EQUIVALENCE OF CONSEQUENCE RELATIONS: AN
ORDER-THEORETIC AND CATEGORICAL PERSPECTIVE

NIKOLAOS GALATOS AND CONSTANTINE TSINAKIS

ABSTRACT. Equivalences and translations between consequence rela-
tions abound in logic. The notion of equivalence can be defined syn-
tactically, in terms of translations of formulas, and order-theoretically,
in terms of the associated lattices of theories. W. Blok and D. Pigozzi
proved in [2] that the two definitions coincide in the case of an algebraiz-
able sentential deductive system. A refined treatment of this equiva-
lence was provided by W. Blok and B. Jénsson in [3]. Other authors
have extended this result to the cases of k-deductive systems and of
consequence relations on associative, commutative, multiple conclusion
sequents. Our main result subsumes all existing results in the literature
and reveals their common character. The proofs are of order-theoretic
and categorical nature.

1. INTRODUCTION

The aim of the present paper is to propose an order-theoretic and cat-
egorical framework for various constructions and concepts connected with
the study of logical consequence relations. Our approach places under a
common umbrella a number of existing results regarding the equivalence of
consequence relations and provides a road map for future research in this
area.

A consequence relation is defined relative to an algebraic signature £. The
set F'm of L-formulas is the universe of the term algebra Fm of signature £
over a countably infinite set of variables. Throughout this paper, we identify
the algebra Eq of L-equations with the algebra Fm x Fm, and denote by
3} the monoid of substitutions of Fm.

W. Blok and D. Pigozzi proved in [2] that a substitution invariant, finitary
consequence relation - on Fm is algebraizable if and only if there exists an
algebraic consequence relation |= on Eq such that the lattices Thy and The
of the theories corresponding to - and |= are isomorphic under a map that
commutes with inverse substitutions. A refined treatment of this equivalence
was provided by W. Blok and B. Jénsson in [3]. They observed that the
definition of algebraizability of I, given in [2], can be rephrased as follows:
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2 NIKOLAOS GALATOS AND CONSTANTINE TSINAKIS

there exist (i) an algebraic consequence relation = on Eq and (ii) finitary
maps 7 : Fm — P(Eq), and p : Eq — P(Fm) (referred to as translators),
which commute with substitutions, such that for all ¥ U {¢} € P(F'm) and
€ € Fq,

(1) U F ¢ iff 7[¥] = 7(¢), and
(2) & 3= ().

In addition, they extended the previously mentioned result in [2] in the
setting of M-sets.

Our approach, which owes considerable intellectual debt to the cited work
of Blok and Jénsson, is more general and places the aforementioned consider-
ations on solid algebraic and categorical ground. Starting with the concrete
situation above, we note that there exists a natural action of X on Fm that
extends to an action of the corresponding power sets. The power set P(X) is
a ringlike object (to be precise a semiring with identity) — in which set-union
plays the role of addition and complex product serves as multiplication. On
the other hand, P(F'm) is a structure corresponding to an abelian group (to
be precise a commutative monoid), with set-union playing again the role of
addition. The latter action possesses the critical property of being residu-
ated, which, in this particular instance, means that it preserves arbitrary
unions in each coordinate. Analogous comments hold for the action of 3 on
Eq.

This concrete situation leads naturally to the general concept of a (left)
module. The scalars of such a structure are the elements of a complete
residuated lattice A. The wvectors form a complete lattice P. The scalar
multiplication * : A X P — P is a bi-residuated map (i.e., a residuated map
in each coordinate) that satisfies the usual properties of a monoid action. For
a given complete residuated lattice A, all A-modules constitute the objects
of a category, aM, whose morphisms are residuated maps that preserve
scalar multiplication.

The category a M provides an ideal environment to abstract the afore-
mentioned concepts and identify their categorical properties. For example,
the structural consequence relations on an object P correspond bijectively
to the epimorphic images of P. Thus, such relations may be identified with
objects of this category. Not surprisingly then, we stipulate that two struc-
tural consequence relations are equivalent if the A-modules corresponding
to them are isomorphic. For the particular case where P is the powerset of
formulas and A the powerset of substitutions, the module associated with a
consequence relation is the lattice of theories enriched by inverse substitu-
tions; the isomorphism of the modules then captures exactly the fact that
the enriched (with inverse substitutions) lattices of theories are isomorphic.
On the other hand, we can define equivalence of structural consequence rela-
tions by abstracting the second condition for algebraizability stated above,
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namely the existence of syntactic translators with the appropriate proper-
ties.

The second definition always implies the first. The main result of this
work identifies categorically the modules for which the two definitions coin-
cide: they are precisely the projective objects of this category. For projective
modules P and Q, the result reads as follows. Let I, and s be two struc-
tural consequence relations on P and Q, respectively, and let v and § be
the structural closure operators on P and Q that correspond to I, and Fs.
Then, for every isomorphism f between the modules of theories P, = Thy_
and Qs = Thy,, there exist translators (i.e., module morphisms) 7: P — Q
and p : Q — P such that 67 = fv and yp = f~'6. This result subsumes
the cases considered in [3], as well as those involving the equivalence of
structural consequence relations on sequents.

More specifically, we prove that the P(3)-modules P(Fm) of formulas
and P(Eq) of equations are projective (Corollary 5.9). Each of these mod-
ules is cyclic, i.e., it is generated by a single element. An interesting ad-
ditional result is Theorem 5.7, which presents several characterizations of
projective cyclic A-modules.

Let Seq be a set of sequents (single conclusion, multiple conclusion or
non-associative, multi-sequents or hypersequents; refer to [11], [7] or [1]).
Unless all elements in Seq have the same length, the P(3)-module P(Seq)
is not cyclic (Proposition 5.10), but we prove that it is projective (Theo-
rem 5.13). This result is proved by noting that P(Seq) is a coproduct of
cyclic projective modules.

J. Rebagliato and V. Verdu [15] have defined the notion of equivalence
of two consequence relations on (associative) sequents. The results in [3]
do not cover the case of sequents, but it follows from Corollary 6.17 that
the isomorphism of the modules of theories is equivalent to the definition of
Rebagliato and Verdu [15] and to the one of Raftery [14].

Lastly, Corollary 6.16 guarantees that under additional natural assump-
tions the desired translators 7 and p are finitary; i.e., they send compact
elements to compact elements. In the case of powersets, this means that
they map finite sets to finite sets.

In Section 2, after we review the case of an algebraizable consequence re-
lation we give an equivalent formulation of the definition in terms of transla-
tors, which extends to the situation of consequence relations over sequents.
Then we characterize the extensions of these maps to powersets and provide
the necessary intuition leading to the definition of a module in the more
general setting of complete lattices in Section 3. In Section 4 we review
all the necessary background on residuation theory, closure operators and
consequence relations, and develop the elementary theory of modules that
will be necessary for the rest of the paper.

Section 5 makes use of the residuation setting to give characterizations of
the notions of similarity and equivalence of consequence relations introduced
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there, while Section 6 puts things in a categorical setting by identifying the
modules for which equivalences (or structural representations) are induced
by translators with the projective modules in the appropriate category. At
the same time, cyclic and cyclic projective modules are characterized, while
the consequence relations on the set of formulas are shown to be particular
cases of cyclic projective modules. The case of sequents is handled by ap-
pealing to coproducts in the category. Finally, in Section 7 it is shown that
the assumption of finitarity can be safely added to the preceding study. By
working in the appropriate ‘finitary’ subcategory it is proved that the induc-
ing translators can be taken to be finitary if all the other objects involved
are assumed finitary. This involves the identification of the notion of regular
modules, which are shown to be projective now in the said subcategory.

2. CONSEQUENCE RELATIONS AND TRANSLATIONS

2.1. Algebraizability. Asusual, by a propositional (or algebraic) language
we mean a pair £ = (L, o) consisting of a set L and a map « from L to the
natural numbers. The elements of L are called (primitive) connectives (or
operation symbols) and the image of a connective under « is called the arity
of the connective.

An L-algebra is a pair A = (A, Op|[L]), where A is a set, Op is a map
that assigns an operation Op(f) = f* on A of arity a(f) to every operation
symbol f of L; often the map Op is considered understood for a given algebra
A. If L is finite, we usually list the elements of Op[L] in the expression
(4,0plL).

We denote by F'm, the set of (propositional) formulas (or terms) over the
language £ and a countably infinite set Var of propositional variables. Also,
Fm/ denotes the associated L-algebra. We denote by 3, the endomorphism
monoid of Fm, and refer to its elements as substitutions.

An (asymmetric) consequence relation over the set F'm, is a subset F of
P(Fmy,) x Fmg satisfying the following conditions, for all subsets
SUTU{p,v, x} of Fmp:

(1) if ¢ € @, then ® F ¢; and
(2) if ® 1, for all p € ¥, and ¥ F y, then & F x.

Usually, we write ¢ F 1 for {¢} F 1. A consequence relation - over F'm,
is called finitary, if for all subsets ® U {¢} of F'm,, whenever ® - ¢, there
exists a finite subset ®y of ® such that &g F ¢. It is called substitution
tnvariant or structural, if for every substitution ¢ € ¥, and for all subsets
O U {¢p} of Fmg, ® F ¢ implies o[P] - o (o).

The deducibility (or provability) relation of a Hilbert system with finitely
many rule schemes (we consider axiom schemes as special cases of rule
schemes) is a finitary and substitution invariant consequence relation. For
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example, the deducibility (or provability) relation Fcopy of Classical Propo-
sitional Logic (CPL) is a finitary and substitution invariant consequence
relation over F'm,, where L is the language of CPL.

Associated with a consequence relation F on Fm, is a closure operator -
on Fmyg, defined by 4 (®) = {¢p € Fm, | ® - ¢}. Conversely, a closure op-
erator Fm, gives rise to a consequence relation. We discuss this connection
in a more general setting in Section 3.

By an equation over £ we mean a pair of elements s,t € Fm, and we
usually denote it by the expression s ~ t. We denote by Eq, the L-algebra
(Fm,)? of equations over £. A substitution invariant, finitary consequence
relation over Eq, is defined by analogy to the previous case. If A is an
L-algebra, h : Fm; — A is a homomorphism and (s ~ t) € Eq,, then we
denote by h(s = t) the pair (h(s),h(t)) and we refer to it as an equality; we
say that the equality is true if h(s) = h(t).

If € is a class of L-algebras, and F U {e} is a subset of Fqr, F Ex ¢
means that for all A € K and all homomorphisms & : Fm, — A, if h[E] is
a set of true equalities, then h(e) is a true equality. It is clear that =i is a
substitution invariant consequence relation over FEq,. It is well known , see
e.g. [14], that =k is finitary iff K is closed under ultraproducts.

