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Abstract

We document the aggregate short-term reallocation in the US economy following the

imposition of tariffs on Chinese imports in 2018. Recursively identified structural VAR

analysis indicates that the United States experienced a short-term terms of trade ap-

preciation and inventory build-up. The tariff imposition did not induce an uptick in

domestic sales of goods, nor was any causal improvement in the trade deficit with

China observed. Our dynamic general equilibrium model emphasizes household level

inter-temporal reallocation via savings as the mechanism that prevents short-term sub-

stitution away from imports and towards domestic produced goods in response to tariff

raises.
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1 Introduction

After a long hiatus, the effect of a tariff on an economy has once again become a salient

issue: the Trump Administration has proposed and implemented significant tariffs. While the

Administration appears to have a variety of rationales for its imposition of these tariffs, e.g.,

to improve manufacturing output or boost growth (see Flaaen and Pierce (2019), Eichengreen

2019), a clearly stated goal is to reduce trade deficits.1

The Administration’s basic argument seems to be that a tariff would improve the trade

balance by raising the price of imported goods, reducing imports, which are then replaced by

domestic production of import-competing goods. This argument appears to have a lasting

appeal. Consider how it was presented by David Aschauer as a “typical” argument for

protection in 1987:

“A typical argument for protectionist legislation emphasizes two supposed re-

sults from higher tariffs. First, by making foreign goods more expensive, tariffs

cause imports to fall and thus improve the current account. Second, as domestic

residents shift expenditure patterns from foreign to domestic goods, home em-

ployment and production are stimulated. Fewer Americans driving Toyotas and

BMW’s mean more jobs for blast furnace operators in Gary, for tire producers

in Akron, and for assembly line workers in Flint.”— Aschauer (1987).

What this apparently straightforward argument fails to address are what we might call

auxiliary or, perhaps, indirect or general-equilibrium, follow-on questions. For example,

suppose tariffs do raise the relative price of imports and induce people to buy fewer imports

and more domestically-produced goods.2 If resources are fully employed, then the expansion

1See the May 2019 report from the White House Office of Trade and Manufacturing, titled “The United
States Reciprocal Trade Act: Estimated Job Trade Deficit Effects.” The report argues that imposition of a
tariff would lead to a decline in US imports from that trading partner, replaced by increased US production
“through an ı̀mport substitution effect.”

2In a multi-country world, of course, another possibility is a switch from the tariffed imports of the
targeted country to substitutes from other countries. This would simply change bilateral trade balances
without affecting the overall trade balance.
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of home-produced goods might lead to a reduction in resources-and associated outputs-in

the export sector. Expenditure on imports fall, but so might sales of exports. Even if

the shift in demand does not fall directly on export goods, the increased demand for other

domestically-produced goods might raise factor prices, which in turn would reduce exports.

It could also be the case that tariffs reduce domestic expenditure on the tariffed imports of

a targeted country. What might domestic people do with the newly-available money? They

might, of course, spend it on substitute imports from non-targeted countries, leaving the

overall trade balance unaffected. Or they might spend it on domestically-produced goods.

In that case, the argument in the preceding paragraph applies again: if resources are fully

employed, then the expansion of home-produced goods leads to a reduction in resources-

and associated outputs-in the export sector. And another possibility is that people might

decide to save the money now not spent on the targeted imports. This seems the preferred

idea of the Trump Administration.3 The critique of this idea is that it lacks any persuasive

explanation of systematic behavior as regards the saving decision.

Third, as foreign exporters earn less money, how does that affect their spending? Might

they not now reduce their demand for our exports?

The economics literature has long told us that the effects of a tariff on the trade balance

are not as simple as the “typical” analysis alluded to by Aschauer (1987). Eichengreen

(2019) notes that versions of the Mundell-Fleming model (from the early 1960’s) suggested

that exchange-rate changes would “undo” the effects of a tariff on the trade balance. More

generally, economists have long noted that accounting identities require that “improvements”

in the current account, i.e., an increase in the difference between the value of exports plus

net factor payments from abroad and the value of imports, require an increase in the gap

between savings and investment. A partial-equilibrium analysis of the effects of a tariff on the

3The aforementioned report (“The United States Reciprocal Trade Act: Estimated Job Trade Deficit
Effects”), a partial-equilibrium analysis, acknowledges that savings minus investment must change as well if
the trade deficit is to be affected by tariffs. It argues through an example that any reduction in expenditure
on imports is automatically saved, not spent on substitutes. That is, the report does not present a behavioral
rationale for savings behavior in response to tariffs.
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trade balance that focuses only on the direct effect of a tariff-induced change in the relative

price of imports and exports will thus be at best incomplete, and at worst misleading.

Because of the relatively sparse use of tariffs as a policy instrument over the post-war era

until the Trump election, the papers that built the general equilibrium models that help sort

out the complete effects of tariffs on the trade balance and on savings, investment, and other

macroeconomic variables are relatively old.4 As such, their emphases were more focused

on the effects of tariffs on output and employment-the salient question of the day-and less

focused on the the effects on the trade deficit.5 In addition, their modeling of saving behavior

was more ad-hoc than has become the norm with more recent inter-temporal optimizing

models.6 As a corollary, net indebtedness and associated persistent trade imbalances, when

present in these models, were exogenous.

Our purpose in this paper is thus to build a (newer and different) dynamic general

equilibrium model to assess the effects of imposition of an unanticipated permanent tariff

on the trade balance, on international indebtedness, on the exchange rate, and on interest

rates. In contrast to the older literature alluded to above, this paper models savings decisions

within the framework of a continuous time overlapping generations model similar to Willem

Buiter’s (1987) “semi-small” open economy.

We choose this particular framework for a number of reasons. First, this model can gen-

erate persistent endogenous trade imbalances. Given the primacy of these imbalances in the

motivation for the tariffs imposed by the Trump administration, and given the ubiquitousness

of them in the actual economy, this seems a desirable feature for a model.7

Second, as Buiter (1981) pointed out long ago, felicitous modeling choices are limited

4See, for example, Eichengreen (1981), and references in Eichengreen (2019).
5There are some exceptions. Boyer (1978) developed a full-employment model, and Dornbusch (1987)

was explicitly concerned with the trade deficit.
6The merits of these inter-temporal optimizing models are not universally acclaimed. Eichengreen (2019)

argues: “How many ... remember the models of tariffs, output and the current account of Krugman (1982)
and Dornbusch (1987)? These were smart guys. It will not surprise you, therefore, to learn that I regard
much recent research on these topics, while admirable for its rigor and elegance, as rediscovering the wheel.”

7This paper is also motivated by the Beshkar and Shourideh (2019) argument that a dynamic framework
is appealing for the study of commercial policy because it can generate endogenous trade imbalances. Static
models simply treat these imbalances as exogenous.
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when one desires to model private agents making rational savings decisions in an open-

economy setting. With infinitely-lived agents and time- separable preferences, all agents in

all countries must have the same rate of time preference if one wants to avoid a steady state

in which the most patient country owns all the assets. But if, to avoid that unappealing

result, one assumes identical time-separable preferences, then the level of net indebtedness

is not endogenous, but embodied in an initial condition. In contrast, the overlapping- gener-

ations structure we adopt allows us to model a world with potentially different rates of time

preference across countries, and in turn endogenous, finite steady-state net indebtedness.

