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Reminder: Sauer-Shelah-Perles lemma

F Let us fix a base set X and a family F. A set
eoe Y C X is shattered by F iff F|y = 2Y.
eco oeo ooe  Stated otherwise:
000 VZCY X e F st. Z=YNX.

Lemma (Sauer-Shelah-Perles)

Sh(F)

Every family F shatters at least as many
elements as it has.

[ Jof ] [ JoJ ] cee

[ JeJe) ceo ocoe
Alternatively, we can say that F' is a subset of
a boolean lattice B,,, and an element y € B,
is shattered by F if

Vz2<y IX €F st. z=yAuzx.

000
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Lattices, satisfying SSP.

b Sh(F)
F Sh(F)

So, for original SSP lemma in the background
we always have a boolean lattice B,,, which
regulates how shattering is defined.

We can change By to arbitrary finite lattice
to arbitrary lattice L, and say that F' C L
shatters an element y € L, iff

Ve<y dJxe€F st.z=yAz.
We say that L satisfies Sauer-Shelah-Perles

lemma (is SSP), if for any F' C L holds:
[F| < |Sh(F)].

Thus, all B,, are SSP, but, for example, a
chain of length at least two is not.
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SSP, an attempt at characterization.

The problem was stated in a preprint Zeev Dvir, Yuval Filmus, Shay
Moran. A Sauer-Shelah-Perles Lemma for Lattices. 2018. They also
gave the following sufficient condition:

Theorem ((S) Dvir, Filmus, Moran)

If a lattice L has a non-vanishing Mobius function p, then it is SSP.

On the other hand the following necessary condition hold:
Lemma (N)
For a lattice L, define ¢, ¢' L —7Z as

= |[z)| = (=

:ZNO,zgoz

z<x

Then L is SSP implies @ < 1.
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Reminder: incidence algebras.

For a finite lattice L (locally finite pose P), an incidence algebra of

L is a set of functions {f : I — Z}, where I = {(x,y) € L? | x < y}
with an associative convolution:

frgley) = > flx,2)g(zy).

z<z<y
Several special elements in incidence algebra are:
m0(z,y) = {1’:6 - y, d is a unit of the algebra;
(=1
m 4 - unique left and right inverse of (, i.e. ux (=4, { * yu = d;

( ) 1 Tr =1,
| X, = ‘
ey - Zm§z<y p(zx, z) otherwise.
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Reminder: Mobius inversion formula.

Given a lattice L, for a pair of functions f,g: L — R it holds:

x)EZg(y) & gz Z,ua:y

f(y)EZg & gly) = ) f(x)

One of the applications of Mobius inversion is inclusion-exclusion
principle is the inclusion-exclusion formula:

’U A ’ —1)|Y|+1‘ N Aj‘.
PCYCX JjeY

This essentially comes from the fact that in a boolean lattice 2°, for
XCYCS, pX,Y)=(-1)N=Ix1,
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Proof of (S), setup

m For a given lattice L with nonvanishing u let us consider an
| F'|-dimensional vector space Vr of functions F' — R. We want to
find a spanning set for Vi of size |Sh(F)|;

m For X C L we denote by xx: L — R a characteristic function of
X. A function x% is a restriction of yx to F;

m Trivially, a family X{; ) for y € L spans Vp. We want to show that
if z ¢ Sh(F), then X[I’;) is a linear combination of X[Fw)’ for w < z.
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Proof of (S), magic

So, let z ¢ Sh(F), xo s.t. ©g # z A p, for all p € F. Take arbitrary
pe F. We have

p/\z Z XP/\Z fOT all x

<y

< [Mobius inversion]

Xpn=(@) = Y (@, )X oag () = D i, )X (p A 2)
<y z<y
= > @ y)x @)
r<y<z

Take = := z¢, then:
0= xprelwo) = 3 1o, y)xp (), for all p € F.

zo<y<z

0= Y plwo,y)xfy + rlwo, 2)xf)-

To<y<z

And we are done.
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Some examples: M;

1(0,-) m As we see, for M3 sufficient condition (S)
holds, so M3 is SSP. As a sanity check,
we can see that ¢ < 1), which means that
necessary condition (N) also holds;

m The picture shows only (0, -), while (S)
states that p has to be nonvanishing
globally, that is, on all pairs. However,
this is equivalent to u(0, -) to be

0, 11 nonvanishing on all principal filters of L,

’ which are simple in this case.

m Same argument shows that M, is SSP for

2,3 2,3 all n > 2, including M = Bs.

5,5
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Some examples: chains

m For a chain (5 of length 2 there is an
element at which ¢ > 1, so (N) does not
hold and C5 is not SSP. Yet again, this
implies that p is vanishing;

m For longer chains, we can apply (N)
directly, however a strengthened version
of necessarily condition holds, which can
then be applied directly:

If L is SSP then (N) holds in every principal
ideal.
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Some examples: (S) is not necessary

m For a lattice on the picture, p is vanishes
on the pair (0, 1), however the
corresponding lattice is SSP. We do not
have a good criterion to easily see this,
however this can be checked directly;

m This example can be generalized by
adjoining an element in the similar way
to an SSP lattice with p(0,1) = —1.
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Some examples: (N+) is not sufficient

m For this lattice (N) holds. As
all proper ideals here are
boolean, and hence SSP, (N)
holds for them as well. Thus,
(N+) holds.

m Here we actually do have a

good criterion to see that it is

not SSP.
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Very simple necessary condition

If L is SSP then it does not have a
three-element chain as a subinterval.

Proof: If x <y < z is such a subinterval,
then F' = (z] — {z} can shatter only elements
in (2] — {z.y}.
A lattice is relatively complemented if
Sh(F) every interval is complemented. We refer to
Anders Bjorner, On complements in lattices of
finite length, 1981, where it is proved that L is
RC iff it has no 3-element interval.

SSP = RC. \
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Some final consideration

m We do not have an example, showing that RC is not strong enough
to capture entire SSP. Hence, the conjecture:

SSP = RC; \

m RC is obviously closed under direct products. Moreover, in
Dilworth, The Structure of Relatively Complemented Lattices,
1950, it is proven that every RC lattice is a direct product of
simple RC lattices. SSP are also happened to be closed under
direct products. The proof is easy, but not absolutely trivial;

m As SSP is closed under direct product, and as we have an example
of SSP lattice with vanishing u, we can construct an SSP lattice
where p will vanish almost everywhere;

m RC is also trivially closed under taking duals. We do not know
whether it holds for RC.
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