Our discussion in the remainder of this section draws heavily from [3].
According to Blok and Pigozzi [2], a deductive system is a pair (L, F), where
L is a propositional language and F is a substitution invariant, finitary
consequence relation over Fmg .

A deductive system (L, 1) is called algebraizable ([2]), if there exists a
class of L-algebras IC, a finite set of equations u; =~ v;, ¢ € I, on a single
variable and a finite set of binary definable connectives A;, j € J, such that
for every subset ¥ U {¢} of Fm, and for every equation s ~ t over Fm,

(1) O F ¢ iff {u;(¢) = vi(¥) | ¢ € U} Ex ui(p) ~ vi(¢), for all i € I,
and
(2) s~t3kEk {’LLZ'(SAjt) ~ Ui(SAjt) liel,jeJ}.
The class K is called an equivalent algebraic semantics for (L, ).

It can be shown that the combination of (1) and (2) above is equivalent
to the condition that for every set of equations F U {s ~ t} over F'm, and
for every ¢ € Fm,

B) EExs~tiff {fuljv|urveFE,jeJ}FsAjt, forall jeJ.
(4) ¢ A A{ui(d) Ajvi(e) [i € 1,5 € J}.

If we define the maps 7 : Fmg — P(FEqr) and p : Eqr — P(Fmy) by
T(¢p) = {ui(¢) = vi(¢)|i € I} and p(s = t) = {s A;t|j € J}, then conditions
(1) and (2) take the more elegant form

(1) W F ¢ iff 7[9] x 7(¢), and
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(2) & Hx 7le).

Next, we identify conditions under which arbitrary maps
T:Fmg — P(Eqc) and p : Eqr — P(Fmy) are of the form above. First of
all, for all ¢ € Fm, and all € € Eq,, both 7(¢) and p(e) are finite sets; we
will call maps that have this property finitary. Also, if ¢ € Fmp, € € Eq,
and o € Y, is a substitution, then o[r(¢)] = 7(c(¢)) and o[p(e)] = p(o(e));
we will call such maps substitution invariant. The following result is implicit
in [3].

Lemma 2.1. For maps 7 : Fmy — P(Eqc) and p : Eqz — P(Fmpg), the
following conditions are equivalent.

(1) 7, p are finitary and substitution invariant maps.

(2) There exists a finite set of equations u; ~ v;, i € I, on a single
variable, and a finite set of binary definable connectives A, j € J,
satisfying the relations 7(¢) = {u;i(¢) = vi(P)|i € I} and p(s = t) =
{S A]’ t ‘ je J}

Proof. We will show that (1) implies (2). Let =,y be distinct variables in
Var and assume that 7(x) = {u; = v; |i € I} and p(x = y) = {t; | j € J}.
Since 7 and p are finitary, it follows that I and J are finite.

If ¢ € Fmg, let Ky € X be the substitution that sends all variables
to ¢. Since 7 is substitution invariant, we have k. [7(z)] = T(kz(x)) =
7(x), for every variable x. In other words, if we replace all variables in
7(x) by x, we get back 7(x); i.e., all the equations u; ~ v; contain single
variable. Moreover, for all ¢ € Fmg, we have 7(¢) = 7(kg(x)) = re[T(x)] =
{rg(ui(z) = vi(z)) |1 € I} = {ui(¢) = vi(¢) | i € I}.

Let Vary; and Varsg be two sets that partition the set Var of all variables in
a way that x € Vary and y € Vary. For all (s & t) € Eqr, let kgt € X be
the substitution that sends all variables in Var; to s and all variables in Vary
to t. Since 7 is substitution invariant, we have kzxy[p(x = ¥)] = p(Kony (T =
y)) = p(x = y). In other words, the terms ¢; are binary and depend only
on the variables x and y; we set t; = 2A;y. We have, for all (s = t) € Fq,,

p(s = t) = plhsmi(r = y)) = ksmlp(® = y)] = {kemu(zDjy) | j € T} =

{sAjt|i eI} O
Corollary 2.2. A deductive system (L) is algebraizable iff there exist fini-
tary and substitution invariant maps T : Fmy — P(Eqr) and

p:Eqc — P(Fmpg), and a class of L-algebras K such that, for every subset
®U{¢p} of Fmp and € € Eqr,

(1) Ok o uff [¥] = 7(0), and

(2) & e To(e).

Obviously, the maps 7 and p extend to maps 7/ : P(Fm,) — P(Eqr)
and p' : P(Eqr) — P(Fmy), defined by 7/(®) = 7[®] and p/(E) = p[E], for
® € P(Fmyg) and E € P(Eqz). Moreover, 7/(®) and p'(E) are finite, if ® €
P(Fmy) and E € P(Eq,) are finite; we will call such maps finitary. Also,
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it ® € P(Fmg), E € P(Eqe) and 0 € Xz, then o[r'(®)] = 7/(0[®]) and
alp'(E)] = p/'(c]E]); we will call such maps substitution invariant. Clearly,
7/ and p’ stem from maps 7 and p iff they preserve unions.

Example 2.3. Let Fgox be the least substitution invariant consequence re-
lation on Fmy_,) satisfying the following properties for all z,y, 2 € Fm_.

(B) Fpok (= y) = ((y = 2) = (z — 2))
(©€) Fpok (= (y = 2) = (y = (. — 2))

(I) F BCK T — X
(K) Fpek ¢ — (y — y)

(MP) {LE,:L' — y} l_BCK Y
Actually, (I) is redundant, but we include it for later reference. It is shown
in [2] that Fpok is algebraizable and the {— }-subreducts of commutative
integral residuated lattices form an algebraic semantics for it. (Refer to
[5] or [12] for a short introduction to residuated lattices, and to [9] for a
comprehensive treatment of these structures.) The corresponding maps 7
and p are given by 7(¢) = {¢ =~ (¢ — ¢)} and p(u = v) = {u — v,v — u}.
An extension of this correspondence is obtained by the algebraizability of
substructural logics via residuated lattices; see [10]. 0

A theory of a consequence relation F over F'my, is a subset T of Fm,
closed under F; i.e., for all ¢ € Fmg, T F ¢ implies ¢ € T. The set of
theories of F forms a lattice that we denote by Thy. Likewise we define the
lattice of theories Th of a consequence relation = over Eqr. The notions
of finitarity and substitution invariance have analogues for closure operators
and lattices of theories. We discuss the connections between consequence
relations, closure operators and lattices of theories in a more general setting
in Section 3.

The following characterization of algebraizability of a deductive system is
proved in [2].

Theorem 2.4. [2] A deductive system (L,t) is algebraizable with equivalent
algebraic semantics a quasivariety IC iff there exists an isomorphism between
Th- and Th':,C that commutes with inverse substitutions.

We will extend this result in a more general setting and provide a cate-
gorical reason for its validity.

2.2. Consequence relations on sets of sequents. In this section, we
consider one more example of a consequence relation.

If m,n are non-negative integers (not both equal to zero), by a (multiple
conclusion, associative) sequent over L of type (m,n), we understand a pair
(T',A) of a sequence I' = (¢1, @2, ..., ¢n) of L-formulas of length m and a
sequence A = (91,9, ...,1%y) of L-formulas of length n. We usually write
D1y D2y« oy O = Y1, ..., 1, for (I'; A). These sequents are used in the
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formulation of substructural logics over FL; see, for example, [9]. Variants
of this notion of sequent have been considered in the literature; refer to [11],
[1], [7], and Section 5.

We usually consider sets of sequents closed under type, i.e., sets of sequents
such that, for all m,n, if they contain an (m,n)-sequent, then they contain
all (m,n)-sequents. If Seq is a set of sequents closed under type, then
Tp(Seq) denotes the set of all types of the sequents in Seq.

The set of formulas can be identified with the set of all (0, 1)-sequents,
and the set of equations can be identified with the set of all (1, 1)-sequents.

If s =¢1,09,...,0m = ¥1,%9,...,%, is a sequent and o € X, is a sub-
stitution, (o(¢1),0(p2),...,0(Pm) = o(¥1),0(12),...,0(y)) is denoted by
o(s). If Seq is a set of sequents closed under type, then a (finitary, substi-
tution invariant) consequence relation over Seq is defined as in the case of
Fm, and Eq,.

The notion of algebraizability of a set Seq of sequents closed under type
has been defined by Rebagliato and Verdud [15]. If Seq; and Segs are sets
of sequents over £ closed under type, and F; and 5 are two consequence
relations over Seq; and Segqo, respectively, a translation between Seq; and
Seqz is a set T = {T(p ) | (m,n) € Tp(Seq1)}, where 7(,, ) is a finite
subset of Seqy in (at most) m + n variables. If s € Seq is an (m,n)-
sequent, T(s) = T () (s) denotes the result of replacing the m +n formulas
of s for the variables in 7., ).

Two consequence relations F; and ko over Seq; and Segqs, respectively,
are called equivalent in the sense of Rebagliato and Verdd, if there are trans-
lations 7 and p between Seq; and Segqy such that for all subsets S7 U {s1}
of Seq; and all subsets Sy U {s2} of Seqa,

(1) Sl |—1 S1 iff T[Sl] |—2 T(Sl), and
(2) sz A2 Tp(s2).
It follows that

(3) S22 s iff p[Sa] F1 p(s2), and
(4) S1 —H—l pT(Sl).

Lemma 2.5. Consider maps 7 : P(Seq1) — P(Seqz) and p : P(Seqz) —
P(Seq1). The following are equivalent.

(1) The maps T, p are finitary, substitution invariant and preserve unions.
(2) There exist translations T and p between Seqy and Seqy such that
7(s1) = 7(s1) and p(s2) = p(s2) for all s1 € Seqy and so € Seqs.

Proof. The proof is based on the ideas in the proof of Lemma 2.1. The
lemma is also a consequence of more general results that we prove later; see
Theorem 5.13. U
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It will follow from our analysis that the analogue of Theorem 2.4 holds
in the case of sequents, as well. A. Pynko [13] proves the result for finitary
consequence relations and J. Raftery [14] for the general case of associative
sequents.

Example 2.6. An single conclusion, associative, commutative sequent on
a set A is a pair (I, ¢), where I' U {¢} is a multiset on A; traditionally, the
sequent (T', ¢) is denoted by I' = ¢. We denote by Seqrqc(A) the set of all
single conclusion, associative, commutative sequents on A. The deducibility
relation gy () of the {—}-fragment FL¢; ™7 of the system FLg; — see [11]

for details — is the least structural consequence relation on Seqq.(F m{_,})
that satisfies the following conditions for all I', I, ¥ U {«, 3,0} C F'my_,.