This allows us to model savings behavior (and savings) as an optimal means to achieve a

desired level of net indebtedness.8

Other modeling choices that also endogenize net indebtedness and persistent trade im-

balances have either assumed endogenous time-preferences, e.g., Obstfeld (1982), or assumed

precautionary savings motives as in Daniel (1997). The endogenous time-preference models

need to make the non-intuitive assumption that wealthier people are more impatient in or-

der to guarantee stability in a world of perfect capital mobility.9 The precautionary savings

model avoids this problem, but seems cumbersome for our purposes.

As for other modeling choices within our model, we have two (2) primary motivations.

First, we want a model simple enough that we can present specific examples of the complete

dynamic possible responses of an economy to the imposition of a tariff. Second, we want a

model in which one can clearly see how the partial-equilibrium logic of “tariffs reduce imports

and thus reduce the trade deficit” is connected to-and changed by-the general-equilibrium

linkages implied by the accounting identity that current-account imbalances are matched by

savings-investment gaps and by changes in net foreign assets.

8See Torsten Persson and Lars E. O. Svensson (1985) for an elaboration on the advantages of overlapping
generations models as models of saving behavior. In short, they argue that models with infinite-lived agents
produce “too much” consumption smoothing vis a vis what is derived from the more realistic model of
finite-lived consumers. See also Matsuyama (1987).

9Another approach could be one used by Huang and Meng (2007). They use endogenous time preference
but assume wealthier people are more patient. They achieve stability-the bane of the previous papers-by
assuming a sufficient degree of imperfect capital mobility. We do not follow this approach because we need
to assume perfect capital mobility to obtain the tractability we need using the model for our purposes.
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Hence, we use a full-employment variant of the textbook specific-factors model in which

capital is fixed in each sector and labor is perfectly mobile. The model assumes that our

economies each produce a non-traded good and an export good that is not consumed by

domestic residents. We also separate the population of the home country into two distinct

segments: “Savers,” i.e., intertemporal optimizers, who consume only the non-traded good,

and “non- savers” who consume both the non-traded good and an imported good.

Our thought experiment is the unanticipated imposition of a permanent tariff on our

“semi-small” economy. Our results are for both the long-run and for the dynamic path from

one steady state to another following the unanticipated imposition of a permanent tariff. It

turns out results are dichtomized by whether or not the “savers” in a country have a higher

or lower rate of time preference than the exogenous world rate of interest. An “impatient”

country, i.e., a country whose intertemporal-optimizing residents have a higher rate of time

preference than the world rate of interest, will be a net debtor in the steady state, while

a “patient” country will be a net lender. In the steady state, for an impatient country, a

tariff does reduce the trade deficit. But this is accompanied by a currency appreciation,

a shrinking of exports, and an increase in foreign net indebtedness. Along the dynamic

path from an initial steady state without a tariff to a new steady state associated with the

permanent tariff, the domestic exchange rate initially drops sharply, then slowly rises to its

new steady-state value. Associated with this exchange-rate path is an initial sharp rise in

the domestic interest rate followed by a steady fall to its long-run value.

For the “patient” country, imposition of the tariff leads to a steady-state increase in

the trade deficit. This is accompanied by a currency appreciation, associated shrinking of

exports, and an increase in net foreign assets. Along the dynamic path from an initial steady

state without a tariff to a new steady state associated with the permanent tariff, the domestic

exchange rate initially drops sharply, then continues to slowly fall to its new steady-state

value. Associated with this exchange-rate path is an initial sharp fall in the domestic interest

rate followed by a steady rise to its long-run value.
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The simplifying assumptions that allow these clear-cut results, e.g., no investment, import

distribution as a “pass-through” enterprise, leave potentially many other possible results.

Nonetheless, to the extent these results are robust to sensible generalizations, they might

inform one’s thinking about effects in an actual economy. The paths of interest rates suggest

that, for an impatient net-debtor country, a tariff, which leads to higher interest rates, leads

to reduced investment and stress in interest-sensitive sectors of the economy. Again for

the net-debtor case, the sharp appreciation of the exchange rate suggests possible distress

in export sectors. All of this is speculative, of course, but highlights the possibilities of

unintended consequences from the imposition of a tariff.

The remainder of this paper proceeds as described forthwith. Section 2 presents the

institutional setting in the US, highlighting the evolution of tariff impositions on Chinese

imports beginning in 2018. Structural VAR evidence is presented highlighting the responses

of the terms of trade, domestic sales of goods in the US, inventories, and the trade deficit

with China, to a shock to tariff revenue derived from tariffs levied on Chinese imports. We

provide evidence via this method that contrary to the Trump Administration’s stated policy

goals, the trade deficit with China does not improve following the tariff shocks of 2018 and

beyond. Moreover, the adjustment process transmits predominantly via a terms of trade

appreciation and unplanned expansions in inventories. Adjustment in acquisition channels

for consumption goods by US consumers, from imports to domestically produced goods, is

very weak in response to the tariff shock. Section 3 describes our overlapping generations

model. Section 4 provides modelling results and dynamic responses. Section 5 concludes.
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2 Data, Institutional Setting for Tariff Imposition, and

Empirical Responses

The purpose of this section is to establish the empirical impulse responses to tariff shocks in

the US economy. We focus our attention on shocks to tariff revenue specifically with China,

a country whose bilateral trade flows with the US are sizeable across most 2-digit Harmo-

nized Commodity Description and Coding Systems (HS) sectors. The protectionist series

of shocks with China began distinctly in 2018, when the US imposed economically mean-

ingful tariffs across most trade sectors, in 4 individual tranches of tariff implementations.

Our analysis exploits quarterly aggregate variation in tariff revenue from Chinese imports

to identify structural protectionist shocks and the associated responses in the US economy.

Variation in tariff revenue is driven by two concurrent processes. In the first, the US raises

the rate at which Chinese imports are taxed, distinct from the regular imposition of duties

on goods originating in third-party countries. The second driving factor is the quantity re-

sponse, reflecting Chinese exporters directing exports to other markets, domestic or foreign,

or curtailing production in response to the tariff rate increase.

Although the presidential candidate Donald Trump spent considerable time in his presi-

dential campaign promising and promoting tariff policies directed at China, implementation

did not begin until April 2018, marking the first announcement of tariffs in specific sectors.

Table 1 summarizes the implementation of tariffs on Chinese imports by tranche. The Office

of the US Trade Representative first proposed tariffs on China on April 6, 2018, with full

implementation following on June 20, 2018. This first imposition is comparatively limited,

with only a small subset of sectors targeted. List 2 then follows as a rather mild expansion

of sector coverage affected by expanded tariffs. Lists 3 and 4 essentially impose tariffs across

the entire spectrum of sectors comprising Chinese imports, representing a seismic increase

in the value of trade affected and the scope of sectors drawn into the tariff catchment.

We are interested in uncovering the transmission of tariff shocks arising from the impo-
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Table 1: The Timeline of the Imposition of Tariffs on Chinese Imports by the USa

Tranche Announced Enacted Tariff Rate Value

List 1 April 6, 2018 June 20, 2018 Duty +25% $34 Billion

List 2 June 20, 2018 August 16, 2018 Duty +25% $16 Billion

List 3 July 17, 2018 September 21, 2018, Duty +10% $200 Billion

Revision December 19, 2018 May 10, 2019 Duty +25%

List 4 May 10, 2019 August 20, 2019 Duty +10% $300 Billion

Revision August 30, 2019 Duty +15%

Revision December 18, 2019 Duty +10%

Revision January 20, 2020 Duty +7.5%

a Source: Federal Register Vol. 83 No. 119, Vol. 83 No. 159, Vol. 83 No. 184, Vol. 84 No. 161.
Announcements from the Office of the US Trade Representative.

sition of tariffs on Chinese imports. We collect a time series for the purposes of estimating

the following structural vector autoregression (sVar) model,

B0yt = c+

p∑
j=1

B1,jyt−j + εt, εt ∼ N(0,Σ)

where the matrix yt is comprised of the ordered time series, yt = [T ct , TT
w
t , S

d
t , Inv

d
t , TB

c
t ].

