that is larger than the 18% that Candidate 2 gets from the
last three preference groups. Thus, in their policy choice under runoff rule, Candidates 0 and 1
face exactly the same problem as if Candidate 2 did not exist, and therefore will choose the same
positions as in the two-candidate election above: Thus, ag =1 and a% = 1 under runoff rule, and
Candidate 0 wins with policy (0, 0, 1).

Now consider what happens under plurality rule in a three candidate election: Candidate 2
attracts the votes of the last three voter types and effectively removes them from the set of swing
voters who are relevant for Candidates 0 and 1. Choosing policy 1 instead of O on the third
issue would now only attract 6%, but, at the same time, lose 10%. The unique equilibrium in
undominated strategies has ag =0 and a31 = 0 under plurality rule, and Candidate O wins with
policy (0, 0, 0).

The implemented policy under plurality rule with three candidates, (0,0, 0), is majority-
preferred to (0, 0, 1), which is both the equilibrium policy when there are only two candidates
and the equilibrium policy under runoff rule. Thus, Example 3 shows that plurality rule can lead
to better results than runoff rule, and that the existence of a spoiler who cannot win can improve
welfare for a majority of voters.!

17" Since candidate 1 always loses, ag =1 and a31 =0 is also a Nash equilibrium. Because the implemented policy is
the same as in the equilibrium in weakly dominant strategies, the welfare comparison between plurality and runoff rule
would be the same as in the text.

18 Note that, under plurality rule, the spoiler candidate likes the effect of his entry on the policy that is implemented:
The identity of the winning candidate is unchanged, but the winner proposes a policy on the third issue that the spoiler
prefers relative to the policy that would be proposed, if there are only two candidates. Thus, Example 3 is robust if we
endogenize the entry decision of the spoiler candidate, provided that this candidate’s policy motivation is sufficiently
large in comparison to the cost of running.
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There is certainly no guarantee that plurality rule is better than runoff rule (in the sense of
majority-efficiency) in the case that candidates differ in their fixed positions. Indeed, it is simple
to adjust the examples given in the last subsection to include some trivial fixed differences be-
tween candidates, and runoff rule would still generate better results than plurality rule. However,
Example 3 demonstrates that plurality rule may (in a robust example) be strictly better than runoff
rule when candidates differ in their fixed positions and can choose a position on some other is-
sues. As the results of the previous subsection show, this result cannot be obtained if candidates
can choose all positions, or no position at all. Since these two cases are the only ones that can
arise in a one-dimensional framework, a result such as Example 3 requires a multidimensional
setup.

While we have focused our comparison of electoral systems on plurality rule and runoff rule,
the fundamental insight we obtain applies more generally. Suppose that there is an electoral sys-
tem, call it system A, that always selects the Condorcet winner from any given set of candidates.
In Example 3, system A corresponds to runoff rule, but this could also be approval voting with
strategic voters and some refinement, say the “voting equilibrium” concept of [23], or other elec-
toral systems suggested in the literature. Now suppose that we compare the efficiency of electoral
system A with electoral system B (plurality rule in our example) that does not always select the
Condorcet winner from a given set of candidates. If the positions of candidates are fixed in all
issues, or if candidates are flexible in all issues, then system A is indeed better than system B, in
the sense that, if the two systems produce different outcomes, then a majority of voters prefers
the outcome under electoral system A. However, as Example 3 shows, this is not anymore true,
if some positions are fixed and others are flexible for the candidates. Our result thus shows that
a search for “the best” electoral system (in the sense of selecting the Condorcet winner for the
largest possible set of voter preference profiles) is not necessarily a useful objective: Even if we
were to find such an optimal electoral system for fixed positions, the outcome under this system
might be dominated by the outcome under plurality rule (or, some other “non-optimal” system).