(id) I'= «a Y, 0,11 = 5((:11‘5) L:Ms(i)
a= o X, 0 =6 IaX=9
I'= 1,3, X = ¢ =
(6% 7/37 (_>:>) a? /3 (j—))
LN a—8,X=9§ I'=sa—p0

Here we adopt the convention that the fraction notation % means S l—FLei{ﬂ}
s, where S U {s} is a subset of Seqrac(Fmy_}).

It is shown in [11] that l—FLei{H} is equivalent in the sense of Rebagliato
and Verdu to Fpog; see Example 2.3. Moreover, the consequence relation
I—FLe{H}, obtained by removing Rule (i) from FL;{ ™}, is equivalent in the
sense of Rebagliato and Verdu to the consequence relation oy, which is
obtained from Fpcx by removing Axiom (K). Nevertheless, the relations

Fpr.(—1 and Fper are not algebraizable; see [2]. U

2.3. Consequence relations on powersets. So far we have defined con-
sequence relations on the sets P(Fmg), P(Fqr) and, more generally, on
P(Seq), where Seq is a set of sequents closed under type. Before we give
the general definition in the case of complete lattices, we give a preview in
the case of powersets. Our presentation is based on ideas developed in [3].

The definition of a (finitary) consequence relation for the three examples
is a special case of the following well known definition.

Let S be a set. An asymmetric consequence relation over S is a subset
of P(S) x S such that, for all subsets X UY U {x,y,z} of S,
(1) if x € X, then X -z, and
(2) if Xy, forally €Y, and Y I z, then X F z.
An asymmetric consequence relation over S is called finitary, if for all subsets
XU{x} of S, if X F z, then there is a finite subset X of X such that Xy - z.
A symmetric consequence relation over S is a binary relation - on P(S5)
that satisfies, for all XY, Z € P(S),

(1) f Y C X, then X FY
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(2) f XFY and Y F Z, then X F Z.

B) XFUxy Y.
Note that b satisfies the first two conditions iff it is a pre-order on P(S)
that contains the relation D. A symmetric consequence relation over S is
called finitary, if for all X, Y € P(S), if X F Y and Y is finite, then there is
a finite subset Xy of X such that Xp - Y.

Given an asymmetric consequence relation -, we define its symmetric
counterpart F°, by X F* Y, for X|Y € P(S), to mean X F y, for all
y € Y. Conversely, given a symmetric consequence relation -, we define
its asymmetric counterpart F%, by X F¢ z iff X - {z}, for X € P(S) and
x € S. It is well known that asymmetric consequence relations are equivalent
to symmetric ones and the notions of finitarity and invariance that we will
define, correspond. We will work with symmetric consequence relations, as
they are amenable to generalization to arbitrary lattices.

The generalization of the notion of substitution invariance to arbitrary
powersets requires a new notion of substitution. Note that the monoid of
substitutions X, acts on both Fm, and Eq; — more generally on a set Seq
of sequents over L closed under type — in the sense that for all 01,09 € X/,
and s in either Fm,, Eq, or Seq,

(1) (o102)(s) = a1(02(s))
(2) Ids,.(s) =s.

We say that a monoid 3 = (X, -, e) acts on a set S, if there exists a map

*: X xS — S such that for all 01,09 € X, and s € 5,
(1) (0'1 -0'2)*8 = 0'1*(0'2*8)
(2) exs=s.

A consequence relation F on P(.5) is called X-invariant, if for all XU{y} C
Sand o€ ¥, X yimplies {oxx |z € X} Fox*y.

Actually, if ¥ acts on S, then P(X) acts on P(S), as well, i.e., there
exists a map x : P(X) x P(S) — P(S) such that for all A;, Ay € P(X¥) and
X e P(9),

(1) (A1 'AQ)*X = A1 *(AQ*X)
(2) {e} X = X,
where A1 %X = {axx|a € Aj,x € X} and A;-Ay = {ay-az]a; € Ay, a9 € As}.
In this case, - on P(S) is called P(X)-invariant, if for all X, Y € P(S) and
AeP(X), XFY implies Ax X+ AxY.
Moreover, for all A € P(X) and X,Y € P(S) we have

AxXCYfACYLXIfFXCA\,Y,
where
YiX={acX|{a}xXCY}and A\, Y ={x € S|Ax{z} CY};

equivalently x preserves arbitrary unions. If all of the above conditions
are satisfied, we say that P(S) is a P(X)-module. For example P(Fmy,),
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P(Eq,) and P(Seq,), where Seq is a set of sequents closed under type, are
all P(3,)-modules.

A map 7 : P(S1) — P(S2) is called P(X)-invariant or structural, if for
all A€ P(X) and X € P(S), we have Ax7(X) = 7(A~ X).

Assume that S; and S; are sets, and that F; and o are consequence
relations on P(S7) and P(S2), respectively. Further, assume that there
exist maps 7 : P(S1) — P(S2) and p : P(S2) — P(S7) that preserve unions
such that for every subset X U {z} of S; and y € Ss,

(1) X by iff 7(X) o 7(2),

(2) y A2 mp(y).
Then we say that 1 and ko are similar via 7 and p. We will show in
Lemma 4.5 that, in this case, -2 and 1 are similar via p and 7, as well.

Assume further that ¥ is a monoid and that P(S7) and P(Ss) are P(X)-
modules. If -1 and k95 are similar via 7 and p, and both 7 and p are
P(X)-invariant, then we say that b1 and o are equivalent via T and p.

It is easy to see that a consequence relation - on P(Seq), where Seq
is a set of L-sequents closed under type, is algebraizable in the sense of
Rebagliato and Verdd (or in the sense of Blok and Pigozzi in the case when
Seq = F'mg) iff there exists a class KC of L-algebras such that - and =k are
equivalent via finitary, P(X)-invariant maps 7 : P(Seq) — P(Eqr) and
p:P(Eqc) — P(Seq) that preserve unions.

3. CONSEQUENCE RELATIONS, THEORIES AND CLOSURE OPERATORS ON
MODULES

In this section we introduce the notion of a consequence relation on an
arbitrary complete lattice, and show that consequence relations on a given
lattice are in bijective correspondence with closure operators on it. Next
we discuss the appropriate notion of substitution invariance for both con-
sequence relations and for closure operators in the setting where the lattice
is endowed with the additional structure of a module. This will provide
the required background for formulating the definition of equivalence of two
consequence relations and to prove our main theorem.

3.1. Consequence relations. Symmetric consequence relations are binary
relations on the powerset of a set. We generalize their definition to complete
lattices. We note that the definitions and results of this section extend easily
to arbitrary posets.

Let P be a complete lattice. A (symmetric) consequence relation on P
is a binary relation - on P that satisfies the following conditions, for all
z,y,z € P.

(1) ify <z, thenx Fy
(2) ifztyand yt 2, then z I 2
(3) 2V, y, foralz e P
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Note that F satisfies the first two conditions iff it is a pre-order on P that
contains the relation >.

3.2. Residuated maps on complete lattices. Let S, So be arbitrary
sets, and let 1, 2 be consequence relations on P(S7) and P(S2), respec-
tively. ~ We have seen that the maps 7 : P(S;) — P(S2) and
p : P(S2) — P(S1) involved in the definition of similarity of F; and ko
were assumed to preserve unions. We have noted that this is a necessary
and sufficient condition for these maps to extend maps from the sets Sy
and So to the powersets P(S7) and P(S2) respectively. The generalization
of this notion in the setting of complete lattices is that of a map that pre-
serves arbitrary joins. We will find it convenient, however, to work with the
equivalent concept of a residuated map.

Let P and Q be complete lattices. A map 7 : P — @ is called residuated,
if there exists a map 7, : Q — P, called the residual of 7, such that for all
x € Pandye€Q,

(@) <y & < n(y).

Note that a binary map is residuated, in the sense of the previous subsection,
if and only if all its unary translates (sections) are residuated in the preceding
sense. We will often write 7 : P — Q for 7 : P — (), to indicate the
dependency of the residuation property on the order structure of P and Q.
It is clear that the residual of a residuated map is uniquely defined by

T«(y) = mazx{z € P|7(x) < y}.

We will always denote it by 7,. The following lemma states well known facts
from residuation theory; for example, see [6], [4].

Lemma 3.1. Assume that 7 : P — Q and p : Q — R are residuated maps.

(1) 7 preserves all arbitrary joins in P and 7. preserves all arbitrary
meets in Q.

(2) 71 < Ig and 7T > Ip.

(3) The composition pt is residuated, as well, with residual (pT)s = Typx.

We note again that for complete lattices P and Q, 7 : P — Q is residuated
iff it preserves arbitrary joins.

Example 3.2. Let A and B be sets and let R C A x B be a binary relation
from A to B. The map 7 : P(A) — P(B), defined by 7r(X) = R[X] =
{y € B| R(x,y), for some x € X}, is residuated and its residual is given by
(1r)+(Y) = R7Y[Y] = {x € A| R(z,y), for some y € Y} O

Note that if 7 : A — P(B) is defined by 7(z) = {y | (z,y) € R}, then
TR : P(A) — P(B) is what we called 7/ in Section 2.1.
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3.3. Closure operators. Recall that a closure operator v on a complete
lattice P is an expanding (x < y(x)), monotone (x <y = ~(z) < ~v(y)) and
idempotent (y(y(z)) = v(z)) map on P; an interior operator vy on P is an
contracting (y(x) < x), monotone and idempotent map on P. If y: P — P
is a map, we denote by P, the image v[P] of P under v and by P, the
subposet of P with carrier P,. The elements of P, are known as the fized
points of v or the y-closed elements of P.

A subset Q) of P is said to be completely meet-closed, if whenever X C @,
then A¥ X € Q. We define vo(z) = A¥ (12N Q).

The following is in the folklore of the area and can be found in [6], [4].

Lemma 3.3. Let P be a complete lattice, v be a closure operator on P and
Q a completely meet-closed subset of P. Then the following hold.

(1) Py is a completely meet-closed subset of P.
(2) vg is a closure operator on P.
(3) 17, = and Pry = Q.
(4) P, is a complete lattice, and a complete meet-subsemilattice of P,
with join \/77 4[X] = y(VF 1[X]) = (V¥ X) and meet AT 7[X] =
AT y[X].

It is easy to see that v : P — P is a closure operator on P iff the map
7'+ P — P, defined by 7/(z) = ~(z), for all € P, is residuated and the
inclusion map Inp, : Py — P is its residual. We will often identify v and
~', with the understanding that only 7/ is residuated and only - is a closure
operator.

Note that, in view of Lemma 3.3, v : P — P, preserves arbitrary joins.
Also, closure operators are determined by their fixed points.