The time series is obtained at quarterly frequency commencing in Q2 2002 and ending in

Q4 2020. T ct is real aggregate tariff revenue collected by US Customs (‘Dutiable Value’) in

time period t on imports originating in China. We convert the nominal data obtained from

the US Census Bureau by dividing by the price index on all US imports obtained from the

National Income and Product Accounts (NIPA) of the Bureau of Economic Analysis (BEA).

TTwt is the terms of trade on US trade with the rest of the world, obtained by dividing

the price index on all US exports by the price index on all US imports, both from NIPA.

Sdt is real domestic sales of goods by US producers converted to real terms by dividing the

nominal series by the price index of domestic sales of all goods and services in the US, again
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obtained from NIPA. Invdt is real inventories, the quotient of nominal inventories of goods

producers in the US and the price index of inventories from NIPA. Lastly, TBc
t is the real

trade balance between the US and China. The trade deficit is defined as TBc
t=(Xc

t−Mc
t )/PXt

,

the concurrent difference in nominal value of US exports to China less imports from China,

divided by the price index on US exports to world. We obtain export and import data from

the Census and price data from NIPA.

The 5×5 series of matrices B1,j represent the coefficients that capture the effects of lag j

of the variables in yt. Estimation proceeds by ordinary least squares. The structural matrix

representing contemporaneous relationships between the time series B0 is estimated via a

Cholesky Decomposition of the estimated variance-covariance matrix Σ̂ such that Σ̂ = B̂0B̂
′
0.

The vector c is a constant. The lag order is chosen to be 4 quarters, reflecting a conventional

choice for quarterly data.10

a Sample period is Q2 2002 to Q4 2020. Tariff revenue, domestic sales, inventories, and the trade
balance are in Billions of US chain-weighted 2012 dollars. The Terms of trade is an index number
chain-weighted to 2012 US dollars.

Figure 1: Time Series in Levelsa

Figures 1 and 2 summarize the aggregate behavior of the time series over the sample

in levels and differences respectively. Most noteworthy is that tariff revenue with China is

10Lag order selection criteria yield inconsistent recommendations as it relates to the optimal lag order
choice. Some variables fail to be stationary at longer lag orders beyond 6 lags according to conventional unit
root tests.
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relatively stable prior to the imposition of the first tranche of tariffs, exhibiting substantial

growth thereafter. We note that over time, the level of tariffs collected from China declines

from the initial spikes in levels, suggesting significant quantity adjustment in imports is

occurring as agents in both economies adjust.

a Sample period is Q2 2002 to Q4 2020. Tariff revenue, domestic sales, inventories, and the trade
balance are in Billions of US chain-weighted 2012 dollars. The Terms of trade is an index number
chain-weighted to 2012 US dollars.

Figure 2: Time Series in First Differencesa

Our sample covers two US recessions in 2008 and in 2020. There is significant cyclical

movement in the Domestic Sales and Private Inventories variables that facilitates identifi-

cation of the aggregate shocks capturing those recessions. Variation in tariff revenue with

China is left to identify tariff shocks over the sample. Identification proceeds by ordering the

variables recursively from “most exogenous” to “least exogenous”. Our ordering therefore

implies that the first ordered time series, tariff revenue from China, is not contemporane-

ously affected by the other 4 time series in the system. This amounts to assuming that the

imposition of tariffs was motivated firstly by the trend declines in the trade balance with

China or other longer term effects in the China/US relationship and not short-term perfor-

mance of the other variables in the system. We are assuming that the US did not impose

tariffs to boost short-term US domestic sales of goods, or the terms of trade, or to experience
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short-term reversals in the trade deficit with China, but rather to affect to long-term paths

of these variables. The remainder of the ordering suggests that the terms of trade is affected

contemporaneously by tariff shocks but not the other variables. Domestic sales of goods are

affected by tariff and terms of trade shocks contemporaneously, but not other shocks, and

so forth.

a Impulse responses in billions of chain-weighted 2012 US dollars. A one standard deviation shock is
assumed to occur to the variable on the main diagonal at time period 0. The horizon is up to 8
quarters following the shock.

Figure 3: Estimated Structural Impulse Response Functionsa

Figure 3 presents the estimated impulse response functions of each of the time series to

shocks in the system to each variable in turn. The first column captures the impulse responses

to tariff shocks and is of primary interest for this paper. The remaining columns serve as a

check that the economic performance of the remaining series is in line with economic theory.

Rather rich dynamics are shown in response to tariff shocks. We note an initial appreciation
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of the terms of trade, as export prices are unaffected in the very short-term while import

prices rise as a result of the tariff imposition. This appreciation reverses at 2 quarters and

becomes a depreciation, suggesting strong retaliatory action from China leads to a decline

in export prices. This is a reduction in demand for US exports necessitating a cut in prices

from sellers. One of the primary motivations of tariff imposition from the administration

was to induce a reallocation where domestic consumers substitute to purchasing from do-

mestic producers rather than importers. We would thus expect a rise in real sales of goods

domestically. There is some evidence of this at 4 quarters, but no substantial increases in

domestic sales are seen, suggesting domestic consumers are either substituting to services

consumption, purchasing goods from alternative import locations, or directing funds to sav-

ing. The notion that tariff imposition negatively effects US producers is evidenced by the

sharp short-term increase in inventories following the tariff shock. We see a sharp inventory

build-up on impact and eventual decline. Given the domestic sales response, it appears that

the increased inventories are disseminated at least somewhat through domestic channels,

but not in any sustained manner. Lastly, there is some evidence of short-term trade balance

improvements that reverse sharpely after 4 quarters.

Taken as a whole, the identified impulse responses via VAR analysis suggests that tariff

shocks of the kind experienced in 2018 and beyond transmit via pricing and quantity channels

domestically in the US. We note that prices adjust faster than quantities as evidenced by the

quicker adjustment in the terms of trade compared with quantity variables. Tariff shocks

induce short-term disruptions for US producers as they shift to alternative export markets

and direct some excess stock to domestic sales in the short-term. The trade balance effects

are negligible.
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3 The Model

Consider a two-country world in which in each country there are two goods produced: a

non-traded good, and a traded good that is not consumed domestically but is exported.11 In

each country there are two distinct groups: (1) a group of constant size whose members are

intertemporal-optimizers and consume only the country’s non-traded good, and (2), a group

of constant size whose members spend all income contemporaneously on the non-traded

good that is produced at home and an imported good that is produced abroad. Foreign

variables are denoted by a “*” superscript. Values of exogenous and steady-state variables

are are identified by an overbar. All markets are perfect, and resources are fully employed

and supplied inelastically.

Furthermore, we assume that the home country is “semi-small” relative to the other

country in that, while foreign produced goods and foreign demand for traded goods is not

necessarily perfectly elastic, the supply of foreign bonds is perfectly elastic at interest rate

r∗.12

That is, there are four (4) goods in total: a non-traded good for each country, a good

that is produced for export by the home country but is not consumed by any home country

resident, and a good that is produced for export in the foreign country but is not consumed by

any foreign country resident. We start with a description of the production side of the model.

We then develop the model of non-savers. Then we model the intertemporal optimizers.