4.4. Related literature on multicandidate elections

The effect of third party candidates has previously been analyzed in the Downsian model and
the citizen-candidate framework. In a Downsian model with three candidates, no pure strategy
equilibrium exists when candidates choose simultaneously, assuming that voters vote sincerely. '
Thus, many models assume some exogenous distinction between candidates to obtain pure strat-
egy equilibria. In [25] and [7], one candidate (who is interpreted as the “third party candidate”)
chooses his platform after the two “main” candidates. In Palfrey, the threat of entry by the third
party candidate forces the two main candidates to choose positions that are equidistant from the
median. The third party candidate (who is supposed to maximize his vote share if he cannot win)
chooses a more extreme position than either candidate, and one that is as close as possible to one
of the two main candidates, and loses for sure. He also induces the loss of the candidate next to
whom he chooses to position himself. Thus, in this framework, policy-motivated third party can-
didates would either run on a platform opposite to what they really prefer (if they can commit),
or not run at all (if they cannot commit).

19 To our knowledge, the entire literature that compares the effects of electoral systems assumes sincere voting because
voting equilibria in plurality elections with more than two candidates abound (and cannot be significantly narrowed down
through standard refinements). Therefore no conclusions could be reached with the assumption of strategic voters. Also
note that sincere voting is a Nash equilibrium in undominated strategies under plurality rule.
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Osborne and Slivinski in [24] analyze the issue of third party candidates in a citizen-candidate
model, and also compare plurality rule and runoff rule voting systems. The set of equilibrium
positions in two candidate races is more moderate under runoff rule than under plurality rule, so
that, from the point of view of the median voter and the majority of the population, runoff rule
is a better electoral system than plurality rule. Under plurality rule, there can be equilibria with a
spoiler candidate who enters the election in spite of having no chance of winning. This happens
if the spoiler candidate is located between the two main candidates and draws more votes from
the candidate who is farther away from the spoiler (this is possible only if the distribution of
voters is asymmetric).

5. Conclusion

The binary policy model provides an intuitive and tractable framework for the analysis of
multidimensional policy choice. The model allows us to study what happens when candidates’
positions are fixed in some dimensions (possibly to different policies), while they can commit
on other issues. This combination of the Downsian model and the citizen-candidate model, two
central models in the literature, is both realistic and yields truly novel results.

The most interesting of our results arise from the interplay of multidimensionality and can-
didates’ differentiated fixed positions (or characteristics) on some issues. Voter preferences for
fixed positions imply that some voters will vote for one of the candidates irrespective of the posi-
tions of candidates on flexible issues. Candidates only compete for the support of the remaining
“swing voters.” We identify two distinct reasons for why candidates may choose minority-
preferred positions in equilibrium. First, the preference distribution on flexible issues among
swing voters may differ substantially from the preference distribution in the population at-large.
Second, one candidate may have fewer swing voters to “defend” than his opponent, and thus may
benefit by differentiating from his opponent, even if his opponent takes a position that is popular
with a majority of swing voters.

Thus, in our framework, policy divergence can arise with two office-motivated candidates
and no uncertainty about the distribution of voters. This implies that two standard results of
the Downsian model — policy convergence of candidates, and movement of candidates “into
the middle,” i.e., in a direction that is preferred by a majority of the electorate — are actually
generated by the sameness of candidates in, and the one-dimensional structure of, the Downsian
model.

Our focus on binary positions in each issue simplifies the model, in particular the description
of voter preferences.?’ However, it is intuitive that the main insights from our binary model would
continue to hold. One could certainly study the effect of fixed issues in a Euclidean framework
with one dimension in which candidates are flexible. For a given location of the opponent on the
flexible issue, a candidate may not necessarily have an incentive to locate close to his opponent:
The reason is that the swing voters are not necessarily located (only) between the positions of
the two candidates, as voters have preferences over the candidates’ other, fixed dimensions. In
fact, our examples of policy divergence from the binary model can easily be embedded in the
continuum model. However, a characterization of equilibria of the continuum would be very

20 For example, if an issue has three possible positions, then, in order to describe a voter’s preference, we need to specify
a ranking of these positions, as well as how much the voter likes his second-most preferred position relative to his top
and least-preferred choice. The more possible positions there are, the more complicated this becomes.
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challenging, as pure strategy equilibria only exist in special cases. Analyzing mixed strategy
equilibria would again require moving to a discrete setting.