Lemma 3.4. Assume that 7 : P — Q is a residuated map between the
complete lattices P and Q.

(1) 7«7 is a closure operator on P and 77, is an interior operator on Q.
(2) 77T =T and TuTTy = Ty.
(3) P, is isomorphic to Qrr, .

If f and g are both maps from P to Q, we write f < g, if f(x) < g(z) for
all x € P. It is obvious that if h is a map from Q to a complete lattice R
and k is a monotone map from a poset T to P, then f < g implies fh < gh
and kf < kg. Note that if v is a closure operator on P and ¢ is an interior
operator on P, then § < Ip <+, where Ip is the identity map on P.

Given a consequence relation - on a complete lattice P, we define the map
Y P — P, by y-(z) = V,r,y- Also given a closure operator v : P — P,
we define the binary relation F, on P, by « F, y iff y < v(z).

Lemma 3.5. Consequence relations on a complete lattice P are in bijective

correspondence with closure operators on P wvia the maps - — - and
A
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3.4. Theories. As we have seen closure operators and consequence relations
are interdefinable. Also, the properties of being structural and finitary (to
be defined later) are preserved under this correspondence. Here we discuss
yet another way of looking at the same properties.

Let F be a consequence relation on a complete lattice P. An element ¢ of
P is called a theory of - if t - x implies < t. Note that if ¢ is a theory,
then x <t and x F y imply y < t. We denote the set of theories of F by
Thy.

Lemma 3.6. IfF is a consequence relation on the complete lattice P, then
The =P, .

Proof. Let t € Thr and set v = . We will show that ¢ € P,, i.e., that
~v(t) =t. We have v(t) < 7(t), so t b ~(t). Since t is a theory, v(t) < t. The
other inequality holds because ~ is extensive.

Conversely, assume that v(¢) = ¢, and let € P such that ¢t - . Then
x <~(t)=t. O

We define the lattice of theories Thy of - to be the complete lattice P, .
Lemma 3.3 shows that the lattices of theories can be characterized abstractly
and from it we can recover the corresponding consequence relation or closure
operator.

3.5. Modules over complete lattices and invariance under the ac-
tion. To define substitution invariance of a consequence relation on a com-
plete lattice, we need to assume that the latter is endowed with a module
structure. Therefore we define modules in the case of arbitrary complete
lattices.

Let A, B and C be complete lattices. A map x: A x B — C (viewed as a
binary map) is called residuated provided there exist maps \,: A x C — B
and /4 : C' x B — A, called the residuals of x, such that for all z € A, y € B
and z € C,

rxy<z e r<zhy & y<z\sz

A residuated lattice is an algebra A = (A, A, V, -, \, /, 1) such that (A, A, V)
is a lattice, (A,-,1) is a monoid, and the operation - is residuated with
residuals \ and /.

Let A be a complete residuated lattice, P a complete lattice and
*: Ax P — P amap. We say that (P, %) is a (left) A-module, or a
(left) module over A, if for all x € P and a,b € A,

(M1) 1xz =z,

(M2) a* (b*z)=abxzx, and

(M3) x is residuated (we denote the residuals by \, and / ).
In what follows we will often suppress x in (P, %), and simply write P instead.
Clearly, A is itself an A-module. We assume that x has priority over the
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division operations \s and / ; so a x x/y is short for (a x x)/ y. In the
expressions y\,x and x / y, x is called the numerator and y the denominator

Note that if P = P(S), then we obtain the notion of a module for power-
sets.

Let P, Q be A-modules. A map 7: P — @ is called structural if ax7(x) =
T(axz), for all x € P and a € A. Obviously, structural maps on the P(X.)-
modules of the previous sections are exactly the substitution invariant maps.

A module morphism 7 : P — Q from P to Q is a structural residuated
map. We will often use the term translator for such a morphism. For a
fixed complete residuated lattice A, we will denote by oM the category of
all A-modules and module morphisms (translators).

Lemma 3.7. The following properties hold for every A-module (P,x), a €
Aand z,y € P.

(1) The operation % preserves arbitrary joins in both coordinates. In
particular, it is order-preserving in both coordinates.

(2) The operations \x and /. preserve arbitrary meets in the numera-
tor; moreover, they convert arbitrary joins in the denominator into
meets. In particular, they are both order-preserving in the numerator
and order reversing in the denominator.

(3) (@hy)xy <z

(4) ax(a\cz) <z

(5) x<a\s(axz) anda < (axz)jx

(6) (a\«x)hy=a\(z/y)

(1) ((@hy)*ylhy=ahy

(8) 1<zhx

9) (hz)re==x

The proof of the lemma is a straightforward application of the definitions
and is therefore omitted. Note that some of the above (in)equalities are in
P, like the first in item (5), and some are in A, like the second of item (5).
We use the same symbol < for inequality in both A and in P and rely on
the context telling them apart.

A consequence relation F on the A module P is called structural, if x -y
implies axx - axy, for all x,y € P and a € A.

Note that in the case where P = P(S) the notions of structurality and of
substitution invariance of a consequence relation coincide.

A closure operator on an A-module P is called structural, if the corre-
sponding consequence relation is structural; i.e., a * y(z) < vy(a * x), for all
x € P and a € A. Note that Lemma 3.9 below reconciles the two notions of
structurality for a closure operator v : P — P that is viewed as a residuated
map 7 : P — P,.
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We give four more characterizations of a structural closure operator on a
module.

Lemma 3.8. Let P be an A-module and let v be a closure operator on P.
The following are equivalent

1) v is structural.

2) y(axy(x)) =~vy(axx), for alla € A and x € P.

3) (@) by =)k (y), for all v,y € P.

4) v(a\xz) < a\xv(x), for alla € A and x € P.

5) a\,y(z) € Py, for alla € A and x € P.

Proof. Tt is clear that (1) is equivalent to (2). To show that (1) implies (3),
let z,y € P. The inequality v(z) /4 v(y) < v(z)/ y follows from the fact that
y < ~(y). For the reverse inequality, by the structurality of v, we have

V(@) Ayl xv(y) < v([v(@) Ak ylxy) < v(v(@) = v(2);

we used Lemma 3.7(3) and the monotonicity of v. So v(x)/4 y < vy(z) 4 v(y).
For the converse implication, let a € A and x € P. Since axx < y(a*z),
we have a < y(axx) /L z =v(axx)/Lvy(x). Thus, axvy(x) < y(a*x).

For the equivalence of (1) and (4), let « € A and x € P. We have
axy(a\sx) < y(ax(a\,z)) < v(x), by Lemma 3.7(4). Conversely, axy(z) <
axy(a\xra*xz) <axla\ry(a*xx) <vy(axz), by Lemma 3.7(5,4).

To show that (1) implies (5), let a € A and = € P. It suffices to show
that v(a \« 7(2)) < a\«y(2); i.e., axy(a\«v(x)) < vy(z). Indeed,

axy(a\«y(2)) <v(ax(a\cr(2)) <v(y(2) < (@)

For the converse implication, let a € A and x € P. Since axz < y(a*z),

we have z < a\,y(a*xz). By the hypothesis, it follows that y(z) < a\,y(a*xz),
hence a xy(z) < y(a * z). O

Lemma 3.9. Let P be an A-module and let v be a structural closure operator
on P. Then (P, x,) is an A-module, where x, : A x P, — P, is the map
defined by axy x = y(a*x). As usual, we write P, for (P.,*y). Moreover,
v: P — P, is a module morphism.

Proof. 1t is clear that the first two conditions in the definition of a module
are satisfied. To show that %, is residuated, note that for all a € A and
x,y € Py, we have

axyx <y & Yaxz)<y S axx<y & r<al\y.
By Lemma 3.8(5), a \. y € Py, s0 % is left residuated with left division \,

the restriction of \, to P,.
Furthermore, we have

axyr <y & yaxr) <y & axx <y & alylhe.

Thus, *, is right residuated and /, is the restriction of / to P;.
The fact that v : P — P, is a module morphism follows from the defini-
tion of %, and the fact that v is residuated. O
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Remark 3.10. Condition (5) of Lemma 3.8, in the special case of P(X.)-
modules, states that the lattice of theories is closed under inverse substitu-
tions. Indeed, if P = P(S), where S is the set of formulas, equations or
sequents, then P, is the lattice of theories of I-,. Note that condition (5),
for a a set of substitutions, is equivalent to its restriction, where a ranges
only over singletons, by Theorem 3.7(2). So, condition (5) is equivalent to
the statement that {o} \, 7' = o~ ![T] is a theory, for every substitution
o and theory T, namely that the set of theories is closed under inverse
substitutions.

It follows from the proof of Lemma 3.9 that, for all a € A, the map
x — a%yx on P, is residuated and x — a \, z is its residual. As a map and
its residual determine each other uniquely, one can enrich the lattice P, of
theories with either type of maps. We opted for adding the first type of maps
(namely adding a module structure). This is the opposite but equivalent to
the choice made in [2], where the lattice of theories is enriched with inverse
substitutions, which correspond to adding the residual maps, as discussed
above. O

4. SIMILARITY AND EQUIVALENCE OF TWO CONSEQUENCE RELATIONS

In this section we define the notions of representation, similarity and
equivalence between two closure operators or two consequence relations.
Our development generalizes the corresponding notions in [3].

4.1. Representation. Let v and ¢ be closure operators on the complete
lattices P and Q, respectively. A representation of + in § is a residuated
order embedding f : P, — Qs; i.e., a residuated map satisfying z < y iff
f(x) < f(y), for all z,y € P,. (Equivalently, a representation can be defined
as a residuated and one-to-one mapping, as such a mapping is automatically
an order-embedding.) Clearly, if R and S are completely meet-closed subsets
of the complete lattices P and Q, respectively, we define a representation
of R in S to be a residuated order embedding f : R — S. A representation
f: P, — Qs ofyind is said to be induced by the residuated map 7 : P — Q,
if fy=94r.

| )

P,—1-q;

In view of the correspondence between consequence relations and closure
operators, we will denote an arbitrary consequence relation on a poset P by
. with the understanding that 7 is the associated closure operator.

We say that a consequence relation I is represented in the consequence
relation F5 if the associated closure operator v is represented in J; the rep-
resentation of -, in ks is induced by a residuated map 7 : P — Q, if
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the representation of the corresponding closure operators is induced by 7.
Corollary 4.4 shows that I, is represented in b5 via 7 if and only if for all
z,y € P,

x by y iff 7(z) b5 7(y).

Lemma 4.1. Let P and Q be complete lattices, T : P — Q be a residuated
map and & a closure operator on Q.

(1) The map 6™ = 1,.67 : P — P is a closure operator on P.
(2) If P and Q are A-modules, and T and § are structural then so is §".