11The “country” of Lynchburg, TN, roughly is described by this model. Its major traded good is Jack
Daniels, a whisky, which is not consumed “domestically” because Lynchburg is located in a county that bans
alcohol sales.

12This terminology and class of model was introduced by Buiter (1987).
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3.1 Supply

3.1.1 Technology

Each country produces one export good: X in the home country and in the foreign country.

Technology is Cobb-Douglas. Production functions for the two goods are:

X = β̂x
[
K̄1−αx
x Lαxx

]
; βx > 0, 0 < αx < 1

M = β̂m
[
K̄1−αm
m Lαmm

]
; βm > 0, 0 < αm < 1

In more compact notation we have,

X = βxL
αx
x ; βx ≡ β̂xK̄

1−αx
x

M = βmL
αm
m ; βm ≡ β̂mK̄

1−αm
m

Non-traded good production is:

N = βNLN

N∗ = β∗NL
∗
N

where, as noted earlier, “*” denotes a foreign variable.

3.1.2 Profit Maximization

For expository simplicity, we focus on the home country. Analogous expressions can be found

by the same logic for the foreign country. Let,

PX
PN
≡ πx;

PM
PN

= πm
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First-order conditions are:

βN =
w

PN

πx
(
αxβxL

αx−1
x

)
=

w

PN

3.1.3 Labor market equilibrium

Equilibrium in the labor market requires,

LX + LN = L̄

The first order conditions imply demands for labor as a function of πx:

LX =

(
βN

PX
PN
αxβx

) 1
αx−1

= π
1

1−αx
x (αxβX)

1
1−αx β

1
1−αx
N

LN = L̄− LX

3.1.4 Supply Functions

Substituting the above labor demand expressions into production functions yields the fol-

lowing (general equilibrium) supply functions:

XS = βx

(
PX
PN
αxβx

βN

) αx
1−αx

= π
αx

1−αx
x

(
αx
βN

) αx
1−αx

β
1

1−αx
X

NS = βN L̄−

LX︷ ︸︸ ︷
βNπ

1
1−αx
x

(
βXαx
βN

) 1
1−αx

Analogous functions for the production of M (the imported good produced by the foreign

country) and N∗ (the foreign country’s non-traded good) can be easily derived with the same

logic.
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For the traded goods, we can express these supply functions succinctly as,

Xs = Asx

(
PX
PN

)ksx
M s = Asm

(
P ∗M
P ∗N

)ksm
ksx =

αx
1− αx

; ksm =
αm

1− αm

Asx = β
1

1−αx
X

(
αx
βN

) αx
1−αx

Asm = β
1

1−αm
M

(
αm
β∗N

) αm
1−αm

3.1.5 Profits (in units of non-traded goods)

We can then derive the expression that describes real (measured in units of non-traded

goods) profits in the X sector as a function of πx and t:

ΠX = π
1

1−αx
x β

1
1−αx
X β

− 1
1−αx

N α
αx

1−αx
x (1− αx)

Profits in the non-traded (and import) sector are zero.

3.1.6 Imports

We assume importers are simply arbitrageurs who buy the imported good at exogenous

foreign-currency price P ∗, sell it at domestic currency price P , and pay an ad-valorem tariff

t. For simplicity, we assume they do this without using any resources. This “pass-through”

activity thus earns zero profits.

To make our analysis compatible with current discussions, we will introduce a foreign ex-

change market (the model is fundamentally real, though), and denote the domestic currency

price of foreign exchange as E,

EP ∗M
PN

= (1− t)πm
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3.2 Demand

We specify two types of consumers: savers, i.e., intertemporal optimizers, and non-savers,

i.e., people who spend contemporaneously all of their current income. This simplification is

useful for solving the dynamic, but it prepares us for embedding the model in a dynamic

setting in future work.

The non-savers are of measure 1 with identical preferences specified as:

Ul = Nl +

(
γl
φl

)
Mφl

l ; γl > 0, φl < 1

U∗l∗ = N∗l∗ +

(
γ∗l∗

φ∗l∗

)
X
φ∗
l∗

l∗ ; γ∗l∗ > 0, φ∗l∗ < 1

where the subscript “l” (“l∗”) denotes the lth non-saver’s variable or parameter. We focus on

the domestic residents; the foreign resident’s case is analogous. For tractability, we assume

each individual has identical parameter values, i.e., γl = γ and φl = φ for all l. Each

non-saver’s individual’s budget constraint is given by,

Yl
PN

= Nl +
PM
PN

Ml

where Yl is nominal income. Hence, the demands for the traded goods are:

Md = AdM

(
PM
PN

)−kdm
Xd = AdX

(
P ∗X
P ∗N

)−kdx

where

AdM =

(
1

γ

) 1
φ−1

; kdm =
1

1− φ

AdX =

(
1

γ∗

) 1
φ∗−1

; kdx =
1

1− φ∗
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3.3 Traded-goods markets

Because we assume our group of savers only consume the non-traded good, we can now

summarize the traded-goods markets. We have four (4) behavioral relationships, two demand

and two supply:

Md = AdM

(
PM
PN

)−kdm
; M s = AsM

(
P ∗M
P ∗N

)ksm
Xd = AdX

(
P ∗X
P ∗N

)−kdx
; Xs = Asx

(
PX
PN

)ksx

The next step in development of the model is to impose for each market the equilibrium

condition that demand equals supply.

3.3.1 Equilibrium in the markets for M and X

Let E denote the nominal exchange rate. Assume that because of perfect arbitrage the law

of one price holds:

PM =
E

1− t
P ∗M

PX = EP ∗X

This implies that the relative prices in the home country can be written as follows:

PM
PN

=
EP ∗M

(1− t)PN
× P ∗N
PN

=

(
EP ∗N
PN

)(
1

1− t

)
× P ∗M
P ∗N

PX
PN

=
EP ∗X
PN

× P ∗N
P ∗N

=

(
EP ∗N
PN

)
× P ∗X
P ∗N

We think of
EP ∗

N

PN
as the “Big Mac” exchange rate: it tells us how many units of the home

non-traded good would exchange for the foreign non-traded good if exchange rate: it tells

us how many units of the home non-traded good would exchange for the foreign non-traded

good if these two goods could be traded costlessly. It is in this sense also a “real” exchange
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rate: its units (if the counterfactual of instantaneous and costless transport costs along with

perfectly competitive arbitrage were true) would be the number of units of non-traded goods

in the home country that would exchange for a unit of the non-traded good in the foreign

country. We will denote it as e.