We also apply our model to analyze elections with more than two candidates. In this case,
runoff rule — or any other rule that selects the Condorcet winner more often than plurality
rule — weakly majority dominates plurality rule, if candidates either cannot commit at all (the
citizen-candidate case), or are completely flexible on all dimensions (the Downsian case). These
results, while new in the binary policy framework, mirror intuitions in the previous literature.
However, when candidates have some fixed positions and are flexible in the remaining issues,
then the opposite case may arise: Even though runoff rule (in our framework) always selects
the Condorcet winner from a given set of candidates, and plurality rule does not, the effect of
the electoral system on the policies that candidates propose can be such that a majority strictly
prefers the equilibrium outcome under plurality rule than under runoff rule. This result casts
doubt on whether there is an “optimal” electoral system (or even just one that is always “better”
than plurality rule in the sense of majority-preference) for a large set of preferences.

Appendix A

Proof of Remark 1. The “only if” direction is obvious. Suppose that the “if” statement is false.
Since a® is majority-efficient, there must be @ € A' such that @ >* ¢°. But then, Candidate 1
could win by playing a, which cannot be true in equilibrium. O

Proof of Lemma 1. Let a/ € A/ be arbitrary. Then @/ > a/ if and only if at least 50% of the
population prefers a’ to a’, i.e.,

1 1
M({e | > ile —al| <Y uilo —af]})
i=1 i=1
1 1
>M(<9)2Ai}e,~—a/\>in\9i—a~/1}). (7)
i=1 i=1

Let D ={i |a’/ #a’}. Then D C S/. Using the definition of X; implies that (7) is equivalent to

M({e | i/\,-xl- >3 na —X,»)D 2#({9 | ixixi <Y na —x,-)D, (8)

ieD ieD ieD ieD

which in turn is equivalent to

M({e ‘ XI:A,-X,- 20.52),-}) 2#({9 ‘ ZIIA,-X,» <0.52)\,-}). )

ieD ieD ieD ieD

Since ({0 | Y lep2iXi 0.5, cprih) + ({0 | Yfep 2 Xi <0.55;cpAi}) > 1, inequality
(9) implies ({0 | ZileD XiX;i =05 ;cpii}) = 0.5 and hence

median(ZA,X,-) >0.5 in. (10)

ieD ieD
Conversely, if (10) is satisfied, then the left-hand side of (9) is at least 0.5, while the right-hand
side is at most 0.5, and hence (9) holds.
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Because we have shown equlvalence between (7) and (10) it also follows that if (10) holds for
all D then (7) holds for all a/ € A/, i.e., @/ is then majority-efficient. [

Proof of Corollary 1. See text. O

Proof of Proposition 1. We first prove that a/ is majority-efficient if (2) holds.

Let Y; be a collection of i.i.d. random variable, each of which assumes values O and 1 with
probability 0.5. Let G be the distribution of ¥ = (Y1, ..., Y;). Note that G(x) = ]_[ies,- 0.5,
Thus, (2) implies that F first order stochastically dominates G, i.e., F(x) < G(x) for all
x € {0, 1}/, As indicated in [29] it is immediate that one can derive F from G by iteratively
moving probability mass to higher realizations, i.e., from values x to x’ > x. Thus, there exists a
multidimensional random variable Z = (Z, ..., Z;) > 0 such that X =Y + Z. Therefore,

median(ZAiX,) >median(ZAiYi>. (11

ieD ieD

Next, note that the distribution of ), _, A;Y; is symmetric, and thus

median(ZAJ,-) =E[Zk,~Y,} =05) A (12)
ieD ieD ieD
(11) and (12) imply that the condition of Lemma 1 is satisfied. Hence, @/ is majority-efficient.
Now suppose there exists x € {0, 1}/ such that