Proof. Note that § : Q — Qs is residuated with residual the inclusion map
Ing,, so 0T : P — Qs is residuated, as well, with residual m.Jng; = Te|qp

by Lemma 3.1(3).
P=—=Q
g
T Qs

Therefore, 6™ = 7,07 = Tilq, 6T : P — P is a closure operator on P.
For all a € A and x € P, by using Lemma 3.1(2), we have

T(axd"(x)) = ax7d" () = ax77.07(x) < axo7(x) < d(ax7(x)) = oT(axx),
so a*x 07 (z) < TwoT(a*x) =" (axx). O

We will call 0™ the 7-transform of §. Similarly, we can define the 7-
transform of a consequence relation F on Q to be the relation =™ on P defined
by z F7 y iff 7(x) F 7(y), for all z,y € P. Also, we define the 7-transform
of a completely meet-closed subset R of Q to be the subposet 77 ![R] of P.
The following lemma shows that the 7-transform of a consequence relation
(completely meet-closed subset) is a consequence relation (completely meet-
closed subset, respectively) and the associated closure operator is the 7-
transform of the original relation (meet-closed subset, respectively).

Lemma 4.2. Let P and Q be complete lattices, T : P — Q a residuated
map and vy, § closure operators on P and Q, respectively. The following
statements are equivalent

(1) v=4¢"

(2) for allz,y € P, xFyy iff 7(x) k5 7(y).

(3) Py =7.[Qs]

Proof. Assume (1) holds; then for all z,y € P, we have x ks y iff y <
707 (z) iff 7(y) < d7(x) iff 7(x) Fs 7(x). Conversely, for all z,y € P, we
have y < v(z) iff x by y iff 7(x) b5 7(y) iff 7(y) < o7(2) iff y < mo7(2).
Consequently, v = 467.

For the equivalence of (1) and (3), first note that x € 7.[Qs] iff x =
T«(0(2)), for some z € Q. We claim that this is further equivalent to §7 (z) =
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x. Indeed, the backward direction follows by choosing z = 7(x). For the
forward direction, we have §7(z) = 07 (1(d(2))) = Tw077:0(2) < T0(z) =
T«0(z) = z. We have shown that 7.[Qs] = Ps-. Therefore, (3) claims
that P, = Pjs-, namely that v and 6" have the same fixed elements. By
Lemma 3.3, this is equivalent to v = 7. O

Lemma 4.3. Let P and Q be complete lattices, 7 : P — Q a residuated
map, and & a closure operator on Q.
(1) The map f = 5T|P67 : Psr — Qs is residuated with residual f. =
Tilqs = (5TT*|Q6 : Qs — Pyr.
(2) f is a representation of 07 in & induced by T.
(3) 07 is the only closure operator on P that is represented in § under a
representation induced by T.
(4) If P and Q are A-modules, 7 : P — Q is a module morphism and 6
s a structural closure operator on Q, then f is structural.

Proof. (1) We first show that Telq; = 577'*‘%. Indeed, Ip < 67, since 67

is a closure operator on P, so Ti|q, < 0Ty Conversely, 77, < I,

|Q5'
by Lemma 3.1(2), so 77Inq, < IqIng,, that is TTelg, < Inq,. By the

monotonicity of 7,4, we have 7'*57'7'*|Q6 < 1olng,; i.e., 5TT*|Q5 < Telg; -

Tl
f
P
f*

P i Q

- ——= Qs
Recall that 7 : P — Qg is residuated with residual Tlq,- For all x € Py
and y € Qj, we have

f@) <y & 0r(@) Sy & < Tg () =0T g, (1)

Since the range of 677y Qs is in Pgr, it follows that f is residuated and its
residual is f, = 577'*‘%.

(2) Since f is residuated with residual f., both f and f. preserve order.
To show that f is a representation it suffices to show that it reflects the
order. Note that

f*f :T*\Q(;éT\PW = T*IQ(;&TIPW :7'*57]}367. = 5TIP67 = IPW.

Now, for all =,y € Py, if f(z) < f(y), then f.f(z) < fuf(y), so z < y.
Moreover fo07 = (57"1:,67_ 07 = dtInp,, 07 = 076" = 07. The last equal-
ity holds because 7 < §707 (since §7 is a closure operator) and 6767 =
01707 < 00T = 07 (since 77y is an interior operator). Consequently, f is
induced by 7.
(3) Let v be a closure operator on P that is represented in § by a repre-
sentation f induced by 7. We will show that v = §7.
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P—T>Q
ol )
f

— Qs

Since 7 is a closure operator on P, we have v« = Inp,, so 7.y = 7; for
the same reason, we have 0,0 = ¢. Consequently, by Lemma 3.1(3),

07 = 70T = 10,07 = (07):07 = (fY)sfY =Y =7
The equation (f7).fy = 7«7 follows directly from the fact that f is order
reflecting, since x < (f7).fy(y) iff fy(z) < fy(y) if y(z) < y(y) if 2 <
vy (y), for all z,y € P.
(4) For all a € A and = € Py, we have f(a *p;, ) = fé"(a*p z) =
dt(axp x) = d(a*q 7(z)) = d(a*q 07(x)) = axq, 67(x) = axq, f(x). O

Corollary 4.4. Let P and Q be complete lattices, and let -, and 5 be
consequence relations on P and Q, respectively. Then, & is represented in
Fs via a residuated map 7 : P — Q if and only if for all x,y € P, we have

x by yiff T(x) s m(y).

Proof. The corollary is a direct consequence of Lemma 4.2 and Lemma 4.3(3).
O

It is easy to see that i, is represented in -5 by f: Thy — Thy; means
that f is residuated and for all x,y € P,

w by y iff fy(z) Fs fr(y).

Indeed, if - is represented in ks by f, then z -, y iff y < () iff
f(y) < f(y(x)) (since f preserves and reflects order) iff f(y) < df (v (m ) iff
fv(x) ks fy(y). Conversely, to show that f reflects order, let fy(y) < fy(z).
Then fv(y) < dfv(x), that is, fy(x) Fs fy(y); sox b, y that is y(y) < y(x).

4.2. Similarity. Let v and ¢ be closure operators on the complete lattices
P and Q, respectively. A similarity between v and 0 is an isomorphism
f: Py — Q. If there exists a similarity between v and ¢, then v and ¢ are
called similar. A similarity f between v and 9 is said to be induced by the
residuated maps 7 : P — Q and p: Q — P, if fy =67 and f~10 = yp. In
this case we will say that v and § are similar via 7 and p.

Y

(S2]

P—/——Q
f
P“/>—>>Q5

It is clear that f is a similarity between v and § iff f is a representation of
vin 8, f is a bijection and f~! is a representation of § in ~.
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A consequence relation - is called similar to the consequence relation
Fs (via a residuated map 7) if 7 is similar to J (via 7).

Lemma 4.5. Let v and § be closure operators on the complete lattices P
and Q, respectively, and let 7 : P — Q and p: Q — P be residuated maps.
The following statements are equivalent.

(1) v and § are similar via (a similarity induced by) T and p.
(2) v =197 and éTp = 9.
(3) 0 =~* and yp1 = ~.

Proof. We will show the equivalence of the first two statements; the equiva-
lence of the first to the third will follow by symmetry. The forward direction
follows from Lemma 4.3(3) and the definition of similarity (é7p = fvp =
ff~18 = 6). For the converse, assume that v = 67 and 67p = 6. Let f be
the representation of v = " in ¢ given in Lemma 4.3(1). We have fvy = Jr,
by Lemma 4.3(2).

To show that f is onto, let y € Qs and set x = yp(y) € P,. We
have f(x) = fyp(y) = d7p(y) = 0(y) = y. Consequently, f is an order-
isomorphism and v and § are similar. To show that the similarity f is
induced by 7 and p, we need only prove that f~'6 = ~p, or equivalently
that 0 = fyp. This is true, because 6 = d7p and fvy = o7. O

Corollary 4.6. Let P and Q be complete lattices and let &, and -5 be
consequence relations on P and Q, respectively. Then, ., is similar to ks
via the residuated maps 7 : P — Q and p : Q — P if and only if the
following conditions hold:

(1) forallz,y € P, x by y iff 7(x) k5 7(y); and
(2) forall z € Q, z 45 Tp(2).

Proof. Tt is easy to see that d7p = § iff for all z € Q, z 5 7p(z). Now, the
corollary follows from of Lemma 4.5(2) and Corollary 4.4. O

4.3. Equivalence. Let P and Q be A-modules and let v and § be structural
closure operators on P and Q, respectively. An equivalence between ~ and
0 is a module isomorphism f : P, — Qs. Note that an equivalence is
just a structural similarity. Moreover, f~! is also structural. If such an
isomorphism exists then v and § are called equivalent. If the equivalence is
induced by module morphisms 7: P — Q and p: Q — P, then v and § are
called equivalent via T and p.
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Theorem 4.7. Let P and Q be A-modules and let v and § be structural
closure operators on P and Q, respectively. If v and § are similar via the
translators (i.e., module morphisms) T and p, then they are equivalent via T
and p.

Proof. 1t suffices to show that the similarity f of v in J is structural. Indeed,
for all a € A and x € P,, we have

flaxyz) = fy(axx)=0dr(axz)=0d(axT(x))
=0(ax071(x)) = axs o7(x) = a*5 fy(x)
=axs f(2),

since y(x) = x. O
5. EQUIVALENCES INDUCED BY TRANSLATORS

Theorem 4.7 shows that every similarity between structural closure op-
erators induced by translators is structural. A natural question to ask is
whether every equivalence of consequence relations is induced by transla-
tors. Example 5.8 shows that this is not always true. Nevertheless, we will
show that this is the case for all standard situations including the powersets
of formulas, equations and sequents.

Having developed the fundamentals of the theory of A-modules and refor-
mulated the isomorphism of the enriched lattices of theories into the setting
of A-modules, we are ready to prove a result that provides the key categor-
ical insight. We will show that the modules in the category a M for which
equivalences are induced by translators coincide with the projective mod-
ules in this category. More specifically, we will prove that an A-module P
is projective iff for any A-module Q and structural closure operators v and
0 on P and Q respectively, every structural representation f : P, — Qs of
~ in § is induced by a translator.

5.1. Projective objects. Recall that by a.M we denote the category of
A-modules and translators (module morphisms). Every structural closure
operator v on the A-module P is a translator from P to P,. Assume that
P and Q are A-modules, v and § are structural closure operators on P and
Q respectively, and f : P, — Qs is a structural representation of v in 4.
We want to find a translator 7 : P — Q that induces f; i.e., 67 = fv. In
other words we want a morphism 7 in the category o M that completes the
square.