Hence, in simplified notation we have:

πm =
e

1− t
π∗m

πx = eπ∗x

Equating demand to supply in the markets for M and X, we can solve for the equilibrium

prices and quantities as functions of e and t:

π̂∗m =

(
Adm
Asm

) 1

ksm+kdm

(
1− t
e

) kdm
ksm+kdm

π̂m =

(
Adm
Asm

) 1

ksm+kdm

(
e

1− t

) ksm
ksm+kdm

M̂d = (Adm)
ksm

ksm+kdm (Asm)
kdm

ksm+kdm

(
e

1− t

)− kdmk
s
m

ksm+kdm

π̂∗x =

(
Adx
Asx

) 1

ksx+k
d
x

e
− ksx
ksx+k

d
x

π̂x =

(
Adx
Asx

) 1

ksx+k
d
x

e
kdx

ksx+k
d
x

X̂s = (Asx)
kdx

ksx+k
d
x (Adx)

ksx
ksx+k

d
x e

ksxk
d
x

ksx+k
d
x

We identify these “equilibrium” values by hatted variables.13

The trade balance surplus, measured in units of domestic non-traded goods, is defined

13We put quotation marks around equilibrium to make clear these are market-clearing values conditional
on e. In full equilibrium, e itself is an endogenous variable whose value has yet to be determined.
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as:

T ≡ π̂xX̂ − eπ̂∗mM̂

Thus, as a function of e, we have:

T = Cxe
kdx(1+k

s
x)

ksx+k
d
x −Dme

ksm(1−kdm)

ksm+kdm (1− t)
kdm(1+ksm)

ksm+kdm

Cx ≡ (Asx)
kdx−1

ksx+K
d
x (Adx)

1+ksx
ksx+k

d
x ; Dm ≡ (Asm)

kdm−1

ksm+Kdm (Adm)
1+ksm
ksm+kdm

dT

de
=
kdx(1 + ksx)

ksx +Kd
x

(
Cxe

ksx(k
d
x−1)

ksx+k
d
x

)
− ksm(1− kdm)

ksm +Kd
m

Dm

(
1− t
e

) kdm(1+ksm)

ksm+kdm


dT

dt
=
kdm(1 + ksm)

ksm +Kd
m

Dm

(
1− t
e

) ksm(kdm−1)

ksm+kdm

 > 0

As an aside, we note that this development of the trade balance, in which the elasticities kji

play such a prominent role, is much like what was emphasized in the “elasticities approach”

to the balance of trade.14 We also note that in our model the condition for dT
de
> 0 is the

same as the so-called Bickerdike-Robinson-Metzler expression:

(
kdx(1 + ksx)

ksx + kdx
− ksm(1− kdm)

ksm + kdm

)
> 0

It is straightforward to show that the a sufficient condition for this to be satisfied is the

perhaps better known Marshall-Lerner condition:

1− kdm − kdx < 0

14See, for example, Niehans (1981).
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3.4 Intertemporal Optimizers

Now consider citizens who are intertemporal optimizers. The basic overlapping-generations

structure is described as follows. At each moment s, “generation s” is born. Each identical

member of each generation faces a constant probability of death. This generation is normal-

ized so as to have size θ. Hence, aggregate population, L̄S, determined by aggregating over

all generations, is constant at 1 (one).

Each individual attempts to maximize expected utility over an infinite horizon. The

utility function is time-additive with instantaneous utility given by:

U = lnn

where n represents an individual’s demand for the non-traded good. Time preference is

constant and denoted by ρ. There are perfect capital markets; people can borrow and lend

abroad at the fixed short-term interest rate r∗ or at home at interest rate r. We will assume

there is an exogenously fixed value (measured in units of non-traded goods) of domestic-

issued bonds, denoted as f̄ . The value of foreign-issued bonds (measured in units of foreign

non-traded goods) is denoted as f ∗ Denote an individual’s real financial wealth measured

in units of domestic non-traded output by a. There are perfect annuity markets. Each

individual receives constant income of βN units of domestic non-traded output per unit of

time, and a constant transfer τ from the government. A member of generation s thus chooses

n so as to maximize:

Js =

∫ ∞
v=t

U(n) exp[−(ρ+ θ)(v − t)] dv

subject to

dasv
dv

= asv(θ + r)− nsv + βN − τ sv
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This maximization problem leads to the following demand function:

ns(t) =
θ + ρ

1 + β
(ast + hst)

where hst denotes non-financial wealth of generation s at time t and is the present discounted

value of disposable income:

hst =

∫ ∞
t

exp

[
−
∫ v

t

r(v) + θ] dv

]
(βN + τ) dv

Aggregation over all generations yields the following aggregate demand function, where an

upper case denotes an aggregate variable:

ND
S = (θ + ρ)W

where

W = H − F

H =
L̄S(βN + τ)

R + θ
1

R
=

∫ ∞
v=t

exp

[
−
∫ µ=v

µ=t

r(µ) dµ

]
dv

and where F is net foreign indebtedness measured in units of domestic non- traded goods,

and is equal to f + ef ∗.

Note that we have “defined” the long rate R as the solution to the following equality:

∫ ∞
t

exp

[
−
∫ v

t

r(µ) dµ

]
dv =

∫ ∞
t

exp

[
−
∫ v

t

R dµ

]
dv
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3.5 Financial Arbitrage

We also have the following arbitrage relationships between short-maturity and long-maturity

bonds and between domestic and foreign short-term assets:

r = r∗ +
ė

e
Ṙ

R
= R− r

Note we abstract from any type of risk premia or financial market imperfections.

3.6 Non-Traded Goods Market

3.6.1 Demand by non-savers

Recall that each non-saver’s individual’s budget constraint is given by:

Yl,NS
PN

= Nl,NS + πmMl

Hence,

Nd
l,NS =

Yl,NS
PN

− πmMl,NS

For ease of exposition, we assume that all profits from the X sector, ΠX , goes to non-savers’

income. We also assume a fraction γ of tariff revenue goes to non-savers. Let L̄NS be the

measure of non-savers. Labor income for non-savers is thus βN L̄NS. Recall also the following

expression for profits:

ΠX = (1− αx)Cxe
kdx(1+k

s
x)

ksx+k
d
x
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where again,

Cx ≡ (Asx)
kdx−1

ksx+K
d
x (Adx)

1+ksx
ksx+k

d
x

From our analysis of the market for good M , recall that expenditure on M in units of home

non-traded goods is given by:

π̂mM̂ = Dm

(
e

1− t

) ksm(1−kdm)

ksm+kdm

Dm ≡ (Asm)
kdm−1

ksm+Kdm (Adm)
1+ksm
ksm+kdm

Aggregating individual demands over all non-savers, we thus have the demand for non-traded

goods by non-savers, Nd
NS, as:

Nd
NS =

YNS
PN︷ ︸︸ ︷

βN L̄NS +

ΠX︷ ︸︸ ︷
(1− αx)Cxe

kdx(1+k
s
x)

ksx+k
d
x +γt

Fraction Tariff Rev︷ ︸︸ ︷
π̂mM̂ −

=πmM︷ ︸︸ ︷
π̂mM̂

= βN L̄NS +

ΠX︷ ︸︸ ︷
(1− αx)Cxe

kdx(1+k
s
x)

ksx+k
d
x −(1− γt)

π̂mM̂︷ ︸︸ ︷
Dm

(
e

1− t

) (1−kdm)ksm
ksm+kdm

3.6.2 Demand by savers

Savers get as a transfer τ their share of tariff revenue. Hence their demand for the non-traded

good is:

Nd
S = (θ + ρ)

[
−F +

L̄SβN + (1− γ)tπ̂mM̂

R + θ

]

= (θ + ρ)

−F +
L̄SβN + (1− γ)tDm

(
e

1−t

) (1−kdm)ksm
ksm+kdm

R + θ


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Non-traded goods-market equilibrium is thus described as:

Nd
NS +Nd

S = NS

We find it useful to express non-traded goods-market equilibrium as:

Nd
S = NS −Nd

NS

where we can define the function Q as:

Q(e; t) ≡ NS −Nd
NS

The function Q can be expressed as:

Q =

Ns︷ ︸︸ ︷
βN L̄− αxCxe

kdx(1+k
s
x)

ksx+k
d
x −

Nd
NS︷ ︸︸ ︷βN L̄NS + (1− αx)Cxe

kdx(1+k
s
x)

ksx+k
d
x − (1− γt)Dm

(
e

1− t

) (1−kdm)ksm
ksm+kdm


= βN L̄− Cxe

kdx(1+k
s
x)

ksx+k
d
x + (1− γt)Dm

(
e

1− t

) (1−kdm)ksm
ksm+kdm

and has the following properties:

∂Q

∂e
=− Cx

(
(1 + ksx)k

d
x

ksx + kdx

)
e
ksx(k

d
x−1)

ksx+k
d
x

+

(
(1− kdm)ksm
ksm + kdm

)
(1− γt)Dm

(
e

1− t

)−kdm(1+ksm)

ksm+kdm

(1− t)−
(1−kdm)ksm
ksm+kdm

∂Q

∂t
=−

(
(1− kdm)ksm
ksm + kdm

)
Dme

(1−kdm)ksm
ksm+kdm (1− t)−

(1−kdm)ksm
ksm+kdm

d(1− t)
dt

− γDme
− k

d
m(1+ksm)

ksm+kdm (1− t)−
(1−kdm)ksm
ksm+kdm

+

(
(1− kdm)ksm
ksm + kdm

)(
γtDme

(1−kdm)ksm
ksm+kdm (1− t)

−2ksm−kdm+kdmk
s
m

ksm+kdm

)
d(1− t)
dt
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3.6.3 Equilibrium in the market for non-traded goods

Equating the demand by savers, Nd
S, to Q(e; t), and re-arranging, we get:

R =

(θ + ρ)

(
L̄SβN + (1− γ)tDm

(
e

1−t

) ksm(1−kdm)

ksm+kdm

)
Q(e; t) + (θ + ρ)F

− θ ≡ χ(e; t)

3.7 External Balance

The model is completed by the requirement that the change through time in net foreign

assets equals the current account:

Ḟ = rF − T (e; t)

4 Solution and Dynamics

We first consider results for the steady state, and then take up dynamics.

4.1 Steady State

4.1.1 Results about net foreign indebtedness

The “semi-small” assumption that our home country is small vis a vis the other country in

terms of the interest rate implies that all domestic interest rates equal the exogenous foreign

interest rate, r∗:

r = R = r∗

With all time derivatives set to zero, we have what we might call the external and internal

balance equations, with the external balance requiring that the trade surplus equal net

factor payments made abroad and the internal balance requiring non-traded goods-market
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equilibrium:

T (ē; t) = r∗F̄

r∗ = χ(ē, F̄ ; t)

where an overbar denotes a steady-state value of a variable.15 We can rearrange these two

equations to yield:

F̄ =
r∗ − ρ

(r∗ − θ − ρ)(r∗ + θ)

βN + (1− γ)tDm

(
ē

1− t

) ksm(1−kdm)

ksm+kdm


There are three (3) cases to consider: an “impatient” country, i.e., ρ > r∗, and a “patient”

country, i.e., ρ < r∗, and a country neither impatient or patient vis a vis the foreign country,

i.e., ρ = r∗. We summarize the results on steady- state net foreign indebtedness in the

following propositions:

Proposition 1 1 If the home country is characterized vis a vis the foreign country by a

rate of time preference greater than the exogenous foreign-country rate of interest, i.e., is

characterized by ρ > r∗, then the home country in the steady state is a net borrower, i.e.,

F̄ < 0.

Proposition 2 If the home country is characterized vis a vis the foreign country by a rate of

time preference less than the exogenous foreign-country rate of interest, i.e., is characterized

by ρ < r∗, and if (r∗− θ− ρ) < 0, then the home country in the steady state is a net lender,

i.e., F̄ < 0.

Proposition 3 If the home country is characterized vis a vis the foreign country by a rate of

time preference equal to the exogenous foreign-country rate of interest, i.e., is characterized

by ρ = r∗, then the home country in the steady state is neither a borrower or a lender, i.e.,

F̄ = 0.
15We have (throughout) set LS , the measure of savers, as one (1). This could be easily relaxed.
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Remark 1 If ρ > r∗ then ρ + θ > r∗. We will show later that at least for a particular

parametrization of the model that we use to simplify dynamic analysis, a necessary and

sufficient condition for dynamic stability is that ρ+ θ > r∗.

4.1.2 Results for a simple-“unit elastic”- case

Finding a steady-state reduced form, or determining steady-state comparative statics results,

escapes us for the model in which parameter values are unrestricted beyond feasibility. Hence,

we now consider a set of parameter values that greatly simplifies both the steady-state and

ensuing dynamic analyses.16 Parameters in the model are assumed to be given as:

βN = β∗N =
1

2
; αx = αm =

1

2
; βX = β∗M = 1;

γ = γ∗; φ = φ∗ = 1

These values imply that:

Aji = 1, ∀i = m,x, j = s, d; kji = 1, ∀i = m,x, j = s, d;

For simplicity, we will call this the unit elastic case.

With these parameter values, we have the following steady state reduced forms:

F̄ =
(r∗ − ρ)(βN L̄S + (1− γ)t)

(r∗ − θ − ρ)(r∗ + θ)

ē = r∗F̄ + 1− t

This leads to the following comparative-statics propositions:

16The parameter assumptions that lead to kdm = 1 are all that are needed to generate unambiguous
steady-state comparative statics results analogous to the ones we find for the more restrictive case developed
here. For dynamic analysis, though, the extra restrictions are useful.
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Proposition 4 If r∗ < ρ, (which implies r∗ < ρ+ θ), and γ ∈ [0, 1), then

dF̄

dt
> 0;

dē

dt
< 0

Proof. To prove dF̄
dt
> 0, take the derivative,

∂F̄

∂t
=

(r∗ − ρ)(1− γ)

(r∗ − θ − ρ)(r∗ + θ)

Because both (r∗ < ρ) and (r∗ − θ − ρ) < 0, dF̄
dt
> 0. To prove dē

dt
< 0, take the derivative,

dē

dt
= −1 + (1− γ)

(
r∗

r∗ + θ

)(
r∗ − ρ

r∗ − θ − ρ

)
= −1 + (1− γ)

(
r∗

r∗ + θ

)(
ρ− r∗

ρ+ θ − r∗

)

Now,

(
ρ− r∗

ρ+ θ − r∗

)
∈ (0, 1)

So,

−1 <
dē

dt
< 0

Proposition 5 If r∗ > ρ, and r∗ < ρ+ θ, and γ ∈ [0, 1), then

dF̄

dt
< 0;

dē

dt
< 0

Proof. Because r∗ − ρ > 0 and r ∗ −θ − ρ < 0, then (r∗−ρ)(1−γ)
(r∗−θ−ρ)(r∗+θ)

< 0, so dF̄
dt
< 0.
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To prove dē
dt
< 0, take the derivative,

dē

dt
= −1 + (1− γ)

(
r∗

r∗ + θ

)(
ρ− r∗

ρ+ θ − r∗

)

Because ρ−r∗ < 0 (by assumption), and ρ+θ > r∗ (by assumption), then (1−γ)
(

r∗

r∗+θ

) (
ρ−r∗
ρ+θ−r∗

)
<

0. Hence,

dē

dt
< −1

The next proposition emphasizes that if imposition of the tariff does not affect the income

of savers, then the effect on the trade deficit is zero.