F(x)> []o.5". (13)

ieSs
Let xg be the set of selectable issues. Then (13) implies xg # (1,...,1). Let I(x) ={i € §/ |
x; = 0}. If I(x) consists of a single issue, then we are done. In particular, let x; = 0 and x; = 1
forall i # k. Let aJ be the policy that we get from @/ if we replace the position k by its opposite,
ie. ak #a ak and a a = a for all i # k. Then (13) implies F(x) > 1/2. However, since F(x) =

n({O # a; /1), this implies that &/ is majority preferred to @/ and a/ is therefore not majority-
efficient.

We now proceed by induction on the size of 7(x). In particular, suppose we have already
shown that, if #1 (x) < m and (13) holds, then there exists 4/ that is majority preferred to a/.
Suppose that #1 (x) =m, i.e., I (x) = {ig, ..., i;m—1}. Then, by assumption,

nfen #ag} o #0023, ) <ul{o £y }). (14)
and (13) implies
w({on#al .0, #a .0, #al _})>a/2m (15)

(14) and (15) imply that either p({6;, # ! ..... 6, #al ) > 172" or p({6;, #a} ) >
(1/2). Let x', x” € {0, I}Sj be defined by x/ = 1 if and only if i € {i1,...,in—1} and xl’(’) =0,
x/'=1for all i # io. Then (13) holds either for x” or x”. However, since #I (x), #I (x") < m the

induction hypothesis implies that there exists 4/ that is majority preferred to a/. Hence @/ is not
majority-efficient. O

Proof of Corollary 2. See text. O
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Proof of Proposition 2. Suppose that (a”, ') is an equilibrium. Then, each candidate wins with
probability 0.5. (Suppose, to the contrary, that Candidate O (say), always loses. However, because
A=Al he could improve by choosing @° = a', a contradiction.) Let & be an arb1trary feasible
policy. If @ >* a", then Candidate 1 wins (with probability 1) if he offers policy a. Since a® is
an equilibrium strategy, a® >* a for all 4. Similarly, a! =* & for all 4. Hence, both ¢® and a' are
majority-efficient.

Now suppose that ® and a' are majority-efficient. We have to show that (a°, a') is an equilib-
rium. Since a® >* a' and a' >* a° (by majority-efficiency), each candidate gets 50% of the votes
and thus wins with probability 0.5. Furthermore, by majority-efficiency of a® and a', a® >* a
and a' >* a, for all 4. Hence, there is no profitable deviation, so that (a°, a') is an equilibrium.

Now consider a mixed strategy equilibrium (¢, o'!). Each candidate must win with prob-
ability 0.5 (otherwise, the candidate who wins with the lower probability could deviate to the
strategy of his opponent, thereby increasing his winning probability to 0.5). Furthermore, in or-
der for mixing to be optimal, every policy in the support of o/ must give agent j a winning
probability of 0.5. Now, assume by way of contradiction that the support of o/ contains a set
B of policies that are not majority-efficient. Because the set of policies is finite, B must oc-
cur with strictly positive probability. Then policies in B only win if Candidate —j also selects
a non-majority-efficient policy. Because the winning probability must be 0.5, this implies that
the opponent uses a non-majority-efficient strategy with strictly positive probability. Let a’ bea
majority-efficient policy. Suppose that Candidate j uses the alternative strategy &7 which uses
@’ whenever a policy in B is selected under o/ and corresponds to o/, otherwise. Then &/
wins whenever the opponent selects a non-majority-efficient policy and ties whenever the oppo-
nent uses a majority-efficient policy. Thus, Candidate j’s winning probability strictly increases,
a contradiction. Hence, every policy in the support of ¢/ is majority-efficient. O