(S) P- z >Q
A
P qQ;

It turns out that the objects P of the category a M for which such square
can be completed are precisely the projective objects of oM. An object
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P of A M is called projective (relative to onto maps), if whenever there are
modules Q and R and module morphisms g : Q — R and k£ : P — R, with
g onto, then there exists a morphism h : P — Q, such that k = gh.

(T) P7E>Q

RN

R

Theorem 5.1. The objects P of the category aM for which all squares of
type (S) can be completed are exactly the projective objects of A M.

Proof. Obviously, if P is projective, then the square (S) can be completed,
since we can chose R = Qg, k = f and g = ¢ in the triangle (T).

Conversely, assume that P is such that every square (S) can be completed
and consider the triangle (T), where h is to be determined.

We know by Lemma 3.4 that k.k is a closure operator on P and that Py,
is isomorphic to k[P] via the map k' = kpp,, .- Therefore, the map k factors
as k = k' (k«k). Likewise, we have g = ¢'(g«g), where ¢’ = gq,,,- Moreover,
k' is an embedding and ¢’ is an isomorphism, so the map f = (¢') "'k’ is an
embedding. Since the outer square can be completed, we have fk.k = g.gh,
so ¢ fkyk = ¢’ g«gh, hence k'k.k = gh; thus k = gh and the upper triangle
commutes. (]

5.2. Cyclic Modules. We will show that the P(X,)-modules discussed in
Sections 2.2 and 2.3 are projective. Consequently, in view of the preceding
theorem, all equivalences on these modules are induced by translators. More
generally, we will identify a set of intrinsic conditions that describe cyclic
projective modules. The P(X,)-modules of formulas and of equations are
cyclic and projective. The P(X,)-module of sequents is not cyclic, but we
prove that it is a coproduct of cyclic projective modules, and hence it is
projective.

Let A be a complete residuated lattice. An A-module P is called cyclic,
if there exists an element v € P, called a generator of P, such that P =
Axv={axv|ac A}
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Lemma 5.2. An A-module P is cyclic with generator v iff (x/ v) xv = x,
for all x € P.

Proof. If v is a generator, then for all z € P, there exists an a € A such that
x=axv;soa< (x/v). Wehave z = axv < (z/ v)*v < z, by Lemma 3.7.
So, (z/ v) xv = x. The converse, is obvious. O

Recall the construction of the module P, where P is a module and v a
structural closure operator on P, from Lemma 3.9. Also recall that A itself
is an A-module. From now on we will make use of this structure, which
relies on the residuation of A.

Lemma 5.3. If A is a complete residuated lattice and v : A — A is a struc-
tural closure operator, then the A-module (A.,-,) is cyclic with generator

(D).

Proof. Obviously, v(1) € A,. Also, for all y(a) € Ay, a4 y(1) =7(a-1) =
7(a). O
Lemma 5.4. Let (P,*) be an A-module, v € P and Axv = {axv|a € A}.

(1) Then Axv = (A*v,x) is an A-module in which joins coincide with
those in P. The residual of the operation x in A x v is given by
@\ aro = [(a \e 0)/u 0] % 0.
(2) The map v, : A — A, defined by v,(a) = a* v/ v is a structural
closure operator.
(3) A xw is isomorphic to A, .
Consequently, an A-module is cyclic if and only if it is isomorphic to a
module A.,, for a structural closure operator v: A — A.

Proof. (1) First note that if a € A and ¢ € A * v, then ¢ = b v, for some
b e A, soax(bxv) = abxv € Axv. Moreover, if r = cxv € Axv, where c € A,
then axr < g iff ax (cxv) < qiff ¢ < (a\xq)hviff cxv <[(a\xq)k v]*v.
The last equivalence follows from Lemma 3.7(7).

Clearly, \/Z-Pel(a,- *v) = (\/2[ a;) *xv € A*v. Therefore, A * v is closed

under \/¥, and is therefore a complete lattice.

(2) We have a < 7, (a); if a < b, then 7, (a) < 7,(b) and v, (v, (a)) = v (a),
by Lemma 3.7(7). Also, av,(b) xv =a[(bxv)iv]xv < ax(b*xv) =abxwv,
by Lemma 3.7(3), so a7y, (b) < 7y(ab). Thus, ~, is structural.

(3) Let f(a) = axv and g(x) = x/ v. Note that f : A, — A*wv and
g:Axv— A, since f(a) =a*v € Axvand glaxv) = (axv)fveEA,,.
For all z € A xv, we have f(g(x)) = (z/ v) *v = x, because of cyclicity.
Also, for all a € A,,, g(f(a)) = vy(a) = a. So, f~! = g. Moreover, both f
and g are order-preserving, so they are order reflecting as well. O

Corollary 5.5. If A is a complete residuated lattice and v € A, then Au =
(Au,-) is a cyclic A-module isomorphic to A, .

Lemma 5.6. Let A be a complete residuated lattice, v : A — A a structural
closure operator and u € A. The following are equivalent.
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(1) v(u) =~(1), and v(a)u = au, for all a € A.
(2) v = vy and u = u?

Proof. The fact that (2) implies (1) is easy to check. Conversely, from
v(a)u = au, we obtain y(a) < au/u = y,(a), for all a € A. Also, from
v(u) = ¥(1), we obtain for all b € A, y(bu) = bxyy(u) = bx,v(1) = v(bl) =
~(b). We have the following implications.

Yu(@)u < au = y(w(a)u) < v(auw) = v(w(a) < v(a) = y(a) < v(a)

Moreover, since v = 7,, we have v,(u) = 7,(1), so uu/u = u/u, hence
(u?/u)u = (u/u)u. From this we obtain u? = u, because (u/u)u = u, by
Lemma 3.7(9), and u? = uu < (u?/u)u < u?, by Lemma 3.7(5,3). O

Theorem 5.7. For an A-module (P,x), the following conditions are equiv-
alent.

(1) uxv =, [(a*v) Lk v]u=au, for alla € A, and P = A xv, for some
veP andu e A.

(2) vw(a)u = au, for alla € A, v,(u) = v,(1), and P = A xv, for some
veP andu e A.

(3) Yo =Y, u?> =u and P = A xv, for somev € P and u € A.

(4) P is isomorphic to Au and u® = u, for some u € A.

(5) P is cyclic and projective.

Moreover, the elements u and v can be taken to be the same in all statements
in which they appear.

Proof. The equivalence (1) < (2) follows from the fact that ~,(u) = v,(1)
iff uxvhv=uv/viff uxv = v, by using Lemma 3.7. The implication (2)
= (3) follows from the preceding lemma. The implication (3) = (4) follows
from the facts Axv = A, (Lemma 5.4), Au = A, (Corollary 5.5), and
Yu = Yo Furthermore,(4) = (1) follows from the fact that if u?> = u, then
Auw satisfies (1) with v = w.

For the equivalence of (4) and (5), note first that every cyclic module
is of the form A, for some structural closure operator v : A — A, by
Lemma 5.4. Suppose A, is projective. We will verify condition (4). Since
A, is projective, there exists a module morphism f that completes the
diagram below.

!

A-yff>A
\ iw
1d

A'Y

Let uw = f(y(1)). For all a € A, we have y(a) = y(al) = y(avy(1)) = a-,vy(1),
so f(y(a)) = a- f(y(1)) = au. Consequently, f[A,] = Au. Moreover, f is
injective, by the diagram, so A, = Au. We will show that u? = u. Indeed,

u? = fOY)F(V(D) = F(F(V(1)) 4 (1) = FO(F(y(D))) = F((1) = w,
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because vf = Id. We have established condition (4). To show that a module
satisfying condition (4), obviously cyclic, is projective, consider the diagram

Au*}i>Q
RN
R

and let ¢ € @ be such that g(q) = k(u). Then the it is straightforward
to show that the unique morphism determined by h(u) = ¢ completes the
diagram. O

Example 5.8. Let A be the residuated lattice on the set A ={1,a,1, T},
where | <a <1< T, L is an absorbing element, 1 is the neutral element,
a?=1,aT = Ta=aand T? = T; A is denoted by Ty in [8]. Consider
the cyclic module P = A - a, where P = {1, a}, and note that a is the only
x € A such that A -z is isomorphic to P; indeed, A- T ={Ll,a, T}, A-1=A4
and A- 1 ={Ll}. As a is not idempotent, P is a cyclic module that is not
projective, by Theorem 5.7. O

Corollary 5.9. P(Fm,) and P(Eq,) are projective cyclic P(Xz)-modules.

Proof. We will make use of Theorem 5.7. In the case of the module P(Fm,),
we let v = {x}, where x is a variable, and u = {k;}. Recall that , is the
substitution that maps all variables to x. We have uxv = {k;(z)} = {z} = v.
Also, for a set a of substitutions, we have a x v = {o(z) : 0 € a} and
T € (axv)fv iff 7(x) = o(x), for some o € a. For such 7 and for every
variable z, we have 7Tk.(z) = o(x) = okz(z), for some o € a, therefore
[(a*v)kv]u = au.

For the module P(Eq,), we can take v = {z ~ y} and u = {kz~y}, Wwhere
x,y are distinct variables. Here we assume that we have partitioned the set
of all variables in two disjoint sets V,V, with € V,; and y € V,, and that
Kzay is the substitution that sends all of V, to x and all of Vj, to y. The
verification of property (1) of Theorem 5.7 is straightforward. 0

5.3. Coproducts. The preceding results do not cover the case of the P(3.)-
module of sequents, as we show in the following proposition. Even though
this module is not cyclic, we prove that it is a coproduct of cyclic projective
modules, and hence it is projective.

Proposition 5.10. The P(X.)-module P(Seq) of sequents is not cyclic,
for every set of sequents with more than one type.

Proof. By way of contradiction assume that a set v of sequents is a generator
of P(Seq). As the application of a substitution to a sequent does not change
its type, it is easy to see that for every set a of substitutions, v contains a
sequent of a given type iff a x v contains a sequent of the same type. Now,
if v omits a given type, then a * v will omit the same type, for all a, a
contradiction as v was assumed to be a generator of P(Seq). Likewise,
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if v contains sequents from all types, then so does a x v, for all a, also
a contradiction since there are sets in P(Seq) that omit certain sequent
types. U

We start by defining coproducts in the category of A-modules. Let (P;|i €
I) be a family of A-modules. The coproduct of this family is an A-module
P, denoted by [[;c; P, together with a family of injective morphisms (o7 :
P; — P |i € I) such that for every A-module Q and every family of
morphisms (7; : P; — Qi € I), there exists a unique morphism 7: P — Q
such that 70; = 7;.

We remark that if the coproduct of a family (P;|i € I) of A-modules ex-
ists, then the associated module morphisms o; are injective, and | J;c; 0:(F;)
generates P as an A-module.