Proposition 6 Assume all tariff revenue is distributed to non-savers, i.e., γ = 1. Imposi-

tion of the tariff: (1) leaves net indebtedness unchanged; (2) decreases the exchange rate by

the same amount as the tariff; (3) leaves the trade deficit unchanged. That is,

dF̄

dt
= 0;

dē

dt
= −1;

dT

dt
= 0

Proof. Proofs of (1) and (2) come directly from inspection the derivative of the reduced

forms for F̄ and ē, respectively, while proof of (3) comes from total differentiation of the

trade balance and use of the result that dē
dt

= −1:

T = e+ t− 1

dT = de+ dt

de = −dt

Remark 2 Both imports and exports go down, as exports are an increasing function of e.
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4.2 Dynamics

4.2.1 General structure

By time-differentiating the expression for R derived from equilibrium in the market for non-

traded goods, and combining that with the two arbitrage financial conditions and with the

external balance condition, we can derive the following coupled differential equations:

ė

e
=
χ2 − χr∗ − χF r∗F + χFT (e; t)

eχe + χF + χ

Ḟ = r∗F − T (e; t) +

(
ė

e

)
F

Linearizing around the steady state yields the following coupled linear differential equations:

ė = a11(e− ē)

Ḟ = a21(e− ē) + a22(F − F̄ )

where

a11 ≡
e
(
χer

∗ + chiF
∂T
∂e

)
eχe + χFF + χ

a21 ≡
Fχer

∗ − eχe ∂T∂e − χ
∂T
∂e

eχe + χFF + χ

a22 =≡ r∗

All expressions in above are evaluated at their steady-state values. The key simplification

in the model that makes the growth rate ė
e

independent of F is the assumption that savers

only consume the non-traded good.
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4.2.2 The unit elastic case

A general analysis of the system described by equations for ė
e

and Ḟ escapes us. To proceed

further, we again assign the following values to the model parameters:

βN = β∗N =
1

2
; αx = αm =

1

2
; βX = β∗M = 1;

γ = γ∗; φ = φ∗ = 1

With these values, it is straightforward to show that the coefficients of the linearized dynamic

system are:

a11 ≡
ē (χer

∗ + chiF )

ēχe + χFF + χ̄

a21 ≡
F̄χer

∗ − ēχe − χ̄
ēχe + χFF + χ̄

a22 =≡ r∗

where

R =
(θ + ρ)(L̄SβN + (1− γ)t)

Q+ (θ + ρ)F
− θ ≡ χ

χe =
(θ + ρ)(L̄SβN + (1− γ)t)

[Q+ (θ + ρ)F ]2
> 0

Q+ (θ + ρ)F =
(θ + ρ)(L̄SβN + (1− γ)t)

r∗ + θ

[Q+ (θ + ρ)F ]2 =

[
(θ + ρ)(L̄SβN + (1− γ)t)

r∗ + θ

]2

χe =
(r∗ + θ)2

(θ + ρ)(L̄SβN + (1− γ)t)

χF =
(θ + ρ)2(L̄SβN + (1− γ)t)

[Q+ (θ + ρ)F ]2
< 0

χF = −(θ + ρ)(r∗ + θ)2(L̄SβN + (1− γ)t)

(θ + ρ)(L̄SβN + (1− γ)t)

Stability Assuming (as we do) that r∗ > 0, it is straightforward to show that the
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necessary and sufficient condition for stability is that a11 < 0. We make the following

proviso that the rate of time preference, ρ, is not “too big” vis a vis r∗:

Condition 1 Assume p, the rate of time preference, cannot be “too big” in the sense of:

δ

(
1

θ
+ 2

)
r∗ − θ > ρ; where δ ≡ 3− γt

1 + 2(1− γ)t

and can be shown to have the property:

δ ≥ 1 ∀t ∈ [0, 1], γ ∈ [0, 1]

Proposition 7 Assume Condition 1 holds. Then a11 < 0 if and only if

r∗ − (θ + ρ) < 0

Proof. We first consider the numerator of a11, which is,

ē[χer
∗ + χF ]

Noting that we have,

[Q+ (θ + ρ)F ]2 =

[
(θ + ρ)(L̄SβN + (1− γ)t)

r∗ + θ

]2

then we can derive the following expression:

chier
∗ + χF =

(r∗ + θ)2(r∗ − (θ + ρ))

(θ + ρ)(L̄SβN + (1− γ)t)

This is clearly negative if and only if,

r∗ − (θ + ρ) < 0
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The denominator of a11 can be written as:

ēχe + F̄χF + r∗ =
(L̄SβN + (1− γ)t)(r∗r∗ + θ(2r∗ − ρ)) + (1− t)(r∗ + θ)2

(θ + ρ)(L̄SβN + (1− γ)t)

With some algebra, we can show that this expression is positive if Condition 1 is satisfied.

Hence, if Condition 1 is satisfied and r∗ − (θ + rho) < 0, then a11 < 0.

Remark 3 If ρ > r∗, then of course r∗ − (θ + rho) < 0, and F̄ > 0. If ρ < r∗ and

r∗− (θ+ rho) < 0, then F̄ < 0. To get some feel for what “too big” means, consider the case

where γ = 0 and t = 1, which implies that δ is at its minimum value of one (1). Then the

“ρ is not too big” assumption is met if,

2r∗ +
1

θ
− θ > ρ

If the birth/death rate θ ≤ 1, then, for example, the rate of time preference ρ must be less

than twice the world interest rate.

The saddle path Assume that the conditions for stability are met, i.e., that a11 < 0. Then

the solution to system of equations ė
e

and Ḟ will exhibit saddlepath stability, i.e., one root

will be negative and the other non-negative.17 The saddlepath will have e as a linear function

of F :

e = ω0 + ωF

where ω and ω0 are as yet undetermined coefficients. By substitution and some algebra, we

17The roots to the characteristic equation associated with the system of equations ė
e and Ḟ are:

r1 = a11 < 0

r2 = a22 = r∗ > 0
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find the value of ω to be:

ω =
a11 − a22

a21

Assuming that Condition 1 is satisfied, which assures us that,

ēχe + F̄χF + χ̄ > 0

then we can show that a21, like a11, is negative:

a21 =
χe(r

∗F̄ − ē)− r∗

ēχe + F̄χF + χ̄

=
−χe(1− t)− r∗

ēχe + F̄χF + χ̄

< 0

Hence (and as always assuming r∗ = a22 > 0),

a11

a21

> 0, −a22

a21

> 0

That is, the saddlepath has positive slope, and is steeper than the slope of the Ḟ = 0 locus

(which is −a22
a21

). It also must go through the steady-state values (ē, F̄ ), which implies,

ω0 = ē− ωF̄

The solution following an unanticipated permanent change in the tariff rate t

We continue to restrict ourselves to the unit elastic case for which we have clear-cut long-run

comparative statics results. Let s denote time. Imagine our economy at time s = 0 is at a
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steady-state equilibrium with values of variables designated as:

ē(0), f̄(0), f̄ ∗(0)

For simplicity, assume f̄(0) = 0. This implies:

F̄ (0) = ē(0)f̄ ∗(0)

Consider a one-time unanticipated permanent increase in tariff rate t at time 0. Denote

the new steady state values of e and F as ē and F̄ . The state variable in this system is f̄ ∗,

which means at time 0, when the permanent tariff is unexpectedly imposed, both e(0) and

F (0)v are “jump” variables, while f̄ ∗(0) remains fixed in value.

From our earlier propositions, we know that if ρ > r∗, then:

ē(0) < ē; F̄ (0) < F̄

If ρ ≤ r∗, then:

ē(0) < ē; F̄ (0) ≥ F̄

Hence, at time 0, e(0) and F (0) must be both on the saddlepath, and also must satisfy the

value relationship:

F (0) = e(0)f̄ ∗(0)

which implies,

e(0) =
ē(0)

F̄ (0)

)
F (0)
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That is, the values of e and F at the moment the tariff is levied must fall on a ray in the

(F, e) plane which runs through the origin and the pre-tariff steady-state values (F̄ (0), ē(0)).