Proof of Proposition 3. For (0, 0) to be an equilibrium, it must be true that
SVo > (1 —&)SVo+ (1 —&1)SV; and
SVi = (1 —4§0)SVo+ (1 —§)SVy,
which can be rearranged to give (4). Similarly, for (1, 1) to be an equilibrium, it must be true that
SVo > &SVo+£ SV and
SV = §0SVo +&1SVy,

which is equivalent to (5). For (0, 1) to be an equilibrium, it must be true that

SVo <&SVp+£SV; and
<

SVi < (I -£0)SVo+ (1 —§1)SV1.
This implies g & = 1&)&1 = lgfo. Cross-multiplying the last equality implies &y + & = 1, and

using this 1mplles Vo L=1. O

Proof of Proposition 4. First, note that we can renumber issues such that {1, ..., m} is the set
of fixed issues. Further, we can assume without loss of generality that u({r|6; = a?}) > 0.5
forall i € {1,...,k}, n({r|6; =a'}) > 0.5 forall i € {k+ 1,...,k'}, and that a? = a! for all
ie{k'+1,...,m}. Since ¢ is one-to-one it follows that k' < 2k. We first assume that k' = 2k.
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Foralli e J,leta; =1 if u({r]6; = 1}) > 0.5 and a; = 0 if u({r|6; = 1}) < 0.5. Define the
random variable X; by

|1 ite=a;,
X’(G)_{o if 6; # a;.

Note that voters of type 6 strictly prefer Candidate O or are indifferent between the candidates if

k 2k

DLXi@+ Y u(1-Xi0) + Z 2 X (0)

i=l1 i=k+1 k=m+1
k 1
> (1= Xi0) + Z MXiO)+ Y (- Xi0))
i=1 i=k+1 k=m+1

which is equivalent to

k
Z 1 Xi(0) = hikXik(®)) + Z 1iXi(6)

k=m-+1

OSZ(A — Xitk) +0.5 Z A (16)

k=m+1

Let p; = u({6; = a;}). Define X,- =Ai Xi — itk Xitk. Then )A(,- has the four realizations —A; 4,
0, A; — Ai4+k, and A;, which occur with probabilities (1 — p;) pi+k, (1 — pi)(1 — pi+k), PiPi+k,
and p; (1 — pj+x). Let )4 ; be a random variable which has realizations —X; and A; with the same
probability of ¢ = 0.5((1 — p;) pi+« + pi(1 — pi+k)), and the remaining two realizations 0 and
Ai — Ajk with the same probability of ¢’ = 0.5((1 — p;)(1 — pii) + pi pi+k). Since p; > piix it
follows immediately that X ; first order stochastically dominates ?i. Thus, there exists a random
variable Z > 0 such that X,- = f’,' + Z,-. Furthermore, note that E[?] =(q+q) i — dizx) =
0.5k — Xigx)-

Next, note that X; first order stochastically dominates a random variable Y; which pays 1 with
probability 0.5 and 0 with probability 0.5. Thus, for i > m we can find random variables Z; with
Z; >0and X; =Y, + Z;. Clearly, E[Y;] =0.5%;. Thus,

k
({ \ZM(@) btk X4k (6)) + Z 1 Xi(0)

k=m+1

k 1
ZA — hisk) +0.5 Z A,})

k=m+1

k 1
=u<[r\2(ﬁ-(e>+2i<e) + D k(Y + Zi(0))
i=1

k=m+1
k I
> EN+ ) E[E]})

i=1 k=m+1

k X ,
>u({ ‘Z?(@H Z LY (0) =) EY ]+ Y. E[Y,-]}):O.S,

i=1 k=m+1 i=1 k=m+1
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where the last equality follows because both ¥; and Y; are symmetrically distributed. In view of
(16) this means that Candidate 0 wins by receiving more than 50% of the vote share. This proves
the first statement for k' = 2k.

Now suppose that k¥ < 2k. Let p > 0.5 such that p < u({r | 6; = a?}) for all i < k. Then
define 2k — k’ artificial issues such that 0.5 < u({t | 6; = all) < p and A; = 0 for these issues.
Now both candidates j = 0, 1 have the same number of issues with ({7 | 6; =a’}) > 0.5, and
as a consequence the first part of the argument implies. This concludes the proof of the first
statement.