It is clear that whenever the coproduct of a family of A-modules exists,
it is unique up to isomorphism. The next result guarantees that it always
exists.

Lemma 5.11. Let (P; | € I) be a family of A-modules. The A-module
[Lic; Pi in the definition of coproduct is the direct product [[;c; P; (with
scalar multiplication defined component-wise). The associated injective mod-
ule morphisms o; : Py — [[,c; Pi are defined, for each i € I, by oi(p) =
(xj)jer, where x; =p and x; = L, if j #i.

Proof. Note that the maps o; : P; — [[,c; P; are module morphisms. If
7; : P; — Q are module morphisms, then the map 7 : [[,c; P — @,
defined by 7((x;)ier) = \V 7i(x;), is residuated and its residual is 7.(y) =
((1:)«(y))icr- It also preserves scalar multiplication, and hence it is a module
morphism. O

The following standard categorical result shows why we are interested in
coproducts.

Lemma 5.12. The coproduct of a family of projective A-modules is a pro-
jective A-module.

Proof. Assume that (P; |7 € I) is a family of projective A-modules, let
Q,R be A-modules, and let g : Q — R, k : [[,c;P; — R be module
morphisms such that ¢ is onto. Let o; : P; — ]_L-E] P; be the injective
module morphisms associated with the coproduct. Set k; = ko;. Since each
P; is projective, there exists a module morphisms 7; : P; — Q such that
ki = g7;. Tt follows that there exists a module morphism 7 : [[,.; P; — Q
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such that 7, = 71;.

- %
Hie[ Pz <—<I')Z g

k;
k \
R
Consequently, ko; = k; = g1; = g7o; for all i € I. Since for each ¢ € I both
of these morphisms are from P; to R, by the definition of the coproduct,
there exists a unique morphism from [],.; P; to R such that these mor-

phisms factor through P;. Since both k and g7 serve this purpose, they are
equal. O

One can define different kinds of sequents. We saw single conclusion, as-
sociative commutative sequents in Example 2.6 and we discussed multiple
conclusion, associative sequents. For non-associative sequents see [11], hy-
persequents see [1], and multi-sequents see [7]. The powersets of all these
will be shown to be coproducts of cyclic projective modules.

Inspired by Pynko [13], given an algebraic language £ and a set P of
predicate symbols, we consider atomic formulas in the language £ U P and
we call them LP-sequents. As an example, we mention that to represent
associative (multiple conclusion) sequents, for every pair (m,n) of not si-
multaneously zero natural numbers, we introduce a (m + n)-ary predicate
symbol P, »y. Then, P, ny(a1, ..., aom, B1, - - -, Br) is defined as the sequent
a1y, 0y = B1,...,0n, where aq,...,am, 01,..., 0O, are L-terms.

For every predicate symbol P in P of arity n, and a substitution ¢ on the
terms algebra over £, we define o(P(z1,...,xy)) = P(o(z1),...,0(xy,)). If
Seqrp denotes the set of the above general sequents, then clearly, P(Seq,sp)
is a P(X)-module.

Theorem 5.13. The P(X.)-module P(Seqcp) is a coproduct of cyclic pro-
jective modules. Consequently it is projective.

Proof. As in the proof of Corollary 5.9, for every such atomic formula
P(z1,...,x,), we chose a partition V,,,...,V,, of the set of variables, with
z; € Vi, and let Ky, . .,) be the substitution that sends all of V,, to z;,
for all 7. The elements up are the singletons containing the substitutions
K(z1,....zn)"

It is easy to see that each vp generates a cyclic P(X,)-module P(Pp)
that is also projective, by verifying property (1) of Theorem 5.7. Moreover,
the powerset of all the sequents P(Seq,p) becomes the coproduct of these
modules. This is simply because Seq,p = |Jpcp Pp, hence P(Seq,p) =
P(Upep Pp), which is isomorphic to [ [ pcp P(Pp). In light of Lemma 5.11,
the latter — together with the associated injections — is the coproduct of the
family (P(Pp): P € P). O
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6. FINITARY TRANSLATORS

In the last section of the paper, we identify conditions under which an
equivalence of finitary consequence relations is induced by finitary transla-
tors. We start with the definitions of the pertinent notions.

Recall that, given a complete lattice P, a subset X of P is called (upward)
directed in P, if for all z,y € X, there exists a z € X such that xz,y < z.
An element z of a complete lattice P is called compact, if, for all directed
Y C P,z <VY implies z < y, for some y € Y. Equivalently, z is compact
if for all Z C P if 2 <\/ Z, then there is a finite subset Zy of Z such that
x <'\/ Zp. For every subset @ of P, we denote by Kp(Q) the set of compact
elements of P that are contained in Q. We write Kp for Kp(P). By a
finitary lattice we understand a complete lattice in which every element is
a join of compact elements; in particular, z = \/ Kp(| ), for all x € P.
Note that Kp and Kp(] ) are directed sets, as the finite join of compact
elements is compact.

A consequence relation on a finitary lattice P is called finitary, if for all
x,y € P, if x - y and y is compact, then there exists a compact element
29 € P such that g < x and zg - y. As the compact elements of the
powerset P(S) are exactly the finite subsets of S, the notion of a finitary
consequence relation generalizes the one defined for powersets. A closure
operator v on a finitary lattice P is called finitary, if the corresponding
consequence relation -, given in Lemma 3.5, is finitary. In other words, ~y
is finitary if for all z,y € P, whenever y < 7(z) and y is compact, there
exists a compact element xg < z such that y < v(xo).

It should be noted that our choice of the terms “finitary closure operator”
and “finitary lattice” is dictated by other uses of “algebraic” in this area.
The most commonly used terms for these concepts in universal algebra are
algebraic closure operator and algebraic lattice, respectively.

Lemma 6.1. Let v be a closure operator on a finitary lattice P. For every
compact element y of P, there exists a compact element x of P such that
y = y(x). Therefore, Kp., C v[Kp].

Proof. Let y be a compact element of P,. Then y = (z) for some z € P
and v(z) = y(VF Kp(l 2)) = V" 7[Kp(] 2)]. Since y is compact in P,
and y < \/¥7 4[Kp(| 2)], we have y < ~(z), for some z € Kp(| z). Thus,
y <7(z) <V 9[Kp(l2)] =y, and y = y(x). O
Lemma 6.2. Let P be a finitary lattice and v a closure operator on P. The
following statements are equivalent.

(1) ~ is finitary.

(2) v preserves directed joins. That is, for every directed X C P,
YV X) = VFA[X].

(3) Arbitrary directed joins in P., coincide with the corresponding joins
in P. That is, /¥ Y = V¥ Y, for every directed Y C P,.
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(4) ’Y(UU)ZVP’Y[KP(lx)],for all x € P. | |
(5) For every compact element x of P, y(z) is compact in P.,.

(6) Kp, = v[Kp].
If the above conditions hold, then P., is finitary.

Proof. To show that (1) = (2), let X be a directed subset of P. Since vy
is finitary, for every compact element y with y < ’y(\/P X), there exists a
compact element zg < \/¥ X, such that y < ~v(z). Since zg < V¥ X, X
is directed and xg is compact, there exists x € X such that xy < z. So,
y < v(mo) < v(@) < VFA[X]. Therefore, y < \/¥ ~4[X], for all compact
elements y < y(\/¥ X). As P is finitary, we have v(\VF X) < /¥ 7[X].

(2) = (3) is obvious.

For (3) = (4), we have z = \/¥ Kp(| z), as P is finitary, so v(z) =
(V¥ Kp(l 2)) = VP 1[Kp(l 2))] = VT A[Kp(] 2))], by the formula for
\/¥7 given in Lemma 3.3 and the assumption (3).

For (4) = (1), let y be compact with y < y(x), for some x € P. Then,
y < VFA[Kp(] z)], so y < y(xo), for some zo € Kp(| z), ie., for some
compact xg with xy < z.

For (3) = (5), assume that x is a compact element of P and let v(z) <
V¥V, for some directed subset Y of P,. We have z < (z) < VP Yy =
\/P Y, by (3). Since = is compact, there is a y € Y, such that x < y(y);
hence, y(z) < v(y). Consequently, v(x) is compact in P,.

For (5) = (1), let y be a compact element of P and y < ~(x) for some
z € P. We have 1(y) < 7(z) = 1(V¥ Ke(l @) = V*7y[Kp(l @)}, by
the fact that v : P — P, preserves joins. Since y is compact in P, y(y) is
compact in Kp_, soy < (y) < v(zo) for some zg € Kp with 2o < 2.

The equivalence of (5) and (6) holds because of Lemma 6.1. O

We will make free use of the above equivalent statements for a given
closure operator, without explicit reference to the lemma.

It is easy to see that the condition that P, is finitary is not enough to
guarantee that ~ is finitary. For example, let N be the poset of natural
numbers, under the natural ordering, with an extra top element co. Then
the closure operator v on P(IN>°) that sends a set X to the downset | (\/ X)
has image P(N*°),, consisting exactly of the empty set and the principal
downsets of N°°, which is a finitary lattice. However, - is not finitary as it
sends the compact element {oco} to the non-compact element | oco.

Let P and Q be finitary lattices. A residuated map 7 : P — Q is called
finitary, if the image of every compact element is compact. The following
corollary, which restates the equivalence of (1) and (5) of the preceding
lemma, shows that the two definitions of finitarity coincide for a map viewed
as a closure operator or as a residuated map.
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Corollary 6.3. Let v be a closure operator on a finitary lattice P. Then
v : P — P s finitary as a closure operator iff v : P — P is finitary as a
residuated map.

Lemma 6.4. If k : P — Q is a finitary residuated map between finitary
lattices, then kik is a finitary closure operator on P.

Proof. Given a directed subset Y of Py i, we will show that \/PW@ Y <
\/P Y. As P is finitary, it is enough to show that every compact element
of P less or equal to \/Pk*k Y is also less or equal to \/P Y. Let z € Kp
with z < \/P5* Y. Then k(z) < k(T Y) = k(kk (VT Y)) = k(YT Y) =
\VQE[Y]. As k is finitary and z is compact in P, k(z) is compact in Q.
Hence, since k[Y] is directed, k(z) < k(y), for some y € Y. Consequently,
v < kok(z) < kok(y) =y < VY. O

Lemma 6.5. Let P and Q be finitary lattices, 7 : P — Q a finitary resid-
uated map, and 0 a finitary closure operator on Q.

(1) The closure operator 0™ = 1,01 : P — P is finitary.
(2) The map f = 5T‘PJT : Psr — Qg is finitary.