The saddlepath associated with the new equilibrium is upward sloping in the (F, e) plane,

runs through the new steady-state values (F̄ , ē), and has a vertical intercept equal to:

ē− ωF̄

First we prove that this vertical intercept is positive. Then, for an “impatient” country,

i.e., a country for which ρ > r∗, we can prove that the imposition of an unanticipated

permanent tariff leads to an immediate appreciation of the exchange rate followed by a

steady depreciation to its new steady-state value.

Lemma 1 Assume that Condition 1 is satisfied, and that r∗ < θ + ρ. Then,

ē− ωF̄ > 0

Proof. Note that,

ē = r∗F̄ + 1− t

We can then write,

ē− ωF̄ = 1− t+ r∗F̄ − ωF̄

Remember that,

ω =
a11 −

a22︷︸︸︷
r∗

a21
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Hence,

ē− ωF̄ = 1− t+

[
a21r

∗F̄ − a11F̄ + r∗F̄

a21

]
= 1− t+

[
F̄ (r∗(1 + a21)− a11)

a21

]

From the expressions for a11 and a21, and from the solution of F̄ , we have (after some

algebra):

ē− ωF̄ =
−χe(1− t)[(r∗ − ρ)∆ + (1− t)(r∗ + θ)]− (1− t)r∗(r∗ + θ)

(−χe(1− t)− r∗)(r∗ + θ)

where ∆ ≡ L̄SβN + (1 − γ)t. Now, the denominator is negative. Hence, ē − ωF̄ > 0 if the

numerator is negative. We can rewrite the numerator as:

(r∗ + θ)

[
−(r∗ + θ)(r∗ − ρ)

θ + ρ
− (1− t)(r∗ + θ)2

(θ + ρ)∆
− r∗(θ + ρ)

(θ + ρ)

]

which is negative so long as:

[
(r∗ + θ)(r∗ − ρ)

θ + ρ
+

(1− t)(r∗ + θ)2

(θ + ρ)∆
+
r∗(θ + ρ)

(θ + ρ)

]
> 0

Again with some algebra, this can be shown to be equivalent to Condition 1.

Remark 4 If F̄ ≤ 0, then it is straightforward that ē−ωF̄ > 0. The lemma is only necessary

for the “impatient country” case in which ρ > r∗ and F̄ > 0.

We can now characterize the dynamic solution for the unit-elastic domestic economy

following an unanticipated permanent increase in the tariff rate t. For expository ease, we

assume the tariff rate is zero before imposition of the new rate t. As earlier, describe the

initial home-country steady-state values of the exchange rate and of net indebtedness as

(F̄ (0), ē(0)), and the new steady-state values of the exchange-rate and of net-indebtedness
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as (F̄ , ē). As shown in Propositions 1-3, we know that if ρ > r∗, then:

ē(0) < ē, F̄ (0) < F̄

If ρ ≤ r∗, then:

ē(0) < ē, F̄ (0) ≤ F̄

Characterization of the complete solution path can be broken down into an instantaneous

effect in which e and F jump from their previous steady-state values (F̄ (0), ē(0)) to values

we designate as (F+, e+), followed by a dynamic path to the new steady-state values (F̄ , ē).

We first take up the case of ρ > r∗, and then the case of ρ ≤ r∗.

Proposition 8 Assume Condition 1 is satisfied, that r∗ < ρ (which implies r∗ < θ+ρ), and

that at some initial time, the home country and foreign country are both in their respective

steady states. Following the imposition at this time of an unanticipated permanent tariff t,

the exchange rate e and the level of net foreign indebtedness F instantaneously jump from

(F̄ (0), ē(0)) to the point (F+, e+). For the case of ρ > r∗,

F+ < F̄ (0) < F̄

e+ < ē < ē(0)

Thereafter, e continuously depreciates towards ē and F̄ continuously grows towards F̄ .

The short-term interest rate r instantaneously jumps higher than r∗ at time zero, then through

time monotonically falls back towards r∗. The long rate R is the time integral of all future

short rates, so must also jump to a higher value at time zero, and then through time move

back towards r∗.

Proof. Consider the following schematic phase diagram. Point A is (F̄ (0), ē(0)). Point

B is (F+, e+). Point C is (ē, F̄ ). Time is indexed by s. Because point C is southeast of
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Point A, the saddlepath, which has positive slope, a positive vertical intercept, and goes

through Point B and Point C, must intersect the straight-line ray from the origin to Point

A at some point like B, which is on the saddlepath but southwest of point A. Hence, the

economy jumps to Point B at the moment of implementation of the tariff, and then moves

through time along the saddlepath. Asset arbitrage requires that r = r∗ + ė
e
· Thus, r must

instaneously move up enough to balance the positive value of ė.

We have not been able to determine analytically what happens at s = 0 to the trade

surplus: the exchange rate falls, but whether more or less that the tariff rate t escapes our

abilities. Based upon worked numerical examples, we conjecture that the trade balance

improves: the value of imports falls more than does the value of exports.

We now move to the case of ρ ≤ r∗. We are unable to determine as much analytically as

in the case of ρ > r∗, but can still make some qualitative statements.

Proposition 9 Assume that r∗ > ρ and that r∗ < θ + ρ. At some initial time s = 0,

the home country and foreign country are both in their respective steady states. Following

the imposition at this time of an unanticipated permanent tariff t, the exchange rate e and
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the level of net foreign indebtedness F instantaneously jump from (F̄ (0), ē(0)) to the point

(F+, e+). For the case of ρ < r∗,

F+ > F̄

e+ > ē

Thereafter, e continuously appreciates towards ē and F continuously declines towards F̄ . The

short-term interest rate r instantaneously jumps lower than r∗ at time zero, then through time

monotonically increases back towards r∗. The long rate R is the time integral of all future

short rates, so must also jump to a lower value at time zero, and then through time move

back towards r∗.

Proof. Again consider the following schematic phase diagram. Point A is (F̄ (0), ē(0)).

Point B is (F+, e+). Point C is (ē, F̄ ). Point D is another possible (F+, e+) that we have
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not been able to rule out as a possibility. We know that point B is a possibility because we

have constructed an example for which this is true. Time is indexed by s. The saddlepaths

are designated as “SP1” and “SP2”, respectively. Because point C is southwest of Point A,

the saddlepath SP1, which has positive slope, a positive vertical intercept, and goes through

Point B and Point C, must intersect the straight-line ray from the origin to Point A at some

point like B, which is on the saddlepath but southeast of point A. Hence, the economy jumps

to Point B at the moment of implementation of the tariff, and then moves through time along

the saddlepath. Asset arbitrage requires that r = r∗+ ė
e
. Thus, r must instantaneously move

down enough to balance the negative value of ė.

No matter if a country is a net debtor or creditor, the imposition of the tariff reduces

imports and exports.

A pure valuation effect In the long run, the imposition of a tariff has no effect on the

trade balance if all the tariff revenue goes to the non-savers. The long-run effect of the tariff

is to reduce the exchange rate by the same amount as the the tariff. There are, though,
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dynamic effects: for the net debtor case, there is an instantaneous discrete appreciation of

the exchange rate, followed by a slow depreciation back to its new long-run level. That is,

there is overshooting of the exchange rate below its steady-state level, and an associated

rise in domestic interest rates. For the net creditor case, there is an instantaneous discrete

appreciation, followed by a slow further appreciation and associated lower interest rates.

These results can be seen in the following phase diagram. Again, Point A is (F̄ (0), ē(0)).

Point B is (F+, e+). Point C is (ē, F̄ ).

5 Conclusion
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