To prove the second statement, first set A; = 0 forall i ¢ {1, k+ 1, I}. We now show that there
exist weights A1, Ax and A; such that Candidate 1 wins by choosing the majority-inefficient po-
sition on issue /. In view of the first part of the proof, we must have A| < A1y, else Candidate O
always wins.

If Candidate O chooses the majority-inefficient position on issue /, then in view of (16) voter
6 votes for Candidate O if

MX1 = A1 Xk — A1 X; 2050 — gk — Ap). 17

If Candidate 1 chooses the same position as Candidate 0 on issue / then voter 6 votes for Candi-
date O if

AMX1 = A1 Xk = 0.5 — Aigp). (18)

Since A} < Agyp it follows that (18) is satisfied only for types 6 with 6,y # aj+r. Since
w({Bi+k # ai+i}) < 0.5, this implies that Candidate O loses.

Now suppose that Ay 11 —A; < Aj < A1+ Ag+1- Then (18) is satisfied (with a strict inequality)
for all 0 €A={9|091 =9k+1 =9[ =0, 01‘91 = 1, 9k+l =9[ =0, OI‘91 =9k+1 = 1,9[ =0, or
01 =0; =1, 61 = 0}. Clearly,

p () = ({6 = a ia({6r =al ) + ({6 =ada((Bir =als ) a(16r %)
(e =alDu({oen = ol a6 =an).

Since u({6) = a?}) > w({Ok41 = a,iH}), it follows immediately that w(A) > 0.5 if u({6; = ay})
is close to 0.5. Thus, there exists a € > 0 such that Candidate 0 wins by choosing the majority-
inefficient position on issue [ if u({f; = ar}) < 0.5 + . The same argument applies for any
i > m. Finally, the candidates’ vote share is continuous in a neighborhood of A of A. This proves
the second statement. [

Proof of Proposition 5. Suppose that all candidates except for Candidate j play a*, and that
Candidate j plays a/. Clearly, a/ cannot win outright in the first round. If Candidate j does
not proceed to the runoff round, then his payoff is zero. Suppose now that Candidate j enters
the runoff against a Candidate i. Since a* is the unique majority-efficient policy, u({t|u;(a*) >
ur(@h)})) > p({luc (@) > u(a*)}). Hence, Candidate i (who plays a*) wins the runoff round
against Candidate j. Thus, all candidates playing a* is an equilibrium, as any deviating candidate
would always lose.

To show the second statement, note that, if all n candidates play a* then each wins with
probability 1/n. Now suppose that A # ( and Candidate j deviates to some a’ A. Since
u({tluc (@) > ug (@ > 1/n, each of the remaining n» — 1 candidates (who, by assumption,
split the vote equally) receives less than 1/n. As a consequence, Candidate j wins. Thus, all
candidates playing @™ is not an equilibrium. O
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Proof of Proposition 6. Clearly, a”* cannot be an outcome under runoff rule: Candidate n can-
not win in the second round, as any opponent is majority-preferred to Candidate n. Furthermore,
it is not possible for a” to win more than 50% of the votes in the first round. If all candidates
choose a", then each receives 1/n of the votes (and thus less than a simple majority). If at least
one candidate chooses a’/ # a”", then a" is not ranked highest by a majority (by the assump-
tion that a” is the Condorcet loser), and thus, no candidate proposing a” can win in the first
round.

Let a/ be the plurality rule winner. If a/ wins more than 50% of the votes under plurality
rule, it would also win a runoff election outright, so that the outcome under runoff remains the
same. If @/ wins less than 50% under plurality rule, then under runoff rule, a’/ will compete in
the second round against a policy a/ ', Thus, the outcome under runoff rule is either the same as
under plurality (if a/ >* a/ "), oris strictly majority-preferred (if a/ ">*al). O
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