Proof. (1) If y < §"(z), for some compact element y, then y < 7,.07(x),
so 7(y) < d7(x). Since 7 is finitary and y is compact, 7(y) is compact.
Furthermore, since 4 is finitary, there is a compact element 2’ < 7(x) such
that 7(y) < §(a’). Since P is finitary, z = \/ Kp(| z), so 7(z) = VV 7[Kp (]
z)], by Lemma 3.1(1). Since 2/ < 7(z), there exists a compact element
zog < x such that 2/ < 7(z9). Consequently, 7(y) < 67(x0), hence y <
707 (x0) = 87 (20), for some compact element xg < x. Thus, 67 is finitary.
(2) Let x be a compact element of Psr; we will show that f(x) is compact
in Qs. By Lemma 6.1, there exists a compact element y of P such that x =
07 (y). By the finitarity of 7 and §, we have that f(z) = f(6"(y)) = d(7(y)
is compact, in view of Lemma 6.2. O

A finitary residuated lattice is a finitary lattice in which the identity is a
compact element, and the product of any two compact elements is compact.

A finitary module is an A-module P such that (i) A is a finitary residuated
lattice; (ii) P is a finitary lattice; and (iii) if a, v are compact elements of A
and P, respectively, then a x v is a compact element of P.

For a fixed finitary residuated lattice A, we will denote by o FM the cat-
egory of finitary A-modules and finitary module morphisms (finitary trans-
lators). Recall that such a morphism maps compact elements to compact
elements.

Note that the notion of projectivity depends on the category aM or
AF M. Recall the definitions of the triangle (S) and the square (T) preceding
Theorem 5.1. In view Corollary 6.3 finitary structural closure operators on
finitary modules can be identified with morphisms in the category aF.M,
so the square (T) makes sense. We verify the analogue of the Theorem 5.1
where (S) and (T) (projectivity) are considered in o FM.
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Theorem 6.6. The objects P of the category aFM for which all squares
of type (S) can be completed are exactly the projective objects of A F M.

Proof. We will show that the proof of Theorem 5.1 extends to the current
setting. In particular, we assume that all objects and morphisms are fini-
tary and show that the derived objects and morphisms are also finitary.
In particular, k.k is finitary, as a closure operator on P, by Lemma 6.4,
and as a module morphism k.k : P — Py by Lemma 6.2. Py, is fini-
tary by Lemma 6.3. To see that A’ is finitary, note that for x € Kp, ,,
K(x) = K (kik(x)) = k(kik(z)) = k(x), which is compact in R. Likewise,
we show that g.g, ¢’ and Qg,4 are finitary. Finally, f is finitary, being the
composition of two finitary maps. O

Corollary 6.7. Suppose P is an object in AF M, and vy a finitary structural
operator on P. Then P is finitary as an A-module.

Proof. By Lemma 6.2, P, is finitary as a lattice. To show that it is a finitary
module, we need to verify that scalar multiplication preserves compactness.
Let a € Ka and y(z) € P,. By Lemma 6.1, z € P can be taken to be
compact. As P is finitary a x z is compact in P. Also, since + is finitary,
vy(a* x) = a*y y(x) is compact in P,. O

Recall that by Theorem 5.7 the cyclic projective in o.M modules are up
to isomorphism exactly the ones of the form Awu, where u is idempotent. If
further u is compact in A, we will refer to such a module as regular. Note
that since the joins in Au coincide with the joins in A by Lemma 5.4, if u
is compact in A, then it is compact in Au.

Lemma 6.8. The P(X;)-modules P(Fm,) and P(Eq,) are regular.

Proof. It was noted in the proof of Corollary 5.9 that u = {x,} for P(Fm,)
and u = {Kzay} for P(Eq.), both of which are finite, hence compact. [

Lemma 6.9. If u is compact in A, then the compact elements of Au are
exactly of the form au, where a is compact in A; in symbols Ka, = Kau.

Proof. Clearly, if a is compact in A, then au is also compact in A, and
hence also compact in Au. Conversely, let au be compact in Au. Since A
is finitary, a = \/A C, where C is the set of compact elements of A below a.
Thus, au = \/*{cu : c € C} = \V*"{cu : ¢ € C}. Note that {cu: c € C} is
a directed set of compact elements of Au, as u is compact in Au. Since au
is compact in Awu, there exists ¢ € C' such that au = cu. O

Note that for the inclusion Ka, € Kau it suffices to assume that u is
compact in Auwu.

Corollary 6.10. FEvery reqular module is finitary.

Proof. Every regular module is isomorphic to Aw, for u idempotent and
compact in A. An arbitrary element of Au is of the form au, where a € A.
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So, au = (\/ Ka(l a))u = (\/ Ka(l a)u). Since Ka(] a) = KaN | a, by
Lemma 6.9 K (] a)u are compact elements in Au. So every element of Au
is a join of compact elements of Aw. O

The following lemma shows that for cyclic objects Au in A M such that
u is compact in A, projectivity in A M implies projectivity in o FM.

Lemma 6.11. Regular A-modules are projective in the category aF M.

Proof. We will show that if the A-modules P, Q, R, the module morphism
k : P — R, and the surjective module morphism ¢ : Q — R are all finitary
and if, further, P is regular, then there exists a finitary module morphism
h: P — Q such that gh = k.

P-1-Q

RN

R

In view of Theorem 5.7 and the definition of a regular module, we may
assume that P = Awu, where u is an idempotent element of A that is compact
in A, and hence in Au. Consider the element y = k(u) of R. It is clear that
y is a compact element of R. We claim that there exists compact w in Q
such that y = g(w). Indeed there exists z in Q such that y = g(x). Now,
z = \/Q X, for some set X of compact elements of Q, and so g(z) = \/® g[X].
By the compactness of y in R, there exists a finite subset Y of X such that
§(z) = /R g[Y]. But then, if w denotes the compact element \/?Y in Q,
we get y = g(w), as was to be shown. Let z = u*q w. Then z is a compact
element of Q. We claim that the map 7, : P — @, defined by au — a xq z,
is a finitary module morphism from P to Q such that g7, = k.

We first note that 7, is a well-defined map. Indeed, suppose that au = bu,
for a,b € A. Then axq z = axq (uxqw) = (aurxqw) = (bu*qw) = ... =
bxq z. We next show that 7, is residuated. We have for all a € A and ¢q € Q,
(au) < q = axq2z < q¢ = a < q/gz = au < (q/g2)u = (au) xq z <
((¢/q2)u)xq 2z = a*qz < (q/q2)*Q 2 = a*qz < q. We have shown that
7.(au) < q iff au < (¢/q2)u. Thus, 7, is residuated and its residual is the
map (7,)« : Q — P, defined by (7.)+(q) = (¢/q2)u. To prove that 7, is a
module morphism, consider a,b € A. We have, at,(bu) = a *q (b*q 2) =
(ab) *q z = 1> (a(bu)).

It remains to verify that 7, is finitary. In view of Lemma 6.9, for every
compact element cu of Au we can take ¢ to be compact in A. Then 7, (cu) =
c*Q %, which is a compact element of Q, since Q is finitary, c is a compact
element of A and z is a compact element of Q. O

In view of Remark 3.10, the following corollary implies Theorem 2.4.
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Corollary 6.12. Every finitary representation (hence also every isomor-
phism) between finitary consequence relations on the sets P(Fmy) and P(Eq,)
1s induced by a finitary translator.

We will not need the following result, but we state it since it is interesting
and relevant to our discussion, as it provides an insight to the nature of
module morphisms. Moreover, it builds on notions developed in [3]. Its
proof follows ideas similar to the ones in the proof of the Lemma 6.11. Let
Q be an A-module and a € A. An element y of Q is called a-invariant, if
axy=1y.

Theorem 6.13. Assume that the A-module P is cyclic projective with re-
spect to the elements v and u, and that Q is also an A-module. Then, there
s a bijection between module morphisms T from P to Q and u-invariant
elements y of Q, given by 7 +— 7(v) and y — 7y, where Ty(x) = (xfv) *xy

Lemma 6.14. Let P; be finitary lattices, for all i € I. An element of
[L;c; Pi is compact iff it has finitely many non-zero coordinates and those
are occupied by compact elements of the corresponding factors.

Proof. Let x; be a compact element of P;, for some ¢ € I, and let x; be
the element of P with i-th coordinate equal to x; and all other coordinates
equal to L. Clearly, z; is compact in P, as any directed join exceeding it
contains elements with all but the i-th coordinate equal to L. The directed
join in P; of the elements in the i-th coordinate exceed x;, so one of them
exceeds x;. The corresponding element of P exceeds &;. Since the finite join
of compact elements is also compact, we have one direction of the lemma.
Conversely, assume that x = (x;);er is a compact element of P. Clearly,

x = \/;¢; Ti, so there is a finite subset Iy of I such that z = \/ielo T O

We are now ready to prove the main result of this section.

Theorem 6.15. The coproduct in AM of a family of reqular A-modules is
projective in AFM.

Proof. We will show that if P is the coproduct of a family of regular A-
modules, Q an A-module, v a structural closure operator on P, § a finitary
structural closure operator on Q and f a finitary representation of « in ¢,
then f is induced by a finitary module morphism 7: P — Q.

For each ¢ € I, let 0; : P, — P be the injective module morphism
associated with the coproduct.

P- Q

wifi

P

(=%

>
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Note that the map f~o; is a finitary module morphism, and hence Lemma 6.11
implies that there exists a finitary module morphism 7; : P; — Q such that
fyoi; = 01;. Now by the universal property of the coproduct, there exists
7:P — Q such that 7o; = 74, for all i € I.

To show that 7 is finitary, let * = (z;);e; be a compact element of P.
By Lemma 6.14, there is a finite subset Ip of I such that z; = L for all
j & Iy, and x; is compact in Py, for all ¢ € Iy. Since 7; is finitary, 7(x;) is
compact in Q, for i € Iy. Also, 7j(z;) = 7;(L) = L, for j & Iy. Therefore,
by Lemma 5.11 we have, 7((w)icr) = Vicy Ti(®i) = V;ep, Ti(2:), which is
compact, being a finite join of compact elements. O

Corollary 6.16. Let P, Q be each a coproduct in oM of reqular A-modules,
and let v, § be finitary structural closure operators on P and Q, respectively.
Then every equivalence between v and § is induced by finitary module mor-
phism.

In view of Theorem 5.13, Corollary 6.8 and Corollary 6.16, we have the
following result.

Corollary 6.17. Ewvery finitary representation (hence also every isomor-
phism) between consequence relations on the P(Xr)-modules P(Seqcp, ) and
P(Seqrp,) is induced by a finitary translator, where L is any algebraic lan-
guage and Py and Po are any predicate-only languages